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Abstract

Stability analysis of a growing planar solid/liquid interface is not only important for predicting the limit of constitutional supercooling,
Ve, or the limit of absolute stabilityyaps but also for the formulation of the so-called marginal stability criterion. This criterion is widely
used as an approximate theory for dendritic growth. In this paper, a general concept is introduced which allows analysis of the stability of
planar solid/liquid interface in technical, i.e. multi-component alloys. Capillarity and kinetic effects, and off-equilibrium thermodynamics
are taken into account by solving an adequate non-linear system of equations. Itis shown that dendrite tip radii and dendrite tip temperatul
can be estimated as a function of growth rate and temperature gradient for multi-component alloys. For this the solution of a second line
system of equations coming from the general stability analysis is necessary. © 2001 Published by Elsevier Science B.V.
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1. Introduction $/¢ > 0 for at least one.. Thus, the marginal stability con-
dition can be obtained by examining the conditifyfy = 0.

The linear stability of a planar interface was first anal-  Assuming a species diffusion ahead of the interface inde-
ysed by Mullins and Sekerka [1] in 1964 for a dilute binary pendent on the nature of arcomponent alloy a solution of
system and low Péclet numbers. In 1986, their theory was the heat and solute diffusion equations can be obtained [1]
extended for large Péclet numbers by Trivedi and Kurz [2]. such that
A year later Coriell et al. [3] proposed a similar concept
extended to multi-component alloy systems. Generally, a IT'=To+dT =To+ad (22)
stability analysis of a growing solidification front covers an ¢{ = C{ o +8CL =C] ,+bl¢. i=1....n  (2b)
initially planar interface moving with a constant velociy , _ _ ) ‘
in the Z-direction. The planar front is thought to coincide Cs=Cso+3Cs=Cgo+0bsp, i=1....n (2c)
with the planeZ = 0. The stability of the planar interface |\ hereT s the temperature at the perturbed interfagthe

i; th.en examined by imposing an infinitesimallperturbaj temperature at the unperturbed flat interfaﬁé,the con-
tion in the shape on the interface such that the interface is .antration of thdth species in the liquid at the perturbed

described by the equation interface andC| , the concentration at the unperturbed flat

Z = ¢(X.1) = 8(t) sinwX 1) interface.C andCy , are the corresponding solid quantities.
a, bt,...,b! andbi, ..., b2 are parameters which have

where$ is the amplitudew the wave numbe(= 27/1), to be determined by additional conditions. From the thermal

and the wavelengthX andZ are spatial co-ordinates and flux balance at the interfacacan be expressed as a function
t the time. With this formulation, the interface velocity at of o and ¢ (Appendix A). From the solute flux balances,
the perturbed front is given by = Vo + 8V = Vo + ¢/¢ b can be expressed as function’f, w, and¢ (Appendix
and the curvature b = Ko + 8K = 0+ w?¢. B). The remaining equations to determibg, ... , b and
The planar interface is thought to be stable wih¢pn < 0 ¢ are taken from thermodynamic considerations. However,
for all perturbation wavelengthg, and unstable when due to the lack of alternatives the standard conditions for
dilute multi-component systems are commonly used:

* Corresponding author. Cé = kiC|l;, i=1...,n 3)
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. 1% _ 1
T=T+Y mCl —TK—— ) T =gr(Cp,....CL, K, V) ©)
i o These relations reflect the off-equilibrium “thermodynamic”

conditions at the interface, which are especially important
for strong curvatures and/or rapid solidification. We will
discuss the specific form of these relations in Chapter 2.2.

The main idea behind the general concept of the stabil-
ity analysis of a planar interface in arbitranycomponent
alloy systems is to replace the thermodynamic conditions
for dilute n-component systems (Egs. (5) and (6)) by their
generalised counterparts (Egs. (8) and (9)).

