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Abstract

A Three-Phase Model is developed to simulate the globular equiaxed solidification. The three 
phases are liquid, solid and air, respectively. We solved the basic conservation equations of mass, 
momentum, enthalpy for each phase, and considered the thermal and mechanical (drag force) 
interactions among the phases. Grain nucleation, growth rate (mass exchange), solute partitioning at 
liquid-solid interface and solute transport are also accounted for. Due to its small density, the air 
phase floats always at the top region, forming a definable air-liquid melt interface, i.e. free surface. 
By tracking this free surface, the shrinkage cavity in an open casting system can be modeled. As the 
temperature and concentration dependent density and solidification shrinkage are explicitly 
included, the thermo-solutal convection, together with feeding flow and grain movement can be 
taken into account. This paper focuses on the model description, and the preliminary results on a 
benchmark ingot casting (Al-4wt%Cu) are presented and discussed. 

1. Introduction 

Melt convection and grain movement play an important role in casting solidification process, which 
greatly influence the formation of grain structures and solute segregations. In general, the melt 
convection and grain movement are a result of gravitational force. The densities within melt are 
different due to the variation of temperature and concentration, and the density differences under 
gravitational field cause the melt convection as called thermo-solutal convection. As the same, the 
density differences between the grains and the bulk melt cause the grain movement as called solid 
sedimentation or grain floating. Additionally, another driving force for melt convection and grain 
movement is the solidification shrinkage. It is well known that solidification shrinkage is the main 
reason of forming shrinkage cavity and one of the dominate reasons of causing porosity, hot/cold-
tearing, stress and deformation etc. Shrinkage force could somehow affect the flow pattern and the 
macrosegregation formation. This is early described by J. Campbell in his book for explaining the 
macrosegregation formation in a steel ingot casting [1]. The vast majority of casting solidification 
models neglect the shrinkage-induced flow (feeding flow) for simplification. The thermo-solutal 
convection modeling without consideration of shrinkage effect is generally realized by employing 
the well-known Boussinesq approximation [2]. As well, the assumption of ignoring shrinkage effect 
in our previous work is declared [3-5]. To further consider shrinkage flow, the modeling of free 
surface is necessary because the shape of free surface and the physical values near free surface 
dynamically changes during solidification. 

In this paper, we track the moving free surface due to solidification shrinkage by a three-phase 
approach as well model the melt density as temperature and concentration dependent, so that both 
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the shrinkage flow and thermo-solutal convection can be taken into account. Special care is taken 
on the change of heat, momentum and pressure near the free surface. Meanwhile, the model 
considers nucleation and growth of globular equiaxed grain growth, solute transport by diffusion 
and convection. The following points are finally discussed based on the calculations by applying the 
present model to a benchmark casting: the shape of free surface and the pressure change near free 
surface with/without consideration of grain movement, the flow pattern and macrosegregation 
formation with/without consideration of shrinkage flow.  

2. Model Description 

There are totally three phases involved in the globular equiaxed solidification process: the liquid 
melt, the solidifying grains and the sucked air, denoted by asl ,,  respectively. We employ a volume 
averaging approach to formulate the conservation equations of mass, momentum, species, and 
enthalpy for the three phases. 

2.1 Conservation Equations

Mass:
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Note that the air has no mass transfer with other phases, therefore the source term of Eq.(3) is zero. 

Momentum:  
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Species: 
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Note that the species calculation has been omitted for the air phase since there is no species mass 
fraction within the air phase. 
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Enthalpy:
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Grain Transport: 
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where f  is the volume fraction, u  is the velocity vector, c  is the mass fraction of species, h  is the 
enthalpy and T  the temperature, n  is the grain density, g  is the gravity vector, p  is the pressure, 

 is strain tensor, is viscosity,  is the density, k  is the thermal conductivity,  pc  is specific 

heat, M  is a source term representing the mass transfer between liquid and solid, N  is a source 
term representing the grain nucleation rate, QC,,U  are the source terms caused by a mechanical or 
thermal interaction and a phase change, subscript asl ,,  denote the liquid, solid and air phases 
respectively and their combinations denote the corresponding group of phases. All the physical 
parameters appearing in the conservation equations above follow the concept of “volume average”. 
The corresponding source terms NQCM xxxxxxxx ,,,,U  will be described in the following sections. 

Please refer to our previous work [3-6] for more details of the descriptions of the nucleation, growth 
kinetics and mass transfer rate definition, solute partitioning at liquid-solid interface, enthalpy 
transfer between liquid and solid phases. The differences here are the case of air phase presence is 
modeled, that is, the shrinkage flow effect is further considered. 

