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A numerical investigation on the formation of channel segregation using a two-phase columnar solidifi-
cation model is presented in this two-part paper. Part I includes a model summary and model verification
and Part II presents an in-depth discussion and parameter study on the formation mechanisms of channel
segregation. The two phases considered in the model are the liquid melt and solid columnar phase. The
morphology of the columnar dendrite trunks is approximated by step-wise growing cylinders with con-
stant primary dendrite arm spacing. The columnar dendrites grow from the mold wall following the liq-
uidus isotherm. The growth kinetics of the columnar trunks is governed by diffusion of the rejected solute
surrounding the columnar trunks near the solid–liquid interface. The conservation equations for mass,
momentum, species and enthalpy are solved for each phase. The permeability of the two-phase mushy
zone is treated with the Blake–Kozeny approach. The model is applied in 2D and 3D simulations of seg-
regation in a Sn–10 wt.% Pb benchmark ingot, as defined by Bellet et al. (2009) [1]. The 3D calculations
show channel segregation patterns of predominantly discontinuous lamellar structure with a few rod-
like channels. A series of 3D simulations with increasing thickness clarify that, with thickness greater
than 0.05 m, the influence of the front and back mold walls on the center plane segregation becomes neg-
ligible. Thus, the segregation pattern on the center plane in the 3D case can be sufficiently reproduced by
computationally inexpensive 2D calculations. Verification was made by comparison with published mod-
els and experimental results.

� 2012 Elsevier B.V. All rights reserved.
1. Introduction channels originate from flow perturbations, which can be charac-
Channel segregation is one of the most frequently observed seg-
regation patterns in large steel ingots, vacuum-arc remelting or
electro-slag remelting ingots [2,3] and similar castings. These seg-
regation defects are often referred to as ‘A’ segregate [4,5] or lamel-
lar- or plume-structured segregate [6,7] in large steel ingots and
‘freckles’ [8,9] in vertically solidified castings.

In the last decades numerous experimental studies in the area
of solidification have contributed to the understanding of channel
segregation formation [10–12]. Mcdonald and Hunt [10,11] built
an ammonium chloride water system to study the effect of growth
conditions and convection on ‘A’ segregate, and were the first to
observe that the formation of ‘A’ segregate was directly caused
by the extensive fluid motion in the interdendritic region. Sarazin
and Hellawell [12] studied channel segregation in three alloy sys-
tems (binary Pb–Sn and Pb–Sb, and ternary Pb–Sn–Sb) during uni-
directional solidification in base-chilled ingots and found that the
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terized with the Rayleigh number.
Numerical models [13,14] have also significantly contributed

to the understanding of macrosegregation, complimenting exper-
imental investigations and providing a view into these opaque
flow systems. Shahani et al. [15] studied the effect of natural
convection on the formation of macrosegregation in the case of
unidirectional solidification of Sn–Pb and Pb–Sn alloys. Their fi-
nal simulation results indicated a pattern of channel segregates,
but their simulations did not provide insight into how channels
are formed. Schneider and Beckermann [16] studied the com-
bined effects of microsegregation, mushy zone permeability,
thermosolutal convection and contraction flow on macrosegrega-
tion during solidification of a Pb–20 wt.% Sn alloy and found that
a higher mushy zone permeability causes longer and more verti-
cally oriented channels, while a lower permeability causes short-
er and more horizontally oriented channels. Further studies
proposed numerical methods and models [14,17–19] to simulate
macrosegregation of Pb–Sn alloy systems based on the bench-
mark of Hebditch and Hunt [20]. To date most numerical inves-
tigations of channel segregates have been limited to 2D, with
only a few computational attempts made on full 3D geometries
[18].

http://dx.doi.org/10.1016/j.commatsci.2011.12.037
mailto:Menghuai.wu@unileoben.ac.at
http://dx.doi.org/10.1016/j.commatsci.2011.12.037
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Nomenclature

c0 initial concentration of the alloy (–)
c‘, cs species concentration (–)
c�‘ ; c�s interface equilibrium species concentration (–)
CM
‘s species exchange due to phase change (kg m�3 s�1)

cmix mixture concentration (–)
c‘p; cs

p specific heat (J kg�1 K�1)
D‘ diffusion coefficient (m2 s�1)
dc diameter of columnar trunk (m)
f‘, fs volume fraction (–)
g
*

gravity (m s�2)
H⁄ volume heat exchange rate between solid and liquid

phases (W m�3 K�1)
h heat transfer coefficient (W m�2 K�1)
h‘, hs enthalpy (J kg�1)
href
‘ ; href

s enthalpy at reference temperature (J kg�1)
Dhf latent heat (heat of fusion) (J kg�1)
K permeability (m2)
k solute partition coefficient (–)
k‘, ks thermal conductivity (W m�1 K�1)
M‘s solidification mass transfer rate (kg s�1 m�3)
m liquidus slope of the binary phase diagram (K (wt.%)�1)
p pressure (Pa)

