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Abstract

A modified equiaxed solidification model was introduced in Part I. In Part II, a binary Al–Cu alloy casting is simulated using the
aforementioned model. Important phenomena accompanying equiaxed solidification considered include: nucleation, globular grain
growth, globular-to-dendritic transition, subsequent dendritic growth, recalescence, convection and grain transport. The influence of
these events on the formation of the final microstructure (grain size, inter- and extradendritic eutectic) and macrosegregation is also
examined. The first verification qualitatively reproduces the features of the previous models. The simulation results are quantitatively
compared with the experiments of Nielsen and co-workers [Nielsen Ø, Appolaire B, Combeau H, Mo A. Metall Mater Trans
2001;32A:2049], and a satisfactory agreement is obtained. The new features of the current model and the uncertainty regarding the model
assumptions and parameters are studied and discussed. The parameter studies indicate that the grain morphological parameters and the
determination of diffusion lengths in different phase regions are the most critical/sensitive factors influencing the quantitative results, and
demand further study.
� 2009 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Since Wang and Beckermann (WB) first reported their
equiaxed dendritic solidification model considering melt
flow and grain sedimentation [1–3], no significant progress,
to the authors’ knowledge, has been made. From a practi-
cal aspect, the significance of this type of numerical model
is vast, as virtually all industrial alloys solidify under nor-
mal terrestrial conditions where flow and equiaxed grain
sedimentation cannot be avoided. The major difficulty that
hinders further development of such a model lies in the
complexity of global melt convection and grain transport
phenomena at the process scale, which are associated with
simultaneous globular and/or dendritic growth kinetics
occurring at the microscopic (sub-grid) scale. This has
resulted in the authors’ proposing a modified model based
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on the pre existing WB model [1–4] and the Rappaz and
Thévoz (RT) model [5–7]. Grain sedimentation and melt
convection were addressed using a continuation of the
globular equiaxed solidification model, realized by the
authors [8,9]. The model was detailed in Part I. In contrast
to the previous models, it considers the following features:
the globular-to-dendritic transition (GDT); the non-uni-
form solute distribution in the interdendritic melt region
during dendritic solidification; the diffusion-governed
solidification of the interdendritic melt; and one hydrody-
namic phase for the interdendritic melt and solid dendrites
sharing the same velocity.

This paper presents some illustrative modeling results,
parameter studies and verifications. The current model is
compared with the previous models. Some uncertainties
with respect to the model assumptions are also explored.
Finally, a comparison of the modeling results with the
experimental results/phenomena reported in the literature
[10–12] is made.
rights reserved.
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Nomenclature

c0 initial (nominal) concentration of alloy (wt.%)
cE eutectic concentration (wt.%)
ce average concentration in equiaxed grains (wt.%)
c‘, cd, cs species concentration (wt.%)
c�; c�s equilibrium concentration at d–s interface (wt.%)
cmix mix concentration (wt.%)
cp; c

s
p specific heat (J kg�1 K�1)

D‘, Ds diffusion coefficient (m2 s�1)
de equiaxed grain diameter (m)
f‘, fs, fd volume fraction of different thermodynamic

phases (1)
fe = fs + fd volume fraction of equiaxed phase (1)
f e

s ; f
e
d volume fraction of s- and d-phases within grains

(1)
f c

e equiaxed grain packing limit (1)
f total

Eu ; f extra
Eu ; f intern

Eu volume fraction of total, extra- and
interdendritic eutectic phases (1)

Hw heat transfer coefficient at casting–mold inter-
face (W m�2 K�1)

k solute partitioning coefficient at the d–s inter-
face (1)

k‘, ks thermal conductivity (W m�1 K�1)
L latent heat (J kg�1)
M‘e(= �Me‘) liquid-equiaxed net mass transfer rate

(kg m�3 s�1)
Mds interdendritic solidification rate (kg m�3 s�1)
m slope of liquidus in phase diagram (K)
nmax maximum equiaxed grain density, or maximum

available nucleation sites in heterogeneous
nucleation law (m�3)

T0 initial temperature (K)
T temperature (K)
TE eutectic temperature (K)
Tf melting point of pure metal, Al (K)

Tw mold temperature (K)
DT constitutional undercooling (K)
DTN undercooling for maximum grain production

rate (K)
DTr Gaussian distribution width of nucleation law

(K)
t time (s)
u
*
; ue
*

velocity vector (m s�1)
D u
*

relative velocity between melt and grains (m s�1)
vgrob growth velocity of globular grain (m s�1)
venv growth velocity of volume equivalent sphere

(m s�1)
bT thermal expansion coefficient (K�1)
bc solutal expansion coefficient (l)
bs solidification volume shrinkage (l)
Ue

Avr Avrami factor for grain impingement (l)
Us

Avr Avrami factor for interdendritic solid impinge-
ment (l)

Uenv shape factor of dendritic grain (l)
Usph sphericity of dendritic grain envelope (l)
C Gibbs–Thomson coefficient (m K)
k2 secondary dendrite arm space (m)
l‘ viscosity (kg m�1 s�1)
q‘, qd, qs density of thermodynamic phases (kg m�3)
qe average density of equiaxed phase (kg m�3)
qref ; qref

e reference densities of extradendritic melt and
equiaxed phase (kg m�3)

X supersaturation

Subscripts

d interdendritic melt
e equiaxed grain
‘ extradendritic melt
s interdendritic solid
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2. Illustrative benchmark simulation

Solidification of an Al–4.7 wt.% Cu binary alloy was sim-
ulated. A two-dimensional square casting (40 � 40 mm2)
was meshed into volume elements 2 � 2 mm2. The physical
and process parameters used are summarized in Table 1.
In order to validate the model by comparing the simulation
results with the previous modeling and experimental results,
the process parameters, the alloy composition and grain
morphological parameters were varied. In the current paper,
it is assumed that the physical properties remain constant in
the alloy composition range, but that the thermodynamic
information varies with temperature and concentration in
accordance with the phase diagram. Mold filling was
ignored. The casting starts to solidify from an initial temper-
ature T0 in a die mold. Both the mold temperature Tw and
the heat transfer coefficient at the casting–mold interface
Hw are set constant. For the flow calculation, a non-slip
boundary condition for both melt and equiaxed phase was
applied. The thermal boundary conditions refer to Table 1.
Other nucleation and grain morphological parameters are
given in the figure captions.

