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Volume-averaged two-phase simulation for predicting rheological behavior 
in dense suspensions
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H I G H L I G H T S G R A P H I C A L  A B S T R A C T

• A two-phase volume-averaged model is 
proposed that accounts for the effect of 
the particle pressure in dense 
suspensions.

• Its application to a rotational annulus 
shear cell rheometer enables the pre
diction of process details that would 
otherwise remain obscure and clarifies 
the conditions under which commonly 
made simplifying assumptions are 
justified.

• A high shear rate at the upper outer 
edge of the shear cell induces an axial- 
radial flow from smaller to larger radii, 
superimposed on the global rotational 
flow. This axial-radial flow may get 
weak for solid fractions close to the 
packing limit.

• The scaling of particle pressure and 
shear stress with the shear rate allows 
for correct measurements of the friction 
coefficient and the dimensionless 
viscous number, even when the numer
ically estimated shear rates deviate 
substantially from the values considered 
in the experiments.
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A B S T R A C T

A two-phase volume-averaged model is proposed that accounts for the effect of the particle pressure in dense 
suspensions. Although the predictions of the model can only be regarded as approximations to reality, its 
application to a rotational annulus shear cell rheometer enables the prediction of process details that would 
otherwise remain obscure and clarifies the conditions under which commonly made simplifying assumptions are 
justified. It was shown that a high shear rate at the upper outer edge of the shear cell induces an axial-radial flow 
from smaller to larger radii, superimposed on the global rotational flow. This flow transports particles from the 
regions beneath the annulus towards the bottom. Consequently, the friction coefficient and the dimensionless 
viscosity number depend on the applied rotation speed. This dependence diminishes when the strength of axial- 
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radial flow is negligibly small, and no particle redistribution occurs, which may happen at sufficiently high 
particle volume fraction. The linear scaling of particle pressure and shear stress with shear rate enables the 
determination of the friction coefficient and the dimensionless viscosity number, even when the considered shear 
rates differ substantially from the experimental approximations. The simulations indicate that, in the corre
sponding experiments, the actual shear rate may be several times larger than predicted by the commonly used 
oversimplified assumption.

1. Introduction

Volume-averaged multiphase simulations of alloy solidification have 
become increasingly common for predicting microstructure formation 
and evaluating the occurrence and severity of macrosegregation in large 
castings (Cai et al., 2019; Combeau and Založnik, 2014; Ge et al., 2018; 
Gu and Beckermann, 1999; Heyvaert et al., 2017; Ludwig et al., 2014; 
Wu et al., 2018; Založnik and Combeau, 2010). Particularly when the 
formation and movement of equiaxed crystals are crucial, this method is 
unparalleled due to its ability to handle a large number of small, moving 
solid particles (Combeau et al., 2009; Leriche et al., 2015; Li et al., 2014; 
Nguyen et al., 2018, 2015; Wu et al., 2017). It pertains to the idea of 
multiphase systems, where multiple phases (gas, liquid, or solid) coexist 
within a certain volume. The phases are well-mixed but spatially distinct 
from each other. The macroscopic conservation equations for each phase 
are derived by averaging the microscopic (exact) equations over speci
fied averaging volumes, which typically correspond to the volumes of a 
numerical grid (Dantzig and Rappaz, 2016; Ni and Beckermann, 1991). 
The volume-averaged conservation equations for mass, momentum, 
energy, and concentration are formulated for each of the phases 
considered. In the context of the momentum conservation equation, the 
volume-averaged shear stress term is typically described using the 
standard constitutive laws for incompressible fluids, 

τi = ηi γ̇i with γ̇i =
[
∇vi +(∇vi)

T] for i = 1, ..., n (1) 

where τi represents the shear stress tensor, γ̇i denotes the shear rate 
tensor, and vi corresponds to the flow velocity of the phases, i = 1, ...,n. 
All quantities are considered to be volume-averaged. The effective 
macroscopic shear viscosity, ηi, is generally derived from the micro
scopic counterpart. This choice works well for gases and liquids. How
ever, for particulate systems where solid particles move within a fluid, 
the effective solid viscosity, ηs, is chosen such that the mixture properties 
are accurately represented. At this point, experimental findings from the 
rheology community are generally adopted in the solidification com
munity. A widely used approach, derived from experimental results on 
monodisperse latices, is the well-known Krieger-Dougherty expression 
(Krieger, 1972; Krieger and Dougherty, 1959) describing the depen
dence of the mixture viscosity, ηmix, on solid fraction, gs, 

ηmix = η0
ℓ

(

1 −
gs

gc
s

)− 2.5gc
s

(2) 

where gc
s denotes the solid volume fraction at which the data diverges, 

and η0
ℓ the viscosity of the liquid phase in the absence of solid particles. 

Applying the mixture rule ηmix = gℓηℓ + gsηs then leads to the following 
expression for the effective solid viscosity, 

ηs =
η0

ℓ
gs

((

1 −
gs

gc
s

)− 2.5gc
s

− (1 − gs)

)

. (3) 

This approach was first proposed in the pioneering work of Ni and 
Beckermann (1993) on multiphase volume-averaged solidification 
modelling and has since been applied in numerous subsequent studies of 
equiaxed solidification (Ge et al., 2018, 2017; Li et al., 2014; Ludwig and 
Wu, 2002; Ren et al., 2018; Wang et al., 2020; Wu et al., 2010a, 2010b; 
Wu and Ludwig, 2009a, 2009b). The present authors are therefore 
particularly interested in assessing the validity and generality of this 
expression, as well as of the underlying volume-averaged approach.