QD
‘s energy exchange by heat transfer (J m�3 s�1)

QM
‘ ; QM

s energy source term due to phase change (J m�3 s�1)
Rc radius of columnar trunk (m)
Rf far field radius of columnar trunk (m)
SA columnar surface concentration (m�1)
T, T‘, Ts temperature (K)
Tref reference temperature for enthalpy definition (K)
TEXT external temperature (K)
t time (s)
U
*

D
‘s momentum change due to drag force (kg m�2 s�2)

U
*

M
‘s momentum exchange due to phase change (kg m�2 s�2)

u
*

‘ velocity vector of the melt (m s�1)
mRc columnar trunk growth velocity (m s�1)
Uimp columnar growing surface impingement (–)
k1 primary dendrite arm spacing of columnar (m)
k2 second dendrite arm spacing of columnar (m)
q‘, qs density (kg m�3)
l‘ viscosity (kg m�1 s�1)
��sl stress–strain tensors (kg m�1 s�2)

Subscripts
‘, s indicate liquid and solid phases
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The formation of channel segregates is a multiphase and multi-
scale problem suitably treated with a simplified version of the
authors’ mixed columnar-equiaxed solidification model [21,22].
In the current paper the presence of equiaxed crystals is neglected.
This volume-average model stems from the pioneering work in the
field of multiphase solidification by Beckermann et al. [23–25].
Macrosegregation in a Sn–10 wt.% Pb benchmark ingot, as de-
scribed by Bellet et al. [1], is simulated in 3D and 2D. Comparisons
between the model geometries are made along with a grid-sensi-
tivity study to ensure calculation accuracy. Model verification is
discussed in comparison with modeling and experimental results
available in the literature.

2. Model description

A brief outline of the two-phase columnar solidification model
is given here; additional model details can be found in a previous
publication [26]. Conservation equations, sources and exchange
terms, and auxiliary equations are summarized in Table 1. The
main assumptions of the model include:

� The two phases in the model are the liquid melt and the solid
columnar dendrite trunks.
� The morphology of the columnar dendrite trunks is approxi-

mated by step-wise growing cylinders positioned in a staggered
arrangement with constant primary dendritic arm spacing, k1.
� The columnar trunks grow from the casting surface when con-

stitutional undercooling is met and solidification follows the
liquidus isotherm.
� The liquid-to-solid mass transfer (solidification/melting) rate,

M‘s, is calculated as a function of the growth velocity of the
columnar trunks, vRc , which is governed by diffusion of the sol-
ute in the interdendritic melt around each cylindrical trunk.
� Volume-averaged concentrations (c‘, cs) are calculated and mac-

rosegregation is characterized by the mixture concentration,
cmix. Thermodynamic equilibrium is assumed at the liquid–solid
interface, which dictates the liquid–solid interface concentra-
tions (c�‘ ; c

�
s ). Back diffusion in the solid is neglected (Ds = 0).

The concentration difference (c�‘ � c‘) is the driving force for
the growth of columnar trunks [21].
� A linearized binary Sn–Pb phase diagram with a constant solute
redistribution coefficient k and a constant liquidus slope m is
used.
� Interdendritic flow resistance in the mushy zone is calculated

via a permeability law according to the Blake–Kozeny approach
[27].
� Solidification shrinkage is not accounted for and thermosolutal

convection is modeled with the Boussinesq approach.

The current model differs from some previous models [13–19,
23–25]. Firstly, The energy conservation is treated in two-phase
form, implying that the temperatures of the solid and liquid are lo-
cally different, but an ‘infinite’ volumetric heat transfer between
the two phases (H� = 109 W m�2 K�1) is applied to level out the
temperature difference. An alternative method to treat the energy
conservation is to use a mixture form of energy equation
[14,18,19]. The advantage of the two-phase form over the mixture
form is that more freedoms are provided for handling the inter-
phase enthalpy exchange, release of latent heat, and boundary con-
ditions. The drawback of the two-phase form is that the calculation
cost is relatively high.