The global solidification sequences are shown in Fig. 1.
The relative motion between the grains and the melt due to
convection and grain sedimentation is responsible for the
formation of weak macrosegregation. Grains start to
nucleate and grow from corner and surface regions. As
the grains are denser than the melt, they sink and drag
the melt with them, inducing two symmetrical vortices
(one clockwise on the right and one anticlockwise on the
left-hand side). At 0.8 s, the maximum sinking velocity of
the grains reaches 1.86 mm s�1, while the maximum veloc-
ity of the melt is 1.84 mm s�1. The relative velocity D u

*
is as

high as 0.298 mm s�1. The melt convection is driven by the
thermosolutal buoyancy force and the drag of the sinking
grains. The melt is gradually enriched with solute, leaving



Table 1
Parameters used for the process simulations.

Thermophysical properties Thermodynamic parameters

l‘ = 1.3 � 10–2 kg m�1 s�1 k = 0.145
cp = 1179 J kg�1 K�1 m = �344.0 K
cs

p = 766 J kg�1 K�1 Tf = 933.5 K
D‘ = 3 � 10–9 m2 s�1 TE = 821.356 K
Ds = 8 � 10–13 m2 s�1 cE = 32.6 wt.%
L = 3.97 � 105 J kg�1 C = 2.41 � 10–7 m K
k‘ = 77 W m�1 K�1 Nucleation parameters

ks = 53 W m�1 K�1 nmax = 5 � 1011 m�3 (varied for
parameter study)

bT = 10–4 K�1 DTN = 5 K
bc = 9.2 � 10–3 wt.%�1 DTr = 2 K
q‘(qd, qe) = 2606 kg m�3 Process conditions

qref ðqref
e Þ = 2606 kg m�3 c0 = 4.7 wt.% (varied for parameter

study)
qs = 2743 kg m�3 T0 = 922 K (varied for parameter

study)
bs ¼ ðqs � qÞ=qref

e ¼ 0:0526 Hw = 500 W m�2 K�1

Tw = 290 K
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solute-depleted grains. The grains which sink from the top
surface region, especially near the corner, cause the forma-
tion of a positive segregation layer. This occurs because the
denser solute-poor grains move away from the corner, leav-
ing a solute-enriched melt behind. It is clear that the solute-
depleted grains move to the neighboring region, just a few
millimeters beneath the top surface area, to form a negative
segregation layer. This same mechanism operates in the
lower region, where a negative segregation layer forms at
the bottom surface, with a weak positive segregation layer
situated a few millimeters above. In the lower corner, the
negative segregation is slightly greater, because more grains
sink and settle along the wall.

As solidification proceeds, at 10 s, the equiaxed grains
occur throughout the entire cast section. The volume frac-
tion of grains fe in the lower corners reaches a maximal
value of 0.86, considerably greater than the packing limit
(0.637), thereby preventing movement. Conversely, fe in
the casting center is only 0.01. The grains in this or other
regions, where fe is lower than the packing limit, continue
to sink downwards. The flow pattern of the melt is com-
pletely different from the flow pattern at the initial stage.
In the upper section, in the lower corner and near the pack-
ing regions, however, the melt flows upwards. Two sym-
metrical vortices (one clockwise on the right-hand side
and one anticlockwise on the left-hand side) still remain,
but they are confined to the casting center region. The rel-
ative velocity between the two phases D u

*
, which reaches a

maximum value of 1.07 mm s�1, always points downwards.
The upper positive segregation (zone) becomes increasingly
strong and wide. For the same reason, the solute-depleted
grains continue to leave the upper center region, and the
solute-enriched melt feeds this region. The negative segre-
gation zone just beneath this positive segregation zone
moves with the same velocity as the sinking grains. In the
lower region, the negative segregation zone also becomes
stronger and wider. The lower corner of the negative segre-
gation zone gradually stretches towards the casting center.
The positive segregation band in front of the lower negative
segregation zone becomes increasingly pronounced, and
gradually shifts upwards.

At 20 s, there is only a small area close to (slightly
above) the geometrical center, where grains can still move.
The relative motion between the sinking grains and the
melt is very clear. As the grains sink, the melt flows in
the reverse direction. This means that the solute-enriched
melt tends to separate from the solute-depleted grains. This
type of relative motion speeds up segregation formation. A
relatively large and strong segregated zone forms in the
upper section of the casting. The negative segregation in
the upper part continues to move downwards with the sink-
ing grains. The negative segregation zone from the lower
corner continues to extend towards the casting center,
finally joining with the upper negative segregation zone,
to form a K-shape (Fig. 1). The positive segregation zone,
which formed in front of the lower bottom negative segre-
gation zone at an early stage, disappears up to this
moment, because this positive segregation zone is cancelled
out by the approaching negative segregation zone from the
upper part (as a consequence of the grain sedimentation).