In their review paper (Guazzelli and Pouliquen, 2018), Guazzelli and 
Pouliquen compiled experimental data from a range of rheological 
studies, as presented in their Fig. 4. It was shown that all ηmixvs. gscurves 
follow a similar trend, with Krieger’s curve (Eq. 2) lying slightly below 
the others. Among the analyzed data sets, two originate from the 
experimental study by Boyer et al. (Boyer et al., 2011). Since the present 
study applies a volume-averaged two-phase approach to their experi
ments, the following discussion focuses on their results.

Boyer et al. (2011) performed rheological measurements using an 
annular shear cell. In this setup, a suspension of solid spheres in a 
Newtonian liquid was confined between a stationary truncated cone and 
a rotating annulus (Fig. 1). The annulus was semi-permeable and 
allowed to move vertically. The experimental inputs were the torque, 
MB, and the force, FB, applied by the rotating annulus to the suspension. 
The measurements recorded the resulting rotational speed, ω, and the 
vertical displacement of the annulus, δ, once quasi steady-state condi
tions were reached. Initially, the suspension had a solid volume fraction 
of gs0, with the annulus positioned at δ = 0 under zero normal force. 
From the measured MB and FB, the shear stress, τB = 3MB/2π

(
R3

2 − R3
1
)
, 

and the particle pressure, PB = FB/π
(
R2

2 − R2
1
)
, were calculated. Here, 

R1 and R2 denote the inner and the outer radius of the rheometer, 
respectively, as indicated in Fig. 1. The particle pressure is also called 
granular or contact pressure.

The resulting solid volume fraction was calculated from the 
measured δ as gs = gs0/(1 + f(δ)), where 
f(δ) =

[
3R2

(
R2

2 − R2
1
)
δ
]
/
[
2
(
R3

2 − R3
1
)
H2

]
was obtained from straightfor

ward geometrical considerations, as outlined by Boyer et al. (2011). 
Assuming that the shear rate was approximately uniform in the vertical 
and radial directions, a simple relationship between the mean shear rate, 
averaged across the annulus, and ω was applied: γ̇B = 〈ωr /h(r)〉 =

ωR1/H1. This approximation was justified by the choice of a conical 
bottom plate, such that the ratio of radius to height remains constant, 
r/h(r) = R1/H1 = R2/H2.

The authors found that dense suspensions containing spherical par
ticles of equal size can be fully characterized by the evolution of two 
quantities: the friction coefficient, μ = τ/Pp, and the dimensionless 
viscous number, Iv = η0

ℓ γ̇/Pp (Boyer et al., 2011). Using these two 

Fig. 1. Schematic of the numerical domain representing the experiment from 
Boyer et al. (2011) in cylindrical coordinates. The azimuthal coordinate is not 
shown. In three dimensions, the domain forms a ring with a conical lower 
boundary. Only the top cover rotates.
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quantities, the shear stress, τ, and the particle pressure, Pp, can be 
expressed as functions of the shear rate, γ̇, as follows: 

τ = μPp = η0
ℓ

μ
Iv

γ̇ = η0
ℓηs γ̇, (4) 

and 

Pp = η0
ℓ
1
Iv

γ̇ = η0
ℓηnγ̇, (5) 

where ηs = μ/Iv is the dimensionless shear viscosity, and ηn = 1 /Iv is the 
dimensionless normal viscosity of the suspension. For μ and Iv, they 
suggested the following relationships: 

μ(gs) = μ1 +
μ2 − μ1

1 + I0

/(
gs,c − gs

gs

)2

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏟
=μc

+

(
gs,c − gs

gs

)2

+ μ3gs,c

(
gs,c − gs

gs

)

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟
=μh

, (6) 

and 

Iv(gs) =

(
gs,c − gs

gs

)2

. (7) 

As empirical quantities, they used μ1 = 0.32, μ2 = 0.7, μ3 = 2.5, and 
I0 = 0.005. The quantitiesμc and μh were identified as the contact fric
tion coefficient and the hydrodynamic contribution to the friction co
efficient. The solid volume fraction at which the viscosity of the 
suspension diverges was found to begs,c = 0.585.

To date, multiphase volume-averaged solidification models have 
overlooked the contribution of particle pressure. In the present study, 
we have modified a two-phase volume-averaged approach to incorpo
rate this additional pressure effect. This work aims to numerically 
reproduce the rheological experiments of Boyer et al. (2011) and to 
investigate the conditions under which their unique relationships, 
μ
(
gs
)
and Iv

(
gs
)
, Eqs. (6–7) are valid.

2. Numerical model

In pressure-imposed rheometers, the suspension is confined between 
a fixed lower plate and a porous top plate, which permits fluid flow 
while restricting particle movement. The top plate rotates to shear the 
suspension at a constant rate, while remaining free to move vertically. 
Its final height is determined by the balance between an externally 
applied, constant vertical force and the dilatation or compressive force 
arising from the particle pressure. This configuration enables the mea
surement of particle pressure from the position of the top plate.

In volume-imposed rheometers, the suspension is confined between 
two plates, with the distance between them held constant. As a result, 
the suspension is sheared at a defined shear rate while maintaining a 
global volume fraction. In this configuration, the particle pressure varies 
in response to both the shear rate and volume fraction, and can be 
determined from the total pressure in the system. In summary, for the 
pressure-imposed rheology, MB and FB are the input parameters, while ω 
and gs (as a function δ) are the output quantities. In contrast, for the 
volume-imposed rheology, the roles are reversed, with ω and gs serving 
as the input parameters, and MB and FB as the output quantities.

Initially, an attempt was made to simulate the flow within the 
domain using a semi-permeable top plate, which could move vertically 
in response to the particle pressure exerted on it. While this approach 
yielded some promising results, the numerical code proved unstable and 
lacked the flexibility to accommodate variations in the process param
eters across a wide range. Therefore, the modeling approach was 
reformulated using a volume-imposed configuration, in which the global 
solid volume fraction is prescribed and the particle pressure emerges as 
part of the solution. While pressure-imposed and volume-imposed 
rheological descriptions can be related through constitutive 

frameworks (Guazzelli and Pouliquen, 2018), their equivalence is not 
guaranteed a priori for spatially non-uniform flows such as the present 
case. In the following, it is assumed that the volume-imposed formula
tion captures the dominant steady-state mechanisms governing 
shear-induced particle migration and stress development in the system.