Secondly, the meaning of the momentum exchange due to
solidification-induced mass transfer, U

*
M
‘s , is different from the

one as defined in the literature [23,25,28], where U
*

M
‘s was the

momentum flux across the solid-interface due to the solidifica-
tion-induced expansion/shrinkage (ignorable when the density
difference between the liquid and solid phases is small). In the
current model U

*
M
‘s is calculated by the mass transfer rate (M‘s)

timing an interphase velocity (u
*

‘�s) [29]. In the case of solidifica-
tion, the interphase velocity u

*

‘�s is equal to u
*

‘. As schematically
shown in Fig. 1, when the melt flows passing by a stationary
growing columnar trunk (cylinder), a non-slip boundary condi-
tion applies at the liquid–solid interface, and far-field velocity
of the melt is u

*

‘ (intrinsic velocity). A flow boundary layer adja-
cent to the columnar trunk is developed. It is further assumed
that the velocity profile in the boundary layer moves in the par-
allel direction to the growth of the columnar trunk. In a time
interval of dt, the volume-averaged mass transfer due to solidifi-
cation is M‘s�dt. The corresponding momentum loss in the adja-
cent melt is M‘s � dt � u

*

‘. Therefore, the momentum transfer rate



Table 1
Conservation equations, sources and exchange terms, auxiliary equation.

Conservative equations

Mass: @
@t ðf‘q‘Þ þ r � ðf‘q‘u

*

‘Þ ¼ �M‘s
(1)

@
@t ðfsqsÞ ¼ M‘s

Momentum: @
@t ðf‘q‘u

*

‘Þ þ r � ðf‘q‘u
*

‘ � u
*

‘Þ ¼ �f‘rpþr � ��s‘ þ f‘q‘ g
*
�U
*

M
‘s � U

*
D
‘s

(2)

where ��s‘ ¼ l‘ðr � ðf‘u
*

‘Þ þ ðr � ðf‘u
*

‘ÞÞT Þ
Species: @

@t ðf‘q‘c‘Þ þr � ðf‘q‘u
*

‘c‘Þ ¼ �CM
‘s

(3)

@
@t ðfsqscsÞ ¼ CM

‘s

Enthalpy: @
@t ðf‘q‘h‘Þ þ r � ðf‘q‘u

*

‘h‘Þ ¼ r � ðf‘k‘rT‘Þ þ QM
‘ � QD

‘s
(4)

@
@t ðfsqshsÞ ¼ r � ðfsksrTsÞ þ QM

s þ QD
‘s

where h‘ ¼
R T‘

Tref
c‘pdT þ href

‘ and hs ¼
R Ts

Tref
cs

pdT þ href
s

Solidification net mass transfer
Mass transfer: M‘s ¼ vRc � SA � qs �Uimp (5)
Col. trunk growth velocity: vRc ¼ dRc

dt ¼
D‘

Rc
� ðc

�
‘
�c‘ Þ

ðc�
‘
�c�s Þ
� ln�1 Rf

Rc

� �
(6)

Diameter of col. trunks:
dcð¼ 2RcÞ ¼ k1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12
p
�fs

p

q
(7)

Far field radius of col. trunks: Rf ¼ 1ffiffi
3
p � k1 (8)

Col. surface concentration: SA ¼ 2�dc �pffiffi
3
p
�k2

1

(9)

Growing surface impingement:
Uimp ¼

1 dc 6 k1
2
ffiffiffi
3
p
� f‘=ð2

ffiffiffi
3
p
� pÞ dc > k1

�
(10)

Momentum transfer: ~UM
‘s ¼

~u‘ �M‘s solidification
0:0 melting

�
~UD
‘s ¼

f 2
‘
�l‘

K � ð~u‘ �~usÞwhere K ¼ k2
2 �

f 3
‘

180�ð1�f‘ Þ2
(11)

Species transfer:
CM
‘s ¼

k � c�‘ �M‘s solidification
cs �M‘s melting

�
(12)

Enthalpy transfer and latent heat: QM
‘ ¼ ðDhf � f‘ � h‘Þ �M‘s QD

‘s ¼ H� � ðT‘ � TsÞ (13)

QM
s ¼ ðDhf � fs þ hsÞ �M‘s where H� ¼ 109 W m�2 K�1

Auxilary equation
Mixture concentration: cmix ¼ ðc‘ � q‘ � f‘ þ cs � qs � fsÞ=ðq‘ � f‘ þ qs � fsÞ (14)

Fig. 1. Schematic of the velocity profile adjacent to a growing columnar trunk and
momentum transfer due to solidification mass transfer.