The casting takes 40.3 s to solidify completely. The final
solidification results are summarized in Fig. 2. A prediction
of the grain size distribution de showed a general tendency
for fine grains to occur in the outer corner and surface
region, and relative coarse grains in the inner region. How-
ever, the distribution between the lower and the upper parts
is uneven, with the coarsest grains distributed a few centi-
meters above the geometrical center. In order to investigate
the influence of flow and sedimentation on the microstruc-
ture, a second simulation with the same process parameters
but without flow and sedimentation was performed. The
simulation results with and without considering flow and
sedimentation are summarized in Table 2. It was demon-
strated that the effect of convection and sedimentation
causes a more uneven distribution of the structure (de,
f extra

Eu , f intern
Eu and f total

Eu ). The structural inhomogeneity
between the outer surface and the inner surface regions
was due to the different cooling rates, but the uneven distri-
bution between the upper and lower parts was caused by the
convection and grain sedimentation (Fig. 2).

The final macrosegregation pattern shown in Fig. 2 was
the direct outcome of the convection and grain sedimenta-
tion. The positive segregation zone with maximum cmix

(5.0 wt.%) was located in the upper region. The negative seg-
regation zone with minimum cmix (4.53 wt.%) was located in
the middle and lower casting sections. The top casting sur-
face had a positive segregation of cmix = 4.8 wt.%, the bot-
tom surface had a negative segregation of cmix =
4.62 wt.%, and the regions near the side walls had an almost
neutral concentration with cmix = 4.7 wt.%.

3. Phase evolution and microstructure formation

The simulation of the benchmark without flow and
grain sedimentation was further analyzed. The phase evo-



Fig. 1. Solidification sequence of an Al–4.7 wt.% Cu square casting. The volume fraction of the equiaxed grains fe is shown using gray scales, with dark for
the highest and light for the lowest value. The vectors of the velocity fields ue

*
and u‘

*
are overlaid with fe. The relative velocity is also shown (D u

* ¼ ue
* � u‘

*
).

The mixture concentration cmix is shown using a gray scale and overlaid with isolines. The nucleation parameters used are nmax = 5 � 1011 m�3,
DTr = 2 K, DTN = 5 K; grain morphological parameters are Uenv = 0.6827, Usph = 0.283 and k2 = 10 lm.
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lution at a representative point in the casting corner is
shown in Fig. 3. The evolution of the microstructure has
been divided into four stages.
Nucleation events start at 0.5 s when the local tempera-
ture drops below the liquidus (917.3 K). The grains start to
grow with globular morphology (stage I). According to the



Fig. 2. Final microstructure and macrosegregation of the square casting (Al–4.7 wt.% Cu). All the quantities are shown using gray scale (dark for the
highest and light for the lowest value) and isolines. Nucleation parameters are nmax = 5 � 1011 m�3, DTr = 2 K and DTN = 5 K; and grain morphological
parameters are: Uenv = 0.6827, Usph = 0.283 and k2 = 10 lm.
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model assumption, GDT occurs when the calculated
growth velocity of the volume equivalent sphere venv over-
takes the globular grain growth velocity vglob. Here, venv is
calculated according to Lipton–Glicksman–Kurz (LGK)
dendrite tip growth kinetics [13,14]. As shown in Fig. 3a,
at the initial stage, vglob > venv, so the grains grow with
globular morphology. There is no interdendritic melt, i.e.,
f e

s � 1. The mass transfer rate from extradendritic melt
to the equiaxed grain, M‘e, is identical to the solidification
rate Mds. Both quantities, however, are quite small (in the
order of 10–3–10+1 kg m�3 s�1) at the initial stage. Solute
partitioning occurs directly at the liquid–solid interface
between the grain and extradendritic melt. The solute in
the extradendritic melt c‘ is slightly enriched, but this
enrichment is small and undetectable because the magni-
tude of the local fe is still in the order of 10–5. At the point
of GDT (0.11 s), c‘ is only 4.700193 wt.% (the nominal
composition is 4.7 wt.%), and de is �6 lm. Owing to the



Table 2
Influence of convection flow and grain sedimentation on the microstructure and macrosegregation of an Al–4.7 wt.% Cu alloy.

Simulation cases de (m) f extra
Eu (wt.%) f intern

Eu (wt.%) f total
Eu (wt.%) cmix (wt.%)

From To From To From To From To From To

With flow and sedimentation
173 408 4.75 7.95 2.5 5.52 10 11.25 4.53 5.0

Without flow and sedimentation
176 393 4.86 7.7 2.8 5.47 10.3 10.5 No macrosegregation
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small solidification rate at this initial stage, the latent heat
released is so small that the temperature continues to drop.

Stage II, also referred to as “free” dendritic growth,
starts with the GDT at 0.11 s, and ends at 0.15 s when rec-
alescence begins, i.e., the moment when the cooling curve
reaches its lowest extreme, which coincides with c�‘ and venv

peaks. During this “free” dendritic growth period, the den-
drite tip velocity increases dramatically, and the equiaxed
grains grow rapidly from 6 to �36 lm in a very short per-
Fig. 3. Calculated phase evolution (Al–4.7 wt.% Cu) located at the corner
of the casting: (a) grain growth velocity; (b) concentrations in different
phase regions together with cooling curve; and (c) mass transfer rates and
volume fractions of phases.
iod (0.04 s). The skeleton of the dendrites becomes more
stretched correspondingly, and f e