For the process under consideration, under steady-state conditions, 
both phases exhibit nearly identical velocity and shear stress fields; 
hence, no distinction between the volume-averaged velocity, shear rate, 
and shear stress of the liquid and solid phases is requested. To enable the 
comparison against Boyer’s experimental data, MB and FB were deter
mined by evaluating the mean values acting at the cover surface as 

τsurf =
1

π
(
R2

2 − R2
1
)

∫R2

R1

∫2π

0

|τ|⋅dA ⇒ MB = τsurf ⋅
2
3

π
(
R3

2 − R3
1
)
, (8) 

and 

pc,surf =
1

π
(
R2

2 − R2
1
)

∫R2

R1

∫2π

0

pc(r)⋅dA ⇒ FB = pc,surf ⋅π
(
R2

2 − R2
1
)
. (9) 

The mean value of the shear rate at the annulus was evaluated by 

γ̇surf =
1

π
(
R2

2 − R2
1
)

∫R2

R1

∫2π

0

|γ̇|⋅dA. (10) 

In addition, we have estimated the volumetric mean values of τ,pcand 
γ̇ by 

τvol =
1

Vol

∫

Vol

|τ|dv, (11) 

and 

pc,Vol =
1

Vol

∫

Vol

pcdv. (12) 

and 

γ̇vol =
1

Vol

∫

Vol

|γ̇|dv. (13) 

where the integration was done over the entire suspension volume. The 
importance of these quantities will be discussed below.

In the pressure-imposed rheometer, the force acting on the annulus, 
FB, interacts solely with the particles, as the liquid can flow freely 
through the holes in the permeable annulus. This is different for the 
volume-imposed rheometer, where FB also includes contributions from 
both the liquid and the particles, due to the constraint of constant vol
ume. As a result, the volume-fraction weighted pressure field (mixture 
pressure) is given by Pmix = gℓpℓ + gsps = pc + pℓ, where a particle 
pressure, Pp, has been defined as Pp = pc = gs(ps − pℓ)*. pℓ and ps are the 
volume-averaged fluid and particle pressure. To compare our volume- 
imposed simulation results against the pressure-imposed rheometer 
measurements, only pc is used to evaluate Eqs. (9), (12), and to calculate 
the force corresponding to the measurements.

The annular shear rheometer used in the simulation is identical to the 
one described by Boyer et al. (2011) with dimensions R1= 0.044 m, R2=

0.09 m, H1= 0.0088 m, and H2= 0.018 m (Fig. 1). The total volume of 
the ring-shaped domain is given by V0 = 2

3π
(
R3

2 − R3
1
)
H2/R2, resulting in 

* The relevance of this definition will become obvious in the text around Eq. 
(20).
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a value of V0
†= 269.68 cm3. The applied boundary conditions are 

detailed in Table 1. Note that in the experiment, both the bottom and top 
plates were modified by gluing 0.5 mm steel bars radially, spaced 5 mm 
apart. As a result, both the liquid and solid phases were essentially 
forced to adhere to the bottom and top surfaces. This was considered in 
the simulation by using the corresponding boundary condition.

Since the simulations were set up as a quasi-time-dependent prob
lem, the suspension was assumed to be at rest, with a uniform solid 
fraction as the initial condition. A simulation was run until steady-state 
results were achieved. Following the information given in Boyer et al. 
(2011), we considered two sets of suspensions: monodispersed spheres 
with a diameter d= 0.58 mm in a liquid with η0

f = 2.15 Pa⋅s, and d= 1.1 
mm in a liquid with η0

f = 3.1 Pa⋅s.

2.1. Volume-averaged two-phase equations

As volume-averaged mass and momentum conservation equations, 
the following expressions were applied (Ahnert et al., 2019; Ni and 
Beckermann, 1991) 

∂(gℓρℓ)

∂t
+∇⋅(gℓρℓvℓ) = 0, (14) 

∂(gsρs)

∂t
+∇⋅(gsρsvs) = 0, (15) 

∂(gℓρℓvℓ)

∂t
+∇⋅(gℓρℓvℓ ⊗ vℓ) = − ∇(gℓpℓ) + ∇⋅(gℓτℓ) − M + gℓρℓg

+ pℓi∇gℓ, (16) 

∂(gsρsvs)

∂t
+∇⋅(gsρsvs ⊗ vs) = − ∇(gsps) + ∇⋅(gsτs) + M + gsρsg + psi∇gs.

(17) 

Here ⊗ denotes the (direct) dyadic product, ρℓ and ρs are the fluid 
and particle densities (assumed constant and equal), vℓ and vs the 
volume-averaged fluid and particle velocity fields, pℓ and ps the volume- 
averaged pressure fields in the fluid and the particles, τℓand τs the 
volume-averaged deviatoric stress tensors, g the gravitational acceler
ation vector and M the vector that contains the dissipative interfacial 
forces due to viscous and form drag and unbalanced pressure distribu
tions leading to lift and virtual mass (acceleration) effects. In Ahnert 
et al. (2019), the body force due to gravity was ignored.