Fig. 2. Schematic of interfacial mass and species transfer. Species conservation is
considered in an ‘isolated’ volume element enveloped by a fictitious cylinder with a
radius of Rf.
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due to phase change U
*

M
‘s is equal to M‘s � dt � u

*

‘. In the case of
melting, u

*

‘�s ¼ 0.
Additionally, the mass and species exchanges between the li-

quid and solid phases are modeled in a different way as the previ-
ous models [23,25,28]. Species balance in an ‘isolated’ volume
element enveloped by a fictitious cylinder with a radius of Rf is
schematically shown in Fig. 2. Each part of species transfer (due
to solute partitioning at the solid–liquid interface, diffusion in
the liquid region) is expressed with symbols A to F. For the simplic-
ity of the discussion, no flow is considered, hence the species must
be conserved: dðf‘q‘c‘ þ fsqscsÞ=dt ¼ 0, i.e.

Aþ qsc
�
s

dfs

dt
� Bþ F � q‘c

�
‘

dfs

dt
þ D ¼ 0 ð15Þ

As A = B and E = D + F, then
E ¼ q‘ðc�‘ � c�s Þ
dfs

dt
: ð16Þ

Replace E and dfs
dt in Eq. (16) with the expressions in Fig. 2, we have

q‘SAD‘

ðc�‘ � c‘Þ
Rc

ln�1 Rf

Rc

� �
¼ q‘ðc�‘ � c�s Þ � mRc � SA ð17Þ

The formulations for the columnar trunk growth velocity (Eq. (6))
and the solidification net mass transfer rate (Eq. (5)) are obtained.
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Fig. 3. Benchmark geometry with boundary and initial conditions.

Table 2
Thermo-physical properties and model parameters.

Property Symbol Units Quantity

Nominal concentration c0 wt.% Pb 10.0
Melting point at c = 0 Tm K 505
Eutectic composition ce wt.% Pb 38.1
Eutectic temperature Te K 456
Liquidus slope m K (wt.%)�1 �1.286
Equilibrium partition

coefficient
k – 0.0656

Reference density qref kg m3 7000
Specific heat c‘p; c

s
p J kg�1 K�1 260

Thermal conductivity k‘, ks W m�1 K�1 55.0
Latent heat Dhf J kg�1 6.1 � 104

Viscosity l‘ Kg m�1 s�1 1.0 � 10�3

Liquid thermal expansion
coefficient

bT K�1 6.0 � 10�5

Liquid solutal expansion
coefficient

bC wt.%�1 �5.3 � 10�3

Primary dendritic arm spacing k1 m 1.3 � 10�3

Second dendritic arm spacinga k2 M 3.25 (or
4.55) � 10�4

Diffusion coefficient (liquid) D‘ m2 s�1 1.0 � 10�8

Initial temperature T0 K 492.14
Heat transfer coefficient h W m�2 K�1 400
External temperature TEXT K 298
Dimension of the 2D cavity X � Y m 0.1 � 0.06
Grid sizea m 0.25 (or 0.5, 1,

2) � 10�3

a Parameters varied in parameter study.
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It is clear that the growth of the columnar trunk is governed by dif-
fusion of species around the growing columnar trunk. This diffusion
happens only in the melt region.

The interfacial net species transfer due to solidification is:
CM
‘s ¼ M‘s � c�s . No additional diffusive species transfer is necessarily

considered, as there is no net species flux across the liquid–solid
interface without solidification. For remelting, the interfacial net
species transfer is modeled according to Beckermann and co-
author [25]: CM

‘s ¼ M‘s � cs .
The conservation equations in Table 1 are numerically solved

using FLUENT� 6.3.26 [29], which uses a control-volume finite
difference numerical method. All phases share a single pressure
field, p, which is solved via a pressure correction equation ob-
tained from the sum of the normalized mass continuity equa-
tions using the phase coupled SIMPLE (PC-SIMPLE) algorithm.
(a) velocity & liquid fraction  

velocity (m s-1)

Fig. 4. Transient 3D simulation results at 100 s are shown: (a) velocity vectors in two pla
fraction isolines with labeled values in the vertical center plane; (b) in the vertical plane
labeled with corresponding values, and streamlines of the melt flow.
For each time-step, up to 60 iterations are necessary to reach
solution convergence as determined by a decrease of the normal-
ized residuals of f‘ and ~u‘ below 10�4, of c‘ and cs below 10�5,
and of h‘ and hs below 10�7. Choice of a time step that ensures
a high accuracy solution must be determined empirically by test
simulations. In this study all calculations are run with a time-
step of 0.0005 s. All simulations are run in parallel on 8 CPUs (In-
tel Nehalem Cluster 2.93 GHz), with simulation times close to
3 months for the 3D case and 7–15 days for the 2D cases,
depending on mesh size.
 (b) mixc & streamlines

nes (a vertical plane and a horizontal plane 0.01 m from bottom) and liquid volume
, cmix in gray scale (dark for the highest and light for the lowest value), cmix isolines