s decreases from 1 to
0.2. M‘e is much larger than Mds. The latent heat released
due to Mds is still not high enough to compensate for the
heat subtracted by the global heat extraction rate, and
the temperature continues to drop until the end of stage
II. A particular feature of stage II is the non-uniform solute
distribution in the interdendritic melt. The volume-aver-
aged interdendritic melt concentration cd is equal to neither
the thermodynamic equilibrium concentration c�‘ which
applies at the liquid–solid interface, nor the averaged con-
centration at the grain envelope �cenv (Fig. 3, Part I). �cenv is
calculated according to WB [4], i.e., �cenv = (ldc‘ + l‘cd)/
(ld + l‘). Immediately after the GDT, a large amount of
melt with the average concentration �cenv, which is initially
very close to the extradendritic melt concentration c‘, is
enveloped in the grain, causing the average interdendritic
melt concentration cd to drop dramatically from c�‘ . There-
fore, a large difference between c�‘ and cd is immediately
established. This immediately established concentration
difference (c�‘ � cd) is the driving force for the interdendritic
melt solidification Mds). The interdendritic melt solidifica-
tion, in turn, enhances the enrichment of the interdendritic
melt concentration cd due to the solute partitioning (k < 1)
at the solid–liquid interface. Obviously, competition arises
between the growth of the grain envelope and the solidifi-
cation of the interdendritic melt. The growth of the grain
envelope tries to enclose more extradendritic melt with
average concentration �cenv into the grain envelope, causing
cd to decrease. Conversely, the larger Mds due to the
increasing c�‘ � cd causes cd to recover to the level of c�‘ .
At the same time, the large Mds leads to the release of large
amounts of latent heat, and as a consequence the cooling
rate slows down. As soon as the latent heat released by
the solidification of the interdendritic melt is balanced by
the external heat extraction rate, the local temperature
ceases to decrease, and recalescence occurs, which signals
the end of stage II.

Stage III begins and ends with the recalescence, and it is
referred to hereafter as dendritic growth with recalescence.
The increasing Mds induces the release of a large amount of
latent heat. When the latent heat released overcomes the
external heat extraction rate, recalescence occurs. The
growth velocity of the grain envelope decreases gradually
with the recalescence, as the driving force for the growth
of the dendrite tips, X = ðc�‘ � c‘Þ=ðc�‘ � c�s Þ; is reduced with
the rise in temperature. During this period, c�‘ and cd

become increasingly close, and the interdendritic melt



Fig. 4. Comparison of the numerically calculated fs–T curve with that of
the Scheil model.
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solidification rate Mds becomes gradually smaller until the
latent heat released by the interdendritic melt solidification
is balanced with the global heat extraction rate. One signif-
icant difference between stages II and III is that the enve-
lope growth velocity venv increases during stage II, while
decreasing during stage III. The estimated �cenv is lower than
cd, with the difference between them relatively large during
stage II. This difference decreases during stage III. At the
end of stage III, �cenv approaches cd.

Stage IV is referred to as either “confined” dendritic
growth or “coarsening/dendrite arm thickening” [5]. The
grain envelope cannot significantly grow further owing to
two mechanisms of impingement. One is the enrichment of
c‘ with its corresponding reduction/disappearance of super-
saturation X. Another mechanism is mechanical impinge-
ment, which is accounted for by an Avrami factor Ue

Avr in
this current model. However, the interdendritic melt solidifi-
cation will continue. During this stage, cd approaches c�‘ . At
the very end of solidification (not seen in Fig. 3), the differ-
ence between cd and c‘ becomes increasingly small, until
the enrichment of c‘ is so high that all those concentrations
(c‘, cd and c�‘ ) approach the eutectic concentration cE. This
result indicates that complete mixing (cd � c�‘ ) in the inter-
dendritic melt will happen relatively soon, while complete
mixing with the extradendritic region will take place only
at the latest stage of solidification.

A fs–T curve is plotted in Fig. 4, which is compared with
the Scheil model. It should be noted that the two curves
Fig. 5. Influence of cooling conditions on the phase evolution in the square
Nucleation parameters are nmax = 5 � 1011 m�3, DTr = 2 K and DTN = 5 K; gr
is considered.
are, not exactly but almost, superimposed on each other
at the end of solidification. A relatively large deviation
close to the liquidus temperature, corresponding to the
“free” dendrite growth and recalescence stages, was pre-
dicted. It implies that the Scheil-assumption of complete
mixing of the inter- and extradendritic melt (cd, c‘ and c�‘ )
can be valid during the late stages of solidification but
not at the initial stage. However, the initial solidification
stage is actually the most critical moment for the evolution
of the dendritic structure.

The phase evolution processes under differing cooling
conditions were also analyzed in Fig. 5. The general phase
evolution procedures are quite similar, regardless of the
cooling conditions. They start to grow with globular mor-
phology, then the GDT occurs, and finally they remain den-
dritic until the eutectic phases form in the interdendritic and
extradendritic regions. However, quantitative differences are
observed. At the lower corner, the cooling rate is very high.
The globular growth starts immediately as the cooling starts,
and then the GDT occurs at �0.11 s. At the casting center,
the cooling rate is quite low. The globular solidification
starts at�6 s, and the GDT occurs at 8.6 s. As a consequence
(Table 2), more interdendritic eutectic phase is predicted in
the corners (f intern

Eu = 5.47 wt.%) than in the center of the cast-
ing (f intern

Eu = 2.8 wt.%), and less extradendritic eutectic in the
corners (f extra

Eu = 4.86 wt.%) than in the casting center
(f extra

Eu = 7.7 wt.%).
The influence of the nucleation parameters on the inten-

sity of the recalescence, as studied previously [4,5], was also
examined (Fig. 6). The cooling curves at two different loca-
tions were plotted and compared. The recalescence phe-
nomenon was found to be more pronounced at lower
nucleation rates (coarse-grained). It was also found that
the larger the cooling rate (i.e., at the corner of the casting),
the more pronounced the recalescence phenomenon. No
clear recalescence was measured at the casting center. This
prediction agrees with the previous work [4,5].