The volume-averaged interface pressures, pℓi and psi, are generally 
taken as pℓ. For the volume-averaged phase pressures ps ∕= pℓ must be 
assumed, especially when a coherent solid network with interstitial 
liquid exists, as for late solidification (Farup and Mo, 2000; Martin et al., 
2002, 1999, 1997a, 1997b; Nguyen et al., 1994) or when particles in a 
suspension are frequently in contact (Ahnert et al., 2019; Boyer et al., 
2011). Only when particles are mainly surrounded by liquid ps = pℓ is 
justified. This is often assumed in the solidification community 
(Combeau et al., 2009; Heyvaert et al., 2017; Li et al., 2014; Nguyen 

et al., 2018, 2015; Ni and Beckermann, 1991; Wu and Ludwig, 
2009a). What has been said leads to‡

− ∇(gℓpℓ) + pℓi∇gℓ = − gℓ∇pℓ (18) 

and 

− ∇(gsps) + psi∇gs = − gs∇pℓ − ∇(gs(ps − pℓ)). (19) 

The second term on the right-hand side of Eq. (19) is the gradient of 
the (weighted) solid contact pressure (Ahnert et al., 2019), which is 
considered in this study as particle pressure, 

Pp = pc = gs(ps − pℓ). (20) 

With Eqs. (18), (19), and (20), the volume-averaged momentum 
conservation equations, Eqs. (16) and (17), can be expressed as 

∂(gℓρℓvℓ)

∂t
+∇⋅(gℓρℓvℓ ⊗ vℓ) = − gℓ∇pℓ +∇⋅(gℓτℓ) − M + gℓρℓg, (21) 

∂(gsρsvs)

∂t
+∇⋅(gsρsvs ⊗ vs) = − gs∇pℓ − ∇pc +∇⋅(gsτs) + M + gsρsg.

(22) 

Neglecting lift and virtual mass effects for simplicity, the dissipative 
interfacial force M might be considered only the momentum transfer on 
drag, for which the often-used Kozeny-Carman law is applied§. 

M = Mdrag =
η0

ℓg2
s

Kp(1 − gs)
(vℓ − vs) with Kp =

d2

180
. (23) 

Although it was found that under steady-state conditions, both 
phases move at nearly the same velocity, differences in the drag coef
ficient alter the velocity gradients, which can lead to, for example, 
different solid fraction distributions.

For the solid contact pressure, Ni and Beckermann (1991) assumed 
equal volume-averaged pressure fields in the fluid and the particles, ps =

pℓ, and according to Eq. (20) no particle pressure, pc = 0. In contrast, 
Ahnert et al. (2019) assumed an isotropic solid contact pressure by 
applying Eq. (20) in their two-phase model. As outlined in Guazzelli and 
Pouliquen (2018), the particle pressure may be non-isotropic, particu
larly in rotating flow configurations, and the particle pressure term in 
Eq. (22) can, in its simplest form, be expressed as: 

∇pc→∇⋅σp = ∇⋅

⎛

⎝ηnormηℓ|γ̇s|

⎛

⎝
1 0 0
0 λ2 0
0 0 λ3

⎞

⎠

⎞

⎠. (24) 

For curvilinear shear flows, the coefficients were found to be 
λ2 ≈ 0.8and λ3 ≈ 0.5 (Morris and Boulay, 1999). We have applied this 
concept to the experiment of Boyer et al. (2011), considering that the 
diagonal coefficients 1, λ2, λ3 are related to the cylindrical coordinates r,
z, φ. For evaluating pc in Eqs. (9) and (12), the corresponding axial 
z-component was used. Note that while an isotropic assumption was 
initially considered, preliminary simulations indicated that a simplified 
isotropic model struggled to maintain stable numerical convergence 
near the sharp gradients of the probe. Consequently, the anisotropic 
formulation was adopted as a practical modeling approach to ensure 
stable flow solutions. The coefficients in the anisotropic closure (taken 
from Morris and Boulay, 1999) are treated as phenomenological pa
rameters and are not independently calibrated for the present system.

Numerical implementation
For the simulations presented below, we have solved Eqs. (14), (15), 

Table 1 
Applied boundary conditions.

Liquid phase Solid phase

Inner radius no-slip slip
Outer radius no-slip slip
Bottom no-slip no-slip
Rotating top annulus ω ω

† (Boyer et al., 2011) got V = 255 cm3, although using the same data and 
formula.

‡ Note that Eq. (24d) in (Ahnert et al., 2019) uses pli∇gsinstead of psi∇gsfor 
our Eq. (17). This is still consistent with the present description as it is assumed 
that pℓi ≃ psianyway.

§ The factor 180 was not explicitly mentioned in (Ahnert et al., 2019) but can 
be seen as standard.
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(21), (22) with Eq. (23) and the closure relations Eqs. (1), (3), and (24)
to get the volume-averaged values for gs,vℓ,vs and pℓ. The numerical 
simulations were performed in Ansys Fluent, version 19.2. To accurately 
capture the interaction between the phases within the suspension, a 
multiphase Euler-Euler model was adopted. This framework treats both 
the liquid and solid phases as interpenetrating continua, solving a set of 
momentum and continuity equations for each phase.

To reduce computational cost, a 2D axisymmetric swirl formulation 
was used to represent the rheometer geometry. The swirl velocity was 
prescribed as a fixed rotational field, corresponding to a constant 
angular velocity imposed at the top surface. The additional source term 
corresponding to Eq. (24) was implemented via user-defined functions 
(UDFs) and hooked to the momentum equation of the solid phase. The 
computational domain was discretized using a structured mesh con
sisting of 4000 quadrilateral cell elements, with an average cell size of 
approximately 0.4 mm.

Temporal discretization was performed using a fixed time step of 
0.001 s. Each time step allowed a maximum of 40 inner iterations to 
achieve convergence of the coupled pressure-velocity system. Conver
gence at each time-step was assessed using Fluent's default residual 
criteria, with all monitored residuals (continuity, momentum, and vol
ume fraction) required to fall below a threshold of 1 × 10⁻³.