(a) 30 s   (b) 50 s 

(c) 100 s   (d) 150 s 

(e) 200 s  (f) 400 s 

liquid 
fraction 

Fig. 5. Evolution of solidification in the 3D benchmark with 0.03 m thickness at (a) 30 s, (b) 50 s, (c) 100 s, (d) 150 s, (e) 200 s, and (f) 400 s. The liquid volume fraction in two
planes (a vertical center plane and a horizontal plane with 0.01 m from bottom) is shown in color scale. The isosurfaces (yellow) of liquid volume fraction (f‘ = 0.35) are also
shown to demonstrate the evolution of the flow channels.
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Fig. 6. Distribution of the Pb mixture concentration, cmix, at the end of solidification
is shown in gray scale (dark for the highest and light for the lowest value) along
with labeled cmix isolines.
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3. Benchmark configuration

Benchmark simulations are carried out for one 2D and two 3D
configurations. A sketch of the 2D benchmark configuration de-
scribed by Bellet et al. [1] is shown in Fig. 3, labeled with boundary
and initial conditions. Due to the geometric and heat extraction
symmetry of the Bellet ingot, half of the ingot is modeled and a
symmetry boundary condition is defined at the left boundary.
The 3D geometries have the same cross-sectional dimensions as
shown in Fig. 1 with a thickness of 0.03 in one case and 0.05 in
the second case. The casting alloy is Sn–10 wt.% Pb. In the 2D mod-
el heat is extracted from one vertical wall and a symmetry bound-
ary condition is imposed at the centerline. At time t = 0, the mold is
filled with melt at uniform temperature and composition. The
mold walls have a constant temperature, TEXT, and a constant heat
transfer coefficient, h, is applied between the casting and the mold.
The 3D simulations have the same boundary conditions as the 2D
case with non-slip front and back walls treated with a convective
cooling boundary condition where h = 50 W m�2 K�1 and TEXT =
Fig. 7. The isosurface of Pb segregation ratio, as define
298 K. The calculation was run to the end of solidification at ca.
490 s. Thermo-physical properties, boundary conditions and
numerical parameters are given in Table 2.

4. Simulation results

4.1. Evolution of 3D channels

Transient simulation results for the 3D benchmark with 0.03 m
thickness at 100 s are shown in Fig. 4. In Fig. 4a, melt velocity vec-
tors are shown in two planes (a vertical plane and a horizontal
plane with a distance of 0.01 m from the bottom) and liquid volume
fraction isolines are shown in the vertical plane. In Fig. 4b, cmix iso-
lines, flow streamlines, and the Pb solute mixture concentration,
cmix, are shown.

As seen in Fig. 4a, when the liquid fraction is larger than 0.4, the
flow is relatively strong while in the region where the liquid frac-
tion is less than 0.3 velocities are negligible, less than 0.0003 m s�1.
The low velocity regions correlate with the dendritic mushy zone
where the liquid fraction is smaller than 0.3. For the alloy Sn–
10 wt.% Pb, the interdendritic melt, enriched with Pb, has a higher
density than the bulk melt, and both the thermal and solute buoy-
ancy forces lead to a downward flow along the solidification front.
This forms a large clockwise circulation in the domain, as the
streamlines in Fig. 4b show. In the right bottom region of the ver-
tical plane, the flow channels which have formed can be seen. As
the channels form, the flow (streamlines) is significantly diverted.
This diversion is a result of the relatively higher volume fraction of
liquid (and thus higher permeability) within a channel in compar-
ison to the channel-wall region. The interdendritic melt will pref-
erentially take its path along the channel, and the streamlines
are periodically diverted from one channel, through the channel
walls, to the neighboring channels.

Fig. 5a–f show snapshots of the evolution of solidification at
t = 30, 50, 100, 150, 200 and 400 s for the 3D benchmark with
0.03 m thickness. In each frame the liquid fraction distributions
are shown in a vertical center plane and horizontal plane as in
Fig. 4a. Isosurfaces (yellow) of liquid volume fraction (f‘ = 0.35) are
also shown to demonstrate the evolution of the flow channels. The
regions bounded by the isosurfaces, where f‘ is larger than 0.35, rep-
resent the flow channels. At 30 s the channels have formed in the
right bottom region adjacent to the chill wall, but they are not well
pronounced. At 50 s, the number of channels near the chilled wall
d by (cmix � c0)/c0 = 1.5 from two viewing angles.