2.2 Momentum Transfer

Phase interactions (e.g. drag and friction) denoted by superscript d  and phase change denoted by 
superscript p are considered to calculate the momentum source terms. Therefore for a liquid-solid 
mixture, we have  

d
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We have luu*  for solidification and suu*  for remelting. The drag force coefficient, lsK , is 

calculated by employing the model developed by Wang et al [7].
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where sd  is the grain diameter, )( epC is a correction factor accounts for the shape of dendrite 

envelope. The above calculation of drag force coefficient is a rather universal method and adapt for 
globular, equiaxed and columnar growth. e  can be simplified as 1 in case of globular growth.     

The momentum source terms due to phase change between air and solid or liquid are neglected. 
Therefore, for liquid-air and solid-air mixtures, the source terms are calculated by 
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Schiller and Naumann`s model is used for calculating laK [8].

)4/(3 2
aeDallla dRCffK        (18) 

where ad  is the characteristic diameter of air, DC  is drag coefficient that is based on the relative 
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Symmetric model is used for calculating saK . Symmetric model is similar with Schiller and 

Naumann`s model. The difference is that, the average grain diameter of air and solid 2/)( sa dd ,

the mixed viscosity ssaa ff  and the mixed density ssaa ff  are used in the calculation 

instead of using the properties of a single phase only.

2.3 Enthalpy Transfer

The source terms of enthalpy transfer for liquid/air and solid/air mixtures are calculated by  
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Note that the parts due to phase change are also neglected. The heat exchange coefficient, laH  is 

calculated by the Ranz and Marshall model [8]

2/6 apsllla dNuffH       (22) 

assasa ffhH         (23) 

where pNu  is the Nusselt number, sah  is an empirical heat transfer coefficient independent of mass 

fraction.

2.4 Thermo-solutal Convection and Shrinkage Flow

The temperature and concentration dependence of the melt density is given by [2]:

 ))()(1(),( 000 ccTTcT lcTlll     (24) 

where 0  is a reference density of liquid phase taken at temperature 0T  and species mass fraction 

0c , and cT ,  are the thermal and solutal expansion coefficients, respectively. The solid density 

s  is assumed to be a constant. The density defined by Eq.(24) will reflect the shrinkage flow and 

thermo-solutal convection when it appears in the mass and momentum conservation equations of 
the three-phase model. However the conventional Bousinesq approximation considers the Eq.(24) 
for the Momentum equation only with ignoring the effects of solidification shrinkage. It is realized 
by adding the additional gravity terms (buoyancy force) to the momentum equations [2].

The conservation equations (Eqs. (1)-(13)) are numerically solved by using a fully implicit and 
control-volume-based finite difference method. A CFD software FLUENT ( Ver. 6.1 ) is used here.

Table-I Thermophysical and thermodynamic 
Properties used in the simulation [6, 9]
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3. Results and Discussion 

In order to study the free surface formation and the impact of shrinkage flow on the flow pattern 
and macrosegregation, we consider an ingot casting benchmark with small geometry as shown in 
Fig.1. The melt is supposed to be filled instantaneously. We selected an inoculated Al-4wt%Cu 
alloy because of its almost globular equiaxed solidification morphology. Table-I shows the physical 
properties of this alloy and of air. 

Fig. 2 shows the free surface and the total pressure distribution near the free surface with and 
without grain movement. The free surface is defined as the isoline of air phase fraction = 50%. It is 
noted that both the shape of free surface and the distribution of total pressure look rather straight in 
case of grain movement (see Fig.2 (a)). The total pressure increases towards to the bottom mainly 
due to the metallostatic pressure. A quite low pressure occurs at the top area because the density of 
sucked air is rather small thus a minor hydrostatic pressure. Note that the standard 1 bar ambient 
pressure is excluded here since it equally appears everywhere of the melt. The melt flow does not 
meet any hindering force while feeding the shrinking cavity since the grains near the free surface 
can freely move following the feeding melt. Although the packing limit of solid fraction is set to 
0.637, the assuming cooling conditions make the heat transfer bigger in the mold part and lower in 
the riser-like part. It ensures the solidification occurs firstly in the mold part and then the riser-like 
part. Only at the end of solidification (time = 50 s), the solidification fraction finally reaches the 
packing limit, then the grain movement is constrained according to the packing limit assumption. 
Therefore, we can see that the shape of free surface changes a little its curvature due to the 