The model employed in the present study has been previously vali
dated against two benchmark experimental datasets commonly used to 
assess shear-induced particle migration models. The first is the channel 
flow experiments of Lyon and Leal (1998) who measured particle con
centration and velocity profiles across a two-dimensional channel for 
concentrated suspensions at varying flow rates and bulk volume frac
tions. The second is the Couette flow experiments of Phillips et al. (199), 
who documented shear-induced particle migration in a wide-gap Cou
ette device and proposed a constitutive framework based on gradients in 
shear rate and viscosity. In both cases, the driving mechanism for par
ticle redistribution is the spatial variation of particle shear stresses, 
leading to migration from regions of high to low shear. Detailed com
parisons of particle concentration and velocity profiles, showing good 
agreement with experimental data, are reported in Ludwig et al. (2020). 
Specifically, for the two-dimensional channel flow benchmark (g0

s =

0.4), the model successfully captured the inhomogeneous particle 
accumulation along the centerline (predicting a peak solid fraction of 
approx 0.52). For the wide-gap Couette flow benchmark (g0

s = 0.55), the 
model closely matched the measured radial migration after 200 revo
lutions, predicting a drop in solid fraction to about 0.35 at the rotating 
inner cylinder and a corresponding build-up to approximately 0.58 at 
the stationary outer wall. The present work builds on this validated 
framework. Since the main focus of the present work is not on model 
validation but on the analysis of flow and particle redistribution in an 
annular shear cell, these benchmark results are not repeated here.

3. Results

As outlined above, both the pressure-imposed and the volume- 
imposed rheological shear cell experiments establish a relationship be
tween the shear stress τ, the particle pressure Pp, the rotation speed ω, 
and the applied solid volume fraction g0

s .
For our simulations, we varied g0

s in the range from 0.30 to 0.56 and 
ω in the range from 1 rad/s (0.16 s− 1 ≈ 9.5 rpm) to 125 rad/s (19.9 s− 1 ≈

1187 rpm). Boyer et al. conducted their experiments over the same 
range of solid volume fraction, but with ω ranging from 0.13 rad/s (0.02 
s− 1 ≈ 1.2 rpm) to 2.5 rad/s (0.4 s− 1 ≈ 24 rpm) (Boyer et al., 2011). Thus, 
our simulations encompass their process window, while extending it to a 
significantly larger ω.

The relevant values of τ, Pp, and γ̇ were determined numerically from 
mean quantities obtained by surface integration immediately beneath 
the annulus, τsurf , pc,surf , and γ̇surf , Eqs. (8–10), and, alternatively, by 
volume integration, τvol, pc,Vol, and γ̇vol, Eqs. (11–13). τsurf and τvol, 

although different in magnitude, ranged from 80 Pa to 44 kPa, while 
pc,surf and pc,Vol from 50 Pa to 37 kPa.

Fig. 2 shows γ̇surf , γ̇vol and γ̇B = 〈ωr /h(r)〉 = ωR1/H1 as function ω. It 
turned out that also γ̇surf and γ̇vol increase linearly with ω, with values 
ranging from approximately 6 s− 1 to 1800 s− 1, and γ̇surf being approxi
mately 2.4 times larger than γ̇vol, and approximately 16–17 times larger 
than γ̇B.

Fig. 3 presents an example of a simulation result in which the particle 
pressure is analysed after steady-state conditions have been established. 
The process conditions involve spherical particles with a diameter of 
d= 0.58 mm, suspended in a liquid with a viscosity of η0

ℓ = 2.15 Pa s, and 
subjected to a rotation speed of ω = 1 rad/s (0.16 s− 1 ≈ 9.5 rpm). The 
shear cell was initially filled uniformly with a solid volume fraction of 
g0

s = 0.40.
In contrast to the considerations presented in Boyer et al. (2011), the 

model predicts several unexpected behaviors (Fig. 3). First, the simu
lated solid volume fraction is not uniform: particles are shown to 
accumulate in the lower corners and are depleted in the upper corners. 
In addition to the imposed rotation, the model predicts the development 
of a clockwise flow on the axial-radial plane, as indicated by the arrows. 
The simulated particle pressure is likewise non-uniform, exhibiting its 
lowest absolute values in the lower outer corner and highest absolute 
values along the vertical centreline of the domain. Finally, the simulated 
shear rate shows markedly elevated values in the upper corners, while 
remaining approximately uniform throughout the bulk of the domain.

Fig. 4 presents the friction coefficient, μ, and the dimensionless 
viscous number, IV, as functions of the initial solid volume fraction g0

s . In 
addition to the curves derived from Eqs. (6–7), the results of several 
numerical cases are shown. A distinction is again made between values 
determined by surface integration and those obtained by volume inte
gration. Evidently, the values derived from the volume integration are 
more consistent with the findings of Boyer et al., whereas those obtained 
from the surface integration exhibit noticeable deviations.

For both plots in Fig. 4, it can be observed that the higher the rotation 
speed, the closer the values of μ and IV, determined from γ̇surf and pc,surf , 
are to the curves reported by Boyer et al. (2011). For ω= 1 rad/s and gs =

0.40, 0.42, and 0.44, two sets of data points are shown. The lower data 
points correspond to d= 0.58 mm and η0

ℓ = 2.15 Pa s, whereas the upper 
points were obtained for d= 1.1 mm and η0

ℓ = 3.1 Pa s. These findings are 
discussed in the following section.