4. Comparison with experimental results

Al–Cu binary alloy samples with different compositions
were cast and analyzed by Nielsen et al. [10]; the results are
shown in Fig. 7 (� points). The average heat extraction rate
from the experimental samples was �4.7–5.6 � 103 J
casting (Al–4.7 wt.% Cu) (a) at the corner and (b) in the casting center.
ain shape factors are Uenv = 0.6827, Usph = 0.283 and k2 = 10 lm. No flow



Fig. 6. Influence of cooling conditions and nucleation rates on the
recalescence (Al–4.7 wt.% Cu).
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kg�1 s�2, corresponding to a solidification time of �48 s.
The final grain number density n was measured as 0.18–
2.3 � 1011 m�3, and the secondary dendrite arm spacing
k2 was �26–42 lm. In the current numerical model, the
same rectangular casting geometry as described in Section
2 was considered, but the alloy composition was varied
from 4 to 15 wt.% Cu. With a constant heat transfer coef-
ficient, 500 W m�2 K�1, the casting took �41 s to solidify.
With the nucleation parameters as given in the caption of
Fig. 7, a final grain density between 0.3 � 1011 m�3 in the
center and 3.7 � 1011 m�3 at the corner was predicted.
The processing conditions were comparable with those of
the experiments.

In order to perform the calculations, morphological
parameters (Usph, Uenv and k2) were required. Here, param-
eter studies were performed and were based on the assump-
tions made for the above morphological parameters. For
example, the first group of modeling results were obtained
assuming an ideal spherical envelope enclosing outer pri-
Fig. 7. Comparison of the modeling and experimental results [10]: (a) vol
extradendritic eutectic; and (c) interdendritic eutectic. Nucleation parameters:
mary dendrite tips [5,6], i.e., both Usph and Uenv were 1.
The secondary dendrite arm spacing k2 was 10 lm. The cal-
culated results are represented in Fig. 7 by symbol s. It
was found that the predicted total eutectic phase was close
to the experimental result. The lower the alloy composi-
tion, the better the agreement between the modeling and
experimental results. The relatively large discrepancy using
a high-alloy composition was due to the neglect of the
latent heat from the eutectic reaction and the neglect of
back diffusion into the solid dendrites. The numerical pre-
diction of the extra- and interdendritic eutectic was signif-
icantly different from the experimental results.

A second group of calculations were made assuming an
octahedral grain envelope [10], Uenv = 0.683, Usph = 0.85.
The results are represented by symbol d in Fig. 7. The pre-
dicted volume fractions of extra- and interdendritic eutectic
were slightly closer to the experimental results when com-
pared with the case of the ideal spherical envelope enclos-
ing outer primary dendrite tips, but the discrepancy from
the experiments was still very large.

As described in Part I, for the dendritic grain which was
described with the “natural” contour enclosing the primary
and secondary dendrite tips, both Uenv and Usph can be
much smaller than 1. Therefore, further calculations with
smaller Uenv and Usph were made. For example, the model-
ing results when assuming Uenv = 0.577 and Usph = 0.283
are represented in Fig. 7 by the symbol �. Not only the
total eutectic, but also the predicted inter- and extraden-
dritic eutectic phases were close to the experimental results.
One could anticipate that further calculations by adjusting
Uenv and Usph would lead to a modeling result that would
fit the experimental data.

In the above simulations, a constant secondary dendrite
arm space (k2 = 10 lm) was used, which was different from
the experimentally measured value (26–42 lm). According
to the current model, k2 is an important quantity governing
ume fraction of total eutectic as a function of alloy composition; (b)
nmax = 5 � 1011 m�3, DTr = 2 K and DTN = 5 K.
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the solidification of interdendritic melt (Part I). Therefore,
an additional group of simulations with different k2 (40 m)
were performed, and the results are identified by the sym-
bol 4 in Fig. 7. No significant influence on the total eutec-
tic was found on increasing k2 by a factor of 4. However,
more interdendritic eutectic phase was obtained with a lar-
ger k2. The larger k2 slows down the solidification rate of
the interdendritic melt.

Although different morphological grain parameters are
used, all the modeling results regarding the total eutectic
f total

Eu formed during solidification are similar (Fig. 7a).
f total

Eu seems to be independent of the morphological param-
eters. One fact, which is evident in Fig. 4, is that the current
model predicts that the fs–T curve almost superimposes the
Scheil curve at the end of solidification. Therefore, f total

Eu

was calculated based on the Scheil model, and plotted with
the symbol + on the same curve (Fig. 7a). It is not a sur-
prise that the modeling results of f total

Eu closely agree with
those of the Scheil model.

The above parameter studies imply that: (1) the enve-
lope of the real dendritic grain (Al–Cu) would be quite dif-
ferent from the octahedral and spherical envelopes; and (2)
the morphological parameters are critical for quantitative
prediction of the inter- and extradendritic eutectic phase,
but that the total amount of the eutectic phase formed is
almost independent of the aforementioned morphological
parameters assumed.

5. Dendritic solidification vs globular solidification

The same Al–4.7 wt.% Cu casting was simulated with a
“pure” globular equiaxed solidification model developed
by the authors [8,9], in which no dendritic growth was con-
sidered. The simulation results were compared with those
of the current dendritic solidification model (Section 3).
The solidification time in the globular solidification model
was 40.8 s, comparable with 40.3 s for the case of dendritic
solidification. The solidification time was governed mainly
by the global heat transfer and was less sensitive to the
grain growth morphology.
Fig. 8. Final microstructure and macrosegregation of the square casting (Al–4
All the quantities are shown in both gray scale and isolines. Nucleation param
The final microstructure and macrosegregation are
shown in Fig. 8. The average grain size distribution de

was predicted to be in the range 141–231 lm, which is
much smaller than that of dendritic grains (173–408 lm).
The distribution pattern of de was also different from the
case of dendritic solidification. The large grains did not
accumulate in the casting center, but in the top surface
region and in regions some distance from the side and bot-
tom walls. In the globular solidification, there was no inter-
dendritic eutectic, and the amount of total eutectic f total

Eu

was identical to the amount of f extra
Eu . A gradient distribu-

tion of f extra
Eu from the bottom (9.115 wt.%) to the top sur-

face (17.35 wt.%) was predicted. The distribution pattern
of cmix was similar to the distribution pattern of f extra

Eu .
The largest positive segregation zone was located on the
top surface (6.53 wt.%), while the largest negative segre-
gated zone was located at the bottom (4.17 wt.%). The seg-
regation was much stronger than in the case of dendritic
solidification.