(a)   (b) 

(c) 

Path I 

Path II 

Path III 

Fig. 8. Comparison of cmix at t = 200 s for (a) center plane of 3D benchmark with thickness of 0.03 m; (b) 2D benchmark; and (c) center plane of 3D benchmark with thickness
of 0.05 m. cmix is shown in gray scale (dark for the highest and light for the lowest value) with labeled cmix isolines.
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region has grown and a portion of these are already fully developed.
After 200 s the channels become relatively stable and fixed, with
very little additional growth. The channels are generally 3D in nat-
ure, most of them are lamellar-structured, discontinuous, while a
few of them are rod-like. They occur only in the right bottom region,
which is roughly a quarter of the whole calculation domain. The
channel spacing (distance between neighboring channels) is nearly
constant, varying slightly over time during solidification.

The sequence of global solidification snapshots in Fig. 5 show
that in the upper part of the ingot the solidification front, approx-
imated with the isosurface of f‘ = 0.35, sweeps across the domain
much faster than in the bottom region. This is caused by the down-
ward flow in the mushy zone, which transports the Pb-rich inter-
dendritic melt from the upper to the lower region; hence the
liquidus temperature decreases in the lower region. As a conse-
quence, the solidification rate in the lower region is retarded.

The macrosegregation profile of the solidified ingot in the ver-
tical center plane is shown in Fig. 6. Negative segregation, with
cmix as small as 0.04, is predicted in the upper-right region and
positive segregation, with cmix as large as 0.32, is predicted in
the lower-left region. The channel segregation pattern is clearly
shown in the lower right region. The pattern of the segregates
(inclined angle, channel spacing, number of the channels) corre-
sponds to the flow patterns that develop during solidification
(Fig. 5).

Fig. 7 shows the final channel segregation pattern in 3D from
two angles. The isosurface of segregation ratio, as defined by
(cmix � c0)/c0 = 1.5, is displayed. The channel segregates are pre-
dominately lamellar-structured with some rod-like morphology,
which is in agreement with 3D channel segregation previously de-
scribed in the literature [6,7]. In the current benchmark, the chan-
nel segregation pattern is observed only in the lower right region
and shows an upward slanting pattern with an angle of 40–60�
from the horizontal plane. The average thickness of the channels
is 0.002 m, the channel spacing is 0.004 m and the length of the
largest channel is approximately 0.019 m.
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Fig. 9. Comparison of cmix distributions of the 2D and 3D cases along paths I to III as marked in Fig. 8(b). (a) Path I, on the center plane, 0.045 m from the bottom; (b) Path II, in
the center plane, 0.02 m from the bottom; (c) Path III, in the center plane, 0.005 m from the bottom.
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4.2. Comparison of 3D and 2D calculations

Transient results at 200 s for the 3D and 2D benchmark cases
are compared in Fig. 8. Fig. 8a shows the cmix distribution in the
center plane of the 3D benchmark with 0.03 m thickness and
Fig. 8b presents the corresponding 2D cmix distribution. The 3D
and 2D calculations predict similar channel segregation patterns,
however, the severity of the macrosegregation of these two cases
is significantly different. For example, the maximum Pb concentra-
tion in the lower left region of the 3D benchmark is 0.32, much
higher than the maximum Pb concentration of 0.24 in the same re-
gion of the 2D case. This difference is called the 3D effect. The front
and back walls of the 3D benchmark with finite thickness of 0.03 m
have significant influence on the internal flow intensity, hence on
the transport of segregated solute elements. To show the diminish-
ing 3D effect as casting thickness increases, a corresponding 3D
benchmark with a thickness of 0.05 m was simulated, and is shown
in Fig. 8c. It is found that with a casting thickness of 0.05 m the cmix

distribution in the center plane (Fig. 8c) is almost identical to the
2D result (Fig. 8b), with respect to both the channel segregation
pattern and the severity of the macrosegregation. Fig. 9 compares
the 2D and 3D cmix distribution profiles along three paths as
marked in Fig. 8b. The difference in distribution between the 2D
and the 3D with thickness of 0.03 m is significant. However, the
difference between the 2D and the 3D with thickness of 0.05 m
is minor. The 3D effect decreases for the benchmark with larger
thickness, i.e. the segregation pattern on the center plane of the
3D case can be reproduced by a 2D calculation. Based on this con-
clusion, the analysis and discussion in the following sections are
based on 2D simulations.
5. Verifications