Fig. 2. Shear rate as a function of rotation speed, estimated from the surface 
integration directly beneath the annulus, Eq. (10), from the volume integration 
over the entire domain, Eq. (13), and using the simplified approach proposed by 
Boyer et al. (2011).
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4. Discussion

In the volume-average Euler-Euler simulation, the shear rates, γ̇surf 

and γ̇vol, are predominantly governed by the different boundary condi
tions at the inner and outer upper edges of the shear cell, where the cell 
remains fixed while the annulus rotates. In the experiment, a small gap 
between the annulus and the cell wall may allow for a smoother tran
sition in velocity from zero to the rotation speed. This would certainly 

reduce the extremely high shear rates predicted at the inner and outer 
edges between the annulus and the cell walls. Boyer et al. (2011)
completely ignored this “edge-effect” by assuming a linear velocity 
profile between the rotating annulus and the bottom of the cell, resulting 
in a constant and relatively small shear rate that depends on the mean 
depth of the rheometer cell. Although the presented numerical model 
still has limitations in accurately reproducing reality, elevated shear 
rates at the upper edges are still expected.

Fig. 3. Example for a simulated case with g0
s = 0.40, ω= 1 rad/s (0.16 s− 1 ≈ 9.5 rpm), d= 0.58 mm and η0

ℓ= 2.15 Pa⋅s showing (a) volume fraction, (b) particle 
velocity magnitude (colours) and particle axial-radial velocity (arrows), (c) particle pressure, and (d) particle shear rate. The axial-radial velocity ranges from -0.077 
to +0.099 m/s for the radial component and from -0.048 to +0.038 m/s for the axial component.

Fig. 4. Friction coefficient (a) and dimensionless viscous number (b) as functions of the solid volume fraction for different rotation speeds, ω, determined from 
τsurf ,pc,surf , and γ̇surf (surface integration, Eqs. (8-10)), from τvol, pc,Vol and γ̇vol (volume integration, Eqs. (11-13)), and from the application of Eqs. (6-7) following 
Boyer et al. (2011). All simulations were done for d= 0.58 mm and η0

ℓ = 2.15 Pa s, except those labeled with the asterisks, where d= 1.1 mm and η0
ℓ = 3.1 Pa s 

was used.
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Self-evidently, the numerically estimated values of γ̇surf and γ̇vol also 
increase linearly with ω, just as γ̇B does (Fig. 2). Both integrations, γ̇surf 

and γ̇vol, account not only for the high corner values of γ̇ but also for the 
smaller values in the bulk. Since the proportion of these smaller bulk 
values is much larger in the volume integration than in the surface 
integration, the resulting γ̇vol is smaller than γ̇surf .

It is important to note that the results presented in Fig. 3 represent a 
typical experiment presented in Boyer et al. (2011), however, at relative 
moderate initial solid volume fraction of g0

s = 0.40. A distinct difference 
is that the simulation was performed under volume-imposed conditions, 
whereas the experiment was carried out under pressure-imposed con
ditions. While pressure-imposed and volume-imposed tests are not 
inherently equivalent, particularly during transient evolution, they 
should exhibit similar steady-state characteristics. In the present work, 
the volume-imposed formulation is therefore used as a numerical sur
rogate to infer steady-state spatial distributions, while acknowledging 
that a strict equivalence with pressure-imposed experiments cannot be 
established within the scope of this study.

It is also worth noting that our numerical results suggest how a 
specific rheometric geometry may influence the redistribution of local 
fields when analyzed using a two-phase model with particle pressure. 
Since these fields have not been directly validated against experimental 
data, they should not be interpreted as established physical truth.

The high shear rate values of the solid phase at the upper corners of 
the domain turn out to be one of the most important features influencing 
the overall dynamics in the cell. As already mentioned, they arise from 
the different boundary conditions imposed at the annulus and at the side 
walls. At the annulus boundary, both the particles and the liquid move 
with the rotation speed of the annulus. In contrast, at the side wall 
boundaries, the particles are permitted to slip while the liquid remains at 
rest.

For the liquid located directly at the corner, the discontinuous 
change from zero velocity at the wall to the circumferential velocity at 
the annulus generates a large shear rate at the upper inner edge of the 
cell and an even higher one at the upper outer edge. It is evident that the 
greater the rotation speed, the larger the shear rate of the liquid at the 
edges. Under steady-state conditions, the discontinuous jump in the 
liquid velocity is likewise transmitted to the solid phase.

In a real experiment, the boundary condition for the solid phase may 
differ from the assumption adopted in the present model. Varsakelis 
et al. (2022) showed that the relationship between the required slip 
and the average solid fraction is more complex than that predicted by 
classical slip boundary condition formulations. Experimental studies of 
particle concentration in channel flows of dense suspensions indicate 
that imposing a no-slip boundary condition on the granular phase ve
locity is inconsistent with observations and instead suggests the pres
ence of a slip layer.

Numerical simulations tend to overestimate the solid volume frac
tion because, in the absence of sufficient slip, particle migration is 
hindered. However, a more sophisticated treatment of the boundary 
conditions for the solid phase is beyond the scope of the present work. 
The results presented here should therefore be interpreted as an infor
mative representation of the process rather than an exact reproduction 
of physical reality. Nevertheless, even when accounting for reduced slip 
of the solid particles at the cell walls, large gradients in the solid velocity 
would still occur at the edges. Consequently, the qualitative discussion 
presented here remains valid.

The no-slip boundary conditions imposed on both phases at the base 
result in an almost zero velocity for both the particles and the liquid in 
the near-bottom region. As a result, the particle velocity profile shown in 
Fig. 3 deviates significantly from the one-dimensional assumption 
adopted in Boyer et al. (2011). The reason for that is that the no-slip 
boundary condition imposed on the liquid at the walls also reduces 
the particle velocity in the near-wall regions, resulting in a more 
two-dimensional axial particle velocity field. The only way to obtain a 

strictly one-dimensional velocity field in the simulation is to impose slip 
boundary conditions for both phases at the inner and outer walls. 
Although this assumption is physically unrealistic, we have verified it 
for completeness.