Fig. 9 shows the globular equiaxed solidification
sequence in more detail. It helps to explain the macrosegre-
gation formation in this case. The formation mechanisms
for the macrosegregation by grain sedimentation are actu-
ally the same as those of the dendritic solidification. How-
ever, the solute exchange at the grain–melt interface and
the velocity fields are quantitatively different. Therefore,
the strength and distribution pattern of cmix are different.

At the initial stage, the evolution of the volume fraction
of the globular grains fe is slower. At 0.8 s, the maximum
volume fraction of the grains fe is only 0.12. On the top
surface, a positive segregation layer forms because the sol-
ute-depleted grains are transported away from this layer,
leaving solute-enriched melt behind. Just beneath this posi-
tive segregation layer, a negative zone (layer) forms where
the grains accumulate. At the lower bottom, a negative seg-
regation layer starts to build up. Just above the bottom
negative segregation layer, an area of positive segregation
forms. The macrosegregation predicted by the “pure” glob-
ular solidification model at the initial stage is not as strong
as the macrosegregation predicted by the dendritic solidifi-
.7 wt.% Cu) predicted with the “pure” globular solidification model [8,9].
eters are nmax = 5 � 1011 m�3, DTr = 2 K and DTN = 5 K.



Fig. 9. Solidification sequence of the square casting (Al–4.7 wt.% Cu) predicted with the “pure” globular solidification model [8,9]. The volume fraction of
the equiaxed grains fe is shown using gray scale, with dark for the highest and light for the lowest value. The vectors of velocity fields ue

*
and ul

*
are overlaid

with fe. The relative velocity is described by the vector (D u
* ¼ ue

* � ul
*

). The mixture concentration cmix is shown with both gray scale and isolines.
Nucleation parameters are: nmax = 5 � 1011 m�3, DTr = 2 K, DTN = 5 K.
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cation. One reason for this is that less fe forms according to
the globular solidification model at this moment; a second
reason is that the relative velocity between the extraden-
dritic melt and the grains, D u
*

, is smaller. At 10 s, equiaxed
grains spread throughout the whole casting. The grains in
the region with fe less than the packing limit continue to
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sink downwards. In the upper section, the melt flows
upwards and causes the positive segregation near the top
surface to become increasingly wide, resulting in stronger
positive segregation. The sedimentation process and the
induced segregation in the lower section become increas-
ingly pronounced. If compared with the dendritic solidifi-
cation at the same instant, the macrosegregation is much
stronger under globular solidification conditions. This
can be explained by the higher solute transfer rate at the
grain boundary (envelope) for the globular solidification.
The solute transfer rate at the grain boundary between a
globular grain and the melt is much stronger than the sol-
ute transfer rate at the grain envelope between an interden-
dritic melt and the extradendritic melt.

As solidification continues (20 s), only the grains in the
center of the casting can move. The grains located there
continue to sink, while the melt rises. This type of relative
motion strengthens the macrosegregation. As previously
mentioned, the negative segregation zone in the upper part
of the casting is not stable, and it moves with the sinking
grains. When it meets the solute-enriched melt coming
from below, the negative segregation can be cancelled
out, or even reversed to a positive segregation. Similarly,
in the lower section of the casting, the “unstable” positive
segregation zone is also partially compensated for by the
settling grains coming from the upper section.

6. Discussion

6.1. The numerical model

It is demonstrated that the phenomena accompanying
equiaxed dendritic solidification, which were considered
in previous models [4,5], can be reproduced using the cur-
rent model. This includes: the evolution of different phase
regions; the competition between the growth of the grain
envelope and the solidification of the interdendritic melt;
the recalescence phenomenon and its dependence on the
nucleation parameters and cooling rates; and the formation
of extra- and interdendritic eutectic phases.

It is important to consider the GDT during equiaxed
solidification, because the equiaxed grain usually starts to
grow with a globular morphology, followed by a dendritic
morphology once the GDT occurs. Appolaire and co-
workers [10,15,16] suggested a model for the GDT based
on the rate of solidification/melting within the grain enve-
lope and the rate of expansion/shrinkage of the envelope.
The rate of solidification/melting within the grain was
determined according to the mass, energy and species bal-
ance; while the rate of expansion/shrinkage of the envelope
was deduced based on the dendrite tip growth kinetics. A
drawback of this model was that the rate of solidifica-
tion/melting within the grain was determined based on an
assumption of the complete mixing of the interdendritic
melt (cd = c�‘ = �cenv). The assumption of the complete mix-
ing of the interdendritic melt is not valid at the initial stage
(Fig. 3b) according to the current study. Therefore, in the
current model, a different approach to simulating the
GDT by making a direct comparison of two growth veloc-
ities, vglob and venv, was proposed. Here vglob was calculated
by the diffusion-governed (Zener-type) growth model [8,9],
while venv was calculated based on the dendrite tip growth
kinetics. As shown in the modeling results (Fig. 3a), the
globular growth governs the initial stage, i.e., vglob was lar-
ger than venv. It was verified that the grains start to grow
with globular morphology at the initial stage. Once venv

surpasses vglob, GDT occurs and “free” dendritic growth
commences. The current GDT model has not been verified
with classical interface instability theory [13], hence further
verification efforts or improvements are necessary.