Time =   1.0 s               5.0 s            50 s 

Fig.2 The free surface (line) and the total pressure distribution (gray scale) near the free surface 
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hindering of the constrainable grains. In case of no grain movement (see Fig. 2(b)), both the shape 
of free surface and the distribution of total pressure are quite different as compared with those of 
Fig. 2(a). The shape of free surface tends to be curvatured. The pressure above the free surface rises 
intensely. There forms an obvious negative pressure area below the free surface. The melt is driven 
by the shrinkage force to feed the shrinking cavity but hindered by the no-move grains. A large 
pressure gradient is formed around the free surface due to the difference of forces. After the 
metallostatic pressure is also included, the distribution of total pressure finally looks like a high-
low-high landscape (see Fig.2(b) with time = 1.0s, 5.0s). At the end of solidification (time = 50s), 
the high pressure above the free surface disappears because the shrinkage-induced pressure gradient 
is gone after the feeding flow path is closed. In fact, the cases of Fig.2 (a) and (b) are the extreme 
cases. The reality of grain movement is neither a completely free one nor a constraining one. 
Therefore the shape of free surface and the distribution of total pressure in the reality should be a 
case between Fig.2 (a) and (b). 

Fig.3 shows the flow pattern variation of the solidifying sample in case of absence and presence of 
shrinkage flow. At the very beginning (time = 1 s), it is noted that there are strong flows near the 
mold walls for the cases of both Fig.3 (a) and (b). It is due to a fast melt cooling near the mold walls 

(a) without shrinkage flow (Boussinesq approach) 

(b) with shrinkage flow (Three-Phase approach) 

Time =  1 s                 13 s       18s 

Fig.3 The melt flow patterns consisting of thermo-solutal convection, grain 
movement and with/without shrinkage flow 
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increasing the density there and activating the thermal convection. The solutal convection is minor 
because the solute has not piled up yet.  Particularly the shrinkage flow from top to feed the 
shrinking melt is obviously observed in Fig.3 (b). The shrinkage flow and thermal convection 
dominate the flow pattern at the beginning according to the findings above. While solidification 
proceeds, the flow is becoming a combination of thermo-solutal convection and shrinkage flow. 
Because of the solute partition and transport and the further melt cooling and heat transfer, the 
thermo-solutal convection dominates the flow pattern and the shrinkage flow is hardly watched, 
although it exists (see Fig.3 (a) and (b) with time = 13 s). There is minor velocity at the top of riser-
like part in Fig.3 (b) due to the occupation of sucked air. With the further solidification, the space 
available for the melt convection is becoming smaller and smaller. Therefore, the thermo-solutal 
convection is becoming weaker and weaker (see Fig.3 (a) with time = 18 s). However, the shrinkage 
flow is still active because our assuming cooling condition ensures the feeding path unblocked till 
to the solidification end (see Fig.3 (b) with time = 18 s). It can be concluded that the shrinkage flow 
dominates the flow pattern in this situation.  

Fig.4 shows the positive macrosegregation maps near the solidification end in case of absence and 
presence of shrinkage flow. The absolute values of positive segregation in the cases of Fig.4 (a) and 
(b) are not big ( mixc : 4.1wt%-4.3wt% as compared with the initial concentration 4wt%) because the 

benchmark used for simulation is rather small thus a short solidification time. However we still 
notice the big differences of segregation maps comparing the predictions with and without 
consideration of the shrinkage flow. Two obvious differences: 1) the positive segregation area 
without consideration of shrinkage flow is bigger than that with consideration of shrinkage flow at 
the top of riser-like part; 2) the positive segregation map looks like a tower without consideration of 
shrinkage flow and the one with consideration shrinkage flow looks like a bowl at the bottom of the 
casting. The more results and detailed analysis will be presented in the following papers.  

4. Concluding Remarks 

The developed three-phase model is applied to simulate a benchmark ingot casting. The results 
show that the presented model is feasible to model the thermo-solutal convection together with 

      (a) without shrinkage flow      (b) with shrinkage flow 

Fig.4 The positive macro-segregation maps near the solidification 
end by considering thermo-solutal convection, grain movement, 
and with/without shrinkage flow ( mixc : 4.1 wt% - 4.3 wt%)
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grain movement and shrinkage flow for a globular exquiaxed solidification. The following remarks 
could be concluded from the testing calculation. 

1) The shape of free surface and the distribution of total pressure near the free surface are almost 
straight in case of free grain movement, and largely curvatured in case of grain-no-movement. It 
was found that the pressure intensely rises above the free surface in case of grain-no-movement.  
2) For the benchmark casting, the comprehensive flow pattern consisting of thermo-solutal 
convection and shrinkage flow is firstly dominated by the thermal convection and shrinkage flow, 
then by the thermo-solutal convection and finally by the shrinkage flow during solidification. 
3) The absolute macrosegregation are not serious, but a very big difference of positive segregation 
patterns is found if we compare the cases with and without considering shrinkage flow. 
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