In the case shown in Fig. 3, the elevated shear-rate values in the 
upper corners give rise to pronounced shear rate gradients and, ac
cording to Eqs. (4–5), to significant gradients in both particle pressure 
and shear stress. These gradients directly influence the solid-phase 
momentum balance, as described by Eq. (22). Consequently, the solid 
phase is expelled from the upper edges of the cell, and at the upper outer 
edge, deflected downwards. This mechanism provides the driving force 
for the clockwise particle axial-radial flow observed in Fig. 3.

Large shear-stress gradients at the upper edges, resulting from pro
nounced shear rate gradients, would also arise even if particle pressure 
were neglected. Fig. 5 presents the corresponding simulation results for 
the same case as shown in Fig. 3, but without accounting for particle 
pressure. An particle axial-radial flow is again predicted by the model; 
however, its intensity is significantly reduced.

Another important phenomenon that arises from our volume- 
averaged Euler–Euler approach is the non-uniform distribution of solid 
volume fraction within the domain. In the simulation, the high particle 
pressure in the upper corners, particularly in the upper outer corner, 
drives the migration of particles away from these regions. The model 
predicts that through the axial-radial flow, they are transported from the 
upper corners into the bulk and ultimately accumulate in the lower 
corners. When the solid volume fraction approaches the packing limit, 
the particles cease to flow because the effective solid viscosity increases 
by several orders of magnitude compared with the value corresponding 
to the initial value of g0

s = 0.40. Consequently, γ̇ becomes relatively small 
in the lower outer corner, and therefore, the particle pressure shown in 
Fig. 3 is minimal there.

Using the same argument, the model predicts that, in the case with 
particle pressure, the high γ̇ do not extend as far downwards as in the 
case without particle pressure. The simulated velocity is affected by the 
predicted solid fraction distribution: as the solid fraction increases at the 
bottom corners in the case with particle pressure, the viscosity increases, 
and the solid velocity gradient at the bottom is reduced (i.e., a larger 
bluish area is predicted in the case with particle pressure than in the case 
without it).

The discussion presented so far provides insight into mechanisms 
that lead to the results shown in Figs. 3 and 5. Their importance and 
relative strength may vary when the imposed rotation rate or the initial 
volume fraction is changed.

Before discussing the results presented in Fig. 4, it should be noted 
that Boyer’s curves for μ − gs and Iv − gs are, in fact, equivalent to the 
ηs − gs and ηn − gs relationships used as input to Eqs. (4–5) in the 
simulation. Consequently, reproducing the μ − gs and Iv − gs curves by 
the numerical simulations merely reflects the fact that the model yields 
what has been prescribed as input. This is the reason why μVol and Iv,Vol 

approximately reproduce Boyer’s curves, although the values of γ̇vol 
estimated numerically are, as shown in Fig. 2, considerably larger than 
those of γ̇B.

As outlined above, the corresponding friction coefficient is given by 
μVol = τVol/Pc,Vol, and the dimensionless viscosity number by Iv,Vol =

η0
ℓ γ̇Vol/Pc,Vol. From the latter relationship, it follows that the good 

agreement between Iv,Vol and Boyer’s curve is only possible if Pc,Vol scales 
with γ̇Vol. This can be understood from the fact that the integrands in 
both integral expressions, Eqs. (12–13), are linked via the solid-phase 
viscosity (Eq. (5)). The same reasoning applies to μVol, since the inte
grand in the corresponding integral expression for τVol (Eq. (11)) is 
likewise connected to that of γ̇Vol through the solid-phase viscosity. In 
other words, μVol

(
g0

s
)

and Iv,Vol
(
g0

s
)

must coincide with Boyer’s curve, 
since they are obtained from the input of the corresponding ηs − gs and 
ηn − gs relationships.

It is interesting to note that μVol and Iv,Vol are independent of the 
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actual processes occurring locally within the domain, because τVol, Pc,Vol, 
and γ̇Vol depend in the same manner on the local variations of γ̇sand gs. 
This is not the case for τsurf , Pc,surf , and γ̇surf , and consequently not for μsurf 
and Iv,surf . For these quantities, processes affecting τ, Pc, and γ̇ along the 
annulus are of crucial importance.

For example, at g0
s = 0.40 and ω= 1 rad/s, with d= 0.58 mm and η0

ℓ=

2.15 Pa s (Fig. 3), we obtain Pc,surf= 52.7 Pa. In contrast, for d= 1.1 mm 
and η0

ℓ= 3.1 Pa s, the result is Pc,surf= 68.3 Pa. The value of γ̇surf is 
identical in both cases. Evidently, Pc,surf increases predominantly due to 
the higher viscosity of the suspending liquid, η0

ℓ. This is also reflected in 
the mean shear stress along the annulus, with τsurf= 113.4 Pa for the first 
case and τsurf= 155.6 Pa for the second. Although the ratio γ̇surf /Pc,surf is 
larger for the first case, the value of Iv,surf = η0

ℓ γ̇surf/Pc,surf remains smaller 
because η0

ℓ prevails. This is illustrated in Fig. 4 when comparing the data 
points for g0

s = 0.40 and ω= 1 rad/s (with and without asterisk).
For μsurf = τsurf/Pc,surf , we obtain a slightly larger value of μsurf in the 

second case than in the first. Although both quantities, Pc,surf and τsurf , 
increase when a higher viscosity of the suspending liquid, η0

ℓ, is 
considered, τsurf increases slightly more than Pc,surf . The reason lies in the 
different dependence on solid volume fraction of the two viscosities, ηs 

(relevant for τsurf) and ηn (relevant for Pc,surf). This becomes significant 
because the mean solid volume fraction along the annulus is gs,surf=

0.366 for the first case and gs,surf= 0.359 for the second case. This dif
ference, in turn, results from the larger values of Pc,surf and τsurf , which 
drive the clockwise axial-radial flow somewhat stronger and conse
quently transport slightly more particles away from the annulus. Similar 
arguments can be found for the other two sets of data points for ω=

1rad/s and g0
s = 0.42, and 0.46 (with and without asterisk).