The evolution of an equiaxed grain can be divided into
four stages: initial globular growth (I), free dendritic
growth (II), dendritic growth with recalescence (III), and
confined dendritic growth or coarsening/dendrite arm
thickening (IV).

Comparisons with the experimental results published by
Nielsen et al. [10] were made. The total eutectic f total

Eu could
be quantitatively predicted, as shown in Fig. 7a, especially
for the lower composition alloys. The current parameter
studies showed that the total eutectic f total

Eu is linearly pro-
portional to the alloy composition, and it was not depen-
dent on the grain morphology. The relatively large
discrepancy between experimental and modeled f total

Eu for
the high composition alloys was primarily due to the
neglect of the latent heat released during the eutectic reac-
tion and the neglect of back diffusion in the solid phase.

By choosing the proper dendritic morphological param-
eters, the volume fraction of the extradendritic eutectic
phase f extra

Eu and the interdendritic eutectic phase f intern
Eu

could also be quantitatively predicted. However, the simu-
lation results (Fig. 7b and c) show that the extradendritic
eutectic f extra

Eu and the interdendritic eutectic f intern
Eu are

strongly dependent on the morphological parameters (Uenv,
Usph, k2). This suggests that, in future, more attention
should be paid to the assumptions and parameters of the
grain morphology. One of the major differences in the cur-
rent model from the previous models is the introduction of
two additional grain morphological parameters, Uenv and
Usph. The uncertainty regarding these parameters may lead
to additional complications with respect to the application
of the model, but the parameter studies (Fig. 7) have shown
their importance in acquiring accurate quantitative model-
ing results. Therefore, further modeling or experimental
studies to observe the evolution of the grain morphology
and to determine quantitatively these morphological
parameters are suggested, e.g., the experimental work of
Badillo and co-workers [17,18].

Another improvement over previous models was the
treatment of the interdendritic melt and its solidification.
Complete mixing (c�‘ = cd = �cenv) of the interdendritic melt
was previously assumed, but in the current model a non-
uniform solute distribution in the interdendritic melt region
(c�‘ – cd – �cenv), as suggested by WB [4], was considered.
The modeling result demonstrated in Fig. 3 shows that cd
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could be significantly different from c�‘ during the free den-
dritic growth stage (II) and the recalescence stage (III). The
assumption of the complete mixing (cd = c�‘ ) means that
any cause for fluctuation in the local temperature T, e.g.,
due to the convection and grain transport or due to a
change in the local cooling condition, would correspond-
ingly impose an immediate change in c�‘ (i.e., cd). The
change in cd could only be fulfilled through interdendritic
melt solidification/melting. The quantity cd is “rigidly”

coupled with the interdendritic solidification/melting
(Mds) and hence with the latent heat. This “rigid” coupling
among T, c�‘ , cd and Mds could result in difficulties in
obtaining the convergent numerical solution. The major
concern regarding the complete mixing assumption was
that it could lead to incorrect (inaccurate) results. As
reported by RT [5], the cooling curve calculated using the
complete mixing assumption was difficult to fit to the
experimental results, especially for coarse-grained alloys;
for example, the depth of the recalescence was underesti-
mated. Furthermore, according to the current model, the
deviation of �cenv from cd increases at stage II. This devia-
tion decreases progressively during stage III. At the
moment of transition from stage II to stage III, the differ-
ence between �cenv and cd reaches its maximum. Obviously,
the previous assumption of �cenv equal to cd would cause an
erroneous estimation of the species transfer from the inter-
dendritic melt to the extradendritic melt. This is critical for
the calculation of the enrichment of the solute in the extra-
dendritic melt and the final macrosegregation. However,
after stage III, the difference between �cenv and cd becomes
very small, and they gradually approach the thermody-
namic equilibrium concentration c�‘ . This indicates that
the complete mixing assumption can be valid at the last
stage of solidification.

A diffusion-governed solidification model for the inter-
dendritic melt was newly implemented. The driving force
for the diffusion was c�‘ � cd, and the diffusion length scale
was in the order of k2. Note that constant k2 was consid-
ered, although k2 may vary with time. However, the param-
eter studies have shown that the exact value for k2 is of
minor importance. The model suggested by WB [4] was
employed to calculate the diffusion length and the specific
surface area of the d–s interface, but it was modified by
accounting for an impingement factor. This simple
approach is empirical. However, the inaccuracy caused
by this simplicity seems not significant. As expressed in
Eqs. (18) and (33)–(35) in Part I, a dominant parameter
influencing the solidification rate is the secondary dendrite
arm space k2, which determines both the interdendritic dif-
fusion length and the specific surface area of the d–s inter-
face. The solidification rate Mds is proportional to ð1=k2Þ2.
The current paper varies k2 from 10 to 40 lm, correspond-
ing to a reduction in Mds by a factor of 1/16. The modeling
results (Fig. 7), however, show that the predicted f total

Eu ,
f extra

Eu and f intern
Eu are insensitive to this variation. This

implies that the space to improve the model for the solidi-
fication of the interdendritic melt (Mds) is quite limited.
The method of treating the interdendritic melt flow and
grain movement proposed by WB [1] was simplified in the
current model. In the WB model [1], the interdendritic melt
and the extradendritic melt were treated as one mixture
phase, for which a set of momentum equations were solved.
A concept of the flow partitioning between the interden-
dritic melt and extradendritic melt was introduced through
a partitioning tensor. The slow flow of the interdendritic
melt in relation to the solid dendrites could also be consid-
ered. This slow interdendritic melt flow could be important
in the high grain volume fraction region when the grains
are impinged upon one another and the volume fraction
of the extradendritic melt approaches zero. In the current
model, the interdendritic melt is considered part of the
grain. The interdendritic melt shares the same velocity with
the solid dendrites, but it is separated from the extraden-
dritic melt. The interdendritic melt behaves as part of a
grain rather than as part of an extradendritic melt. Conse-
quently, no supplementary correlation was needed to deter-
mine the flow partitioning tensor. Nevertheless, reasonable
results were obtained. The current model predicts that the
intensity of the macrosegregation in a 40 � 40 mm2 Al–
4.7 wt.% Cu casting falls by c0 ± 0.068 � c0. With regard
to laboratory conditions, for example, a cylindrical casting
(Al–1 wt.% Cu and Al–10 wt.% Cu) with diameter 18 mm
and height 100 mm height under a cooling rate of �12–
24 K s�1 shows the maximum positive and negative segre-
gation in the range c0 ± 0.2 � c0 [11].