5.1. Grid sensitivity

A grid study was carried out on four grids with cell sizes of 0.25,
0.5, 1 and 2 mm respectively. For this study the secondary dendrite
arm spacing (3.25 � 10�4 m) and other physical and process
parameters are kept constant. Fig. 10 shows the liquid fraction
and Fig. 11 the Pb solute mixture concentration, cmix, at 200 s for
each grid size. The temperature isotherms are nearly identical for
all cases, thus the grid with 2 mm cell size is fine enough to resolve
the temperature field. The liquid volume fraction and segregation
patterns are more sensitive to cell size, especially in the lower right
corner region where the channel segregates appear. Firstly, the
coarse grid calculation has only one to two channels close to the
lower right corner, while the fine grid calculation has more chan-
nels in a broader region near the lower right corner. The trend
shows that simulations with finer grids predict more channels.
Additionally, as cell size decreases the size of the channel and
the channel spacing (distance between the neighboring channels)
become smaller and the length of the channels becomes longer.

When the cell size is smaller than 0.5 mm, the difference in seg-
regation pattern from case to case is not as great as cases with grid
size larger than 0.5 mm – a significant finding of the current study.
To further quantify the influence of grid size on the segregation
pattern, the estimated average channel length and channel spacing
as a function of mesh size are compared in Fig. 12. The channel
spacing decreases with grid refinement, while the average length
of the channel increases. It is noted that there is only a slight dif-
ference in channel size between the 0.5 mm grid and 0.25 mm grid.



 (b) 0.5 mm 

(c) 1 mm (d) 2 mm 

(a) 0.25 mm

Fig. 10. Grid sensitivity of the temperature field and volume fraction of liquid at 200 s. The volume fraction of liquid is shown in gray scale (dark for the highest and light for
the lowest value), overlaid with isotherms of the temperature [K] for (a) grid size is 0.25 mm; (b) 0.5 mm; (c) 1 mm; and (d) 2 mm.
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The average channel length appears to be approaching a constant
of 20.5 mm, and the average channel spacing is approaching a con-
stant of 6 mm.

Fig. 13 shows the influence of mesh size on the cmix distribution
profile along the Path IV as marked in Fig. 11a. The cmix curves for
each grid coincide in the no-channel region, i.e. at 0.025 m or fur-
ther from the chilled surface. In the region with channel segre-
gates, close to the chilled surface, the cmix curves differ,
particularly when the grid size is larger than 0.5 mm. However,
the difference between the cmix curves of the fine grids (e.g. 0.25
and 0.5 mm) is quite small. According to Kumar et al [14], the grid
should be fine enough to resolve the flow through the channel, i.e.
at least three grid points (volume elements) should be located in
each channel. As shown in Fig. 13, there are 6 grid points in each
channel for the case of grid resolution of 0.5 mm, and 12 grid
points in each channel for the case of grid resolution of 0.25 mm.

Based on the above findings, it is anticipated that a quasi grid-
independent result is reached with a grid size of 0.5 mm for the
current benchmark. The characteristic parameters (average
channel spacing, length and the severity of the segregation) will
approach constant values, however the fine details of the cmix dis-
tribution contours will change slightly with further refinement of
the grid size.

5.2. Comparison with other numerical modeling results

A simulation using the current finite volume numerical model
with a 2D (0.1 � 0.06 m2) benchmark geometry with alloy Sn–
5 wt.% Pb is compared to the same benchmark studied by Ahmad
et al. [17] with a finite element model and by Roux et al. [30] with
a chemical non-equilibrium model. In this benchmark, heat is ex-
tracted from the left vertical wall with a heat transfer coefficient
of 300 W m�2 K�1. At t = 0 the domain is filled with a liquid binary
metal at a uniform temperature and composition. A detailed model
description, material properties and process parameters can be
found in Refs. [17,30]. Fig. 14 shows a comparison of the cmix dis-
tribution for the current model, the non-equilibrium model [30]
and the FEM model [17], at 400 s of solidification. The current
model (Fig. 14a) is in very good agreement with the non-equilib-
rium model (Fig. 14b), and shows reasonable agreement with the
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Fig. 11. Grid sensitivity of macrosegregation at 200 s. The Pb mixture concentration, cmix, is shown in gray scale with dark for the highest and light for the lowest value and
overlaid with cmix isolines for grid size of (a) 0.25 mm; (b) 0.5 mm; (c) 1 mm; and (d) 2 mm.
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FEM model (Fig. 14c). All three models predict a high solute enrich-
ment with a strong concentration gradient in the lower right of the
domain.