In general, Pc,surf and τsurf increase more rapidly with ω than γ̇surf . 
This is because, with increasing rotational speed, the formation of the 
clockwise flow becomes progressively more difficult. As a result, the 
solid volume fraction along the annulus, gs,surf , remains closer to the 
initially imposed solid volume fraction, g0

s . This, in turn, leads to an 
increase in ηn and ηs, thereby explaining the disproportionate growth of 
Pc,surf and τsurf compare to γ̇surf .

According to Fig. 4, for increasing g0
s , the values of μsurf and Iv,surf 

approach those of μVol, and Iv,Vol. At g0
s = 0.50, which is the largest initial 

solid fraction for which a reliable steady state could be obtained, these 
values are already quite close. Under these conditions, the clockwise 
axial-radial flow becomes weak and gs,surf remains nearly equal to g0

s .

For a larger initial solid fraction, the numerical scheme became 
increasingly unstable, and reliable steady-state results could no longer 
be obtained. Although smaller time steps generally improve conver
gence, the increase of ηs and ηn by several orders of magnitude ulti
mately creates an imbalance among the different terms in the 
conservation equations, pushing the numerical scheme to its limits.

The values of μVol and Iv,Vol for g0
s ≥ 0.50 shown in Fig. 4 were ob

tained without achieving reliable steady-state conditions. Therefore, we 
did not show the corresponding values of μsurf and Iv,surf . As said previ
ously, μVol and Iv,Vol are independent of the actual processes occurring 
locally within the domain, even when these processes are numerical 
artefacts. They merely reflect the ηs − gs and ηn − gs relationships used as 
input.

Although not directly proven by our simulations, it stands to reason 
that as g0

s approaches the packing limit, even a very large γ̇ in the upper 
outer corner (larger ω) is no longer sufficient to deflect the particles 
downwards. Consequently, the clockwise axial-radial flow no longer 
occurs, and gs,surf remains essentially at g0

s . Under such conditions, the 
distinction between μsurf and μVol, as well as between Iv,surf and Iv,Vol, 
becomes obsolete.

5. Conclusions

The presented two-phase, volume-averaged model enables the pre
diction of process details that would otherwise remain obscure. Its 
application to a rotational annular shear cell rheometer suggests the 
conditions under which commonly made simplifications are justified. 
The use of a volume-imposed formulation represents a pragmatic 
modeling choice necessitated by numerical constraints. A more rigorous 
assessment of the relationship between pressure-imposed and volume- 
imposed conditions in this geometry would require dedicated investi
gation and is left for future work.

For a rheological shear cell experiment such as the one considered 
here, the most critical phenomenon governing the entire process is the 
development of a high shear rate along the upper outer edge of the cell. 
Although the numerical model does not account for the small gap be
tween annulus and cell wall, and more sophisticated boundary condi
tions for the particles at the cell walls may be necessary, it is reasonable 
to expect a high shear rate to arise because the suspending liquid is 
forced to rotate with the annulus while remaining stationary at the cell 
walls. Under steady-state conditions, the particle phase adopts this 
elevated shear rate.

The shear stress and the particle pressure are linear functions of the 

Fig. 5. Simulation results for similar case as that shown in Fig. 2, but without considering the particle pressure. The axial-radial velocity now ranges from -0.017 to 
+0.020 m/s for the radial and from -0.012 to +0.005 m/s for the axial components.

A. Ludwig et al.                                                                                                                                                                                                                                 International Journal of Multiphase Flow 202 (2026) 105823 

8 



shear rate: the shear stress through the shear viscosity, and the particle 
pressure through the normal viscosity. In the upper outer corner region, 
both quantities increase linearly with the rotation speed via the shear 
rate, and highly non-linearly with the applied solid volume fraction 
through the two viscosities.

High shear stresses and particle pressures at the upper outer edge 
also give rise to correspondingly large gradients. These gradients, in 
turn, are predicted to generate an axial-radial flow from smaller to larger 
radii that is superimposed on the global rotation flow. By comparing 
simulations with and without particle pressure, it can be shown that the 
strength of this axial-radial flow is determined primarily by the particle 
pressure. The anisotropic structure of the particle pressure further in
fluences the directional character of the migration process.

The axial-radial flow has two important implications. Firstly, it 
transports particles from the area beneath the annulus towards the 
bottom region of the cell, thereby generating a non-uniform distribution 
of solid volume fraction. Secondly, quantities such as particle pressure, 
shear stress, and shear rate, when integrated over the surface of the 
annulus, depend on the particle redistribution. These integrals are 
crucial for comparing simulation results with experimental 
measurements.

It was discussed that the friction coefficient, μ, and the dimensionless 
viscosity number, Iv, are independent of the rotation speed if the 
strength of the axial-radial flow is negligibly small and no particle 
redistribution occurs. This should happen only for a large enough 
applied particle volume fraction. Then, the corresponding surface- 
integrated quantity of particle pressure and shear stress scales linearly 
with that of the shear rate.

It is one of the most striking findings of the present work that the 
scaling of particle pressure and shear stress with the shear rate allows for 
correct measurements of μ and Iv, even when the numerically estimated 
shear rates deviate substantially from the values considered in the ex
periments. The commonly assumed linear decrease in rotational velocity 
from the annulus to the base, on which the ‘measured’ shear rate value is 
typically based, seems most likely to be incorrect. The non-slip boundary 
conditions for the liquid phase at the cell walls give rise to a more two- 
dimensional axial-radial velocity profile rather than a one-dimensional 
one. Our simulations suggest that the shear rate may in fact be several 
times larger than that implied by the oversimplified assumption used in 
the interpretation of the experimental measurements.
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