6.2. The equiaxed solidification

The calculated fs–T curve was found to superimpose the
Scheil curve during the last stages of solidification (Fig. 4),
but a significant discrepancy was found early in the free
dendrite growth and recalescence stages. This finding
agrees with that of RT [5]. The predicted eutectic f total

Eu also
agreed with the result estimated by Scheil model. The total
eutectic phase formed was slightly influenced by the cool-
ing rate, but this is strongly dependent on the alloy compo-
sition. The volume fraction of the eutectic is linearly
proportional to the alloy composition (Fig. 7). This conclu-
sion is supported by the experimental results [10].

The dependence of f total
Eu on the cooling rate was also

investigated. The cooling rates at different locations across
the square casting section are different. Although the cor-
ner has a higher cooling rate, there is only marginally less
f total

Eu than in the center of the casting. For example, an
Al–4.7 wt.% Cu casting simulation shows 10.3 wt.% of
eutectic at the corner, and 10.5 wt.% in the center. The
lower cooling rate tends to favor the eutectic formation.
Many experimental results with respect to this issue are
contradictory, but a general opinion tends to support the
above finding. Provided the cooling rate is sufficiently large
(e.g., >1 K s�1) that the back diffusion in solid dendrites
can be neglected, the lower cooling rates favor the eutectic
formation [12]. The current model ignored back diffusion
in the solid.
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Distinguishing the interdendritic eutectic from the extra-
dendritic eutectic, larger cooling rates favor the formation
of the interdendritic eutectic phase, while lower cooling
rates favor the extradendritic eutectic. An obvious reason
for this is that low cooling rates allow around-grain diffu-
sion more efficiently, i.e., more of the solute element is
diffused into the extradendritic melt, forming more extra-
dendritic eutectic at the end of solidification.

The influence of grain sedimentation on macrosegrega-
tion was evident. Two main mechanisms operate under
these conditions: one mechanism is the replacement of
the solute-rich melt by solute-depleted grains, which
induces a negative segregation; the second mechanism is
the replacement of the solute-depleted grains by the sol-
ute-rich melt, which induces a positive segregation. Other
macrosegregation formation mechanisms during equiaxed
solidification were studied elsewhere [19,20].

7. Conclusions

The modified equiaxed solidification model was success-
fully verified to be able to simulate the complete equiaxed
solidification process. This includes a series of accompany-
ing phenomena such as nucleation, the start of globular
growth, the GDT, dendritic growth and evolution of differ-
ent phase regions, recalescence, the formation of the final
microstructure (grain size, inter- and extradendritic eutectic
distributions) and macrosegregation. Almost all the fea-
tures of previous models with respect to globular and den-
dritic solidification were considered by the current model.
Further new features were also explored: the GDT; two
morphological parameters (Uenv and Usph) were proposed
to simplify the equiaxed dendritic grain morphology; a
non-uniform solute distribution in the interdendritic melt
region; and a simplified WB model [1] to handle the two-
phase flow. Comparisons with published experimental
results [10] were made, and quantitative agreement with
respect to the formation of the interdendritic and extraden-
dritic eutectic phase was obtained. Nevertheless, further
experimental verification is still desired. The parameter
studies showed the importance of some model assump-
tions/parameters: (1) the assumption of the dendritic grain
morphology and its parameters, Uenv and Usph; (2) the
determination of the diffusion lengths of the interdendritic
and extradendritic melts. Uncertainty of the above param-
eters would influence the quantitative accuracy of the mod-
eling results.

The illustrative modeling results from an Al–Cu binary
alloy casting provided a better understanding of equiaxed
dendritic solidification.
1. The local volume fraction of the total eutectic phase
f total

Eu is linearly proportional to the alloy composition,
and independent of the assumed grain morphology
(e.g., Uenv, Usph).

2. The cooling rate has a very minor influence on total
eutectic f total

Eu . As diffusion in the solid phase is ignorable,
the lower cooling rate marginally favors total eutectic
formation.

3. The influence of cooling rate on the interdendritic eutec-
tic f intern

Eu and extradendritic eutectic f extra
Eu is evident. A

large cooling rate favors the formation of f intern
Eu , while

a lower cooling rate favors the formation of f extra
Eu .

4. The grain sedimentation and the sedimentation-induced
melt convection play a dominant role in the formation
of macrosegregation during equiaxed solidification.
There are two main mechanisms: one is the replacement
of the solute-rich melt by solute-depleted grains, which
induces negative segregation; the second is the replace-
ment of the solute-depleted grains by solute-rich melt,
which induces positive segregation.

5. “Pure” globular equiaxed solidification tends to exhibit
more macrosegregation than dendritic solidification.

References

[1] Wang CY, Beckermann C. Metall Mater Trans 1996;27A:2754.
[2] Wang CY, Beckermann C. Metall Mater Trans 1996;27A:2765.
[3] Beckermann C, Wang CY. Metall Mater Trans 1996;27A:2784.
[4] Wang CY, Beckermann C. Metall Trans 1993;24A:2787.
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