5.3. Experimental verification

The current model is also evaluated by comparing the modeling
results with the results of Hebditch and Hunt [20], as shown in
Fig. 15. The variation of relative Pb average mass fraction (dis-
played as percentage of the mean composition) are plotted as a
function of the distance to the cooling wall along four paths,
namely 0.005 m, 0.025 m, 0.045 m and 0.055 m from the bottom.
Agreement is fairly good, especially in the upper part of the cavity
along the paths of 0.045 m and 0.055 m, where negative segrega-
tion is observed. The Pb mass fraction differs near the bottom of
the cavity (0.005 m), where a strong positive segregation is ob-
served at the end of the solidification. The Pb composition from
the experiment is higher than the predicted result from the simu-
lation, however this is to be expected since the simulation is 2D
while the experimental geometry is of course 3 dimensional with
a very thin thickness (0.013 m). The experimental result has strong
3D effects, so the value of the composition should be higher than
the corresponding 2D results. Recalling the comparison of 2D and
3D simulation results in Fig. 8, the predicted maximum positive
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Fig. 14. Predicted segregation patterns in the Sn–5 wt.% Pb benchmark at 400 s: (a)
the current model; (b) chemical non-equilibrium model in [30] and (c) FEM model
in [17].
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segregation in the low corner last-to-solidify region is significantly
higher for the 3D case. The 3D effect is significant for the 3D exper-
imental benchmark with a 0.013 m thickness.

6. Discussion

A two-phase columnar solidification model was used to simu-
late the formation of channel segregates and expand the under-
standing of the mechanisms that lead to channel segregation.
Solidification of a reference Sn–Pb benchmark, as defined by Bellet
et al. [1], was calculated. The main findings are as follows.

1. The 3D simulations show the transient development of the
channel segregation. In the current alloy system the thermo-
solutal buoyancy drives the clockwise circulation flow, i.e. the
segregated interdendritic melt is heavier than the bulk melt
and sinks downward along the solidification front. Channel seg-
regates form in the bottom corner near the chilled wall with a
predominately discontinuous lamellar-structured morphology
and some rod-like formation.

2. Significant differences in cmix distribution are observed between
the 2D calculation and the center plane of the 3D calculation
with 0.03 m thickness. This difference, the 3D effect, is caused
by the thermal and hydrodynamic influence of the front/back
mold walls. The 3D effect is much less prominent in the thicker
benchmark (P0.05 m), thus the 2D calculation suitably repre-
sents the thick-walled (P0.05 m) 3D benchmark but not the
thinner 3D benchmark. As a corollary, caution must be used
when comparing 2D modeling results with 3D experiments.
Despite this, the efficient computation time of a 2D simulation
makes them a worthy analysis tool.

3. To ensure calculation accuracy, the influence of grid size on
channel segregation formation was evaluated. In the current
benchmark, a quasi grid-independent result can be achieved
with a cell size less than 0.5 mm. This quasi grid-independence
means that the characteristic parameters (average channel
spacing, length and severity of the segregation) tend to con-
verge to constant values, although the fine features of the cmix

contours change slightly with further refinement of the grid.
The current mesh resolution (0.25 mm) may not be fine enough
to produce grid-converged result of the fine channel segregates
details, but the most important features regarding the forma-
tion of channel segregates can be resolved with the current
mesh resolution. This finding coincides with the statement of
Kumar et al [14].

4. Verification of the current model was made by comparison with
other modeling approaches [17,30] and with the experiments of
Hebditch and Hunt [20]. General quantitative agreements were
obtained, however, these models and experiments have not
been able to describe details of the channel segregates in 3D.
A more detailed comparison of the current model is possible
with the experimental work by Sawada et al. [18] who pre-
sented a stereoscopic structure of the channel segregates with
X-ray CT method on a Sn–20 wt.%Bi benchmark (0.1 � 0.11 �
0.03 m3). In this experiment, the channels were more rod-like
than lamellar. In the current modeling result, mostly lamellar
structure is observed. This discrepancy may arise from (1) dif-
ferences in alloy system, benchmark geometry and boundary
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Fig. 15. Relative Pb mass fraction variations, ((cmix � c0)/c0) � 100, for the Sn–5 wt.% Pb benchmark at the end of solidification as a function of the distance from the cooling
wall. These profiles correspond to four heights of the cavity at (a) 0.005 m; (b) 0.025 m; (c) 0.045 m; and (d) 0.055 m from the bottom.
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conditions or (2) from the uncertainties of model assumptions
and model parameters, such as the assumption of the isotropic
permeability of the mushy zone, the limitation of the volume
average technique, etc. To clarify this issue, further experiments
are planned in collaboration with Frautrelle [31] based on the
same Sn–Pb benchmark.

Part II of this investigation presents an in-depth discussion and
parameter study on the formation mechanisms of channel
segregation.
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