Thus, we consider the total derivation of Egs. (8) and (9)

Here ki is the distribution coefficient andY the liquidus
slope of theith species (which may depend o), T; the
melting point of the pure solventl” := yuvno/AS; the
Gibbs—Thomson coefficient, the surface tensiong,g the
molar volume,AS; = AH;/T; the entropy of fusiony :=
A Hs Vmax/Rngz the kinetic coefficientVmax the maximal
velocity at infinite driving force andry the gas constant.
ATk := V/uis called the kinetic undercooling amdir :=
'K the capillary or curvature undercooling [4].

Taking the total derivation of Eqgs. (3) and (4): ' " el el 9ol

R sci=3"8Csc] 4 sk 4 Ty (10)
sCE=4k'scl, i=1....n (5) moc! K v

. . 3V n
8T =Ti + Y m'6C{ — I'SK — — (6) ST — agtachr&ﬁaKJraﬂw (11)
i ® =ac] LT ok FY%

and inserting Egs. (2a)—(2c) and the relations&@md bg and inserting again Egs. (2a)—(2c) and the relationa ord
from Appendices A and B, a linear system of equations for bg from Appendices A and B. Eq. (10) is with= 1 n
the unknowrbi, ..., b’ and¢ arises. Since, apart fromthe  Thjs procedure produces to a linear system of equations for
last column and the last row, the off-diagonal elements of o unknownb& b and¢ where now the off-diagonal

the governing matrix are all zero (because the species aréements of the governing matrix are no longer zero! On
not related to each other), the linear system of equations can,ccount of the long calculation we will only give the final
easily be solved analytically. The solution is found to be [2] ersion of the generalised system of equation:

i el P n i i ci (i '
—Tw’® —Getf + Y m' GL o8 = = f(w) (7) 98 o i\.J 98¢ Lo~ Cso\ ¢
€ Xl: CoC™ 4 Z —j+5|]7.'l b + W v e

Eq. (12) iswithi = 1, ... ,n.§;; is the Dirac delta function.
) Note thatr! /(z! — k) = £L. The question, when non-zero
off-diagonal elements affect the predictions of the stability
janalysis significantly, can not be answered in this paper. It
will be tackled in a further paper of the authors [5].

unperturbed interface. For the definition of the stability func-
tions &L, &s and£L at that of see [2,5]. Since it can n -
ac/ |t NV (ksws+kLwL) ) ¢
Eq. (7) equal to zero.
The decisive importance of Eq. (7) is based on the factthat = Geff — ——® (13)
with tip radiusR) [6—8]. The question then arises how Eq. (7
would look for non-dilute arbitrary;-component alloy sys-

whereGess is defined in Appendix AG{:,o is the concen- ) _

tration gradient of théth species in the liquid ahead of the =Gcot — @ = 1....n (12)
be shown thaif (») is always positive, the marginal stabil-

ity condition is obtained by setting the right-hand side of ;=;

dendritic growth theory utilises the marginal stable wave-

length as the operating point for the dendritic tip £ A;

tems. The derivation of a general expression for the margina

stability criterion is the major object of this paper.

2.2. Response functions

2. Theory
For ann-component alloy system, the solid/liquid inter-

2.1. Stability analysis for arbitrary n-component systems ~ face reacts to a deviation from thermodynamic equilibrium
by a displacement of the interface position accompanied
by a redistribution of solute across the interface. With lig-

. - 1 n . .
assumed that the solute incorporated into the growing solid u'dl concenr:[ratlt_)nQCL, o 1) and solid concentrations
(CL ..., %) and the interface temperatuTeis related o (Cs: -- -, Cs) this reaction can be expressed (@y+- 1) re-
the growth velocityV, the curvature at the interfade and sponse functions, which correspond to the general form [9]

the solute in the liquid ahead of the fro(r(f&, O

Generally for ann-component alloy system it must be

Cci=flar,v,ct,....cr s, ..., ch,
Ci=gl(CL,...,CI K, V), i=1,...,n (8) i=1....n (14)
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V= foT,CL,...,CIC ... ,CEK) (15) 5
The relations in Eg. (14) are named first response functions [
and Eg. (15) second response function. Ofdy— 1) first ol A
response functions are independent as the consti@fnis i A
<-4+ Cl =landCi+ -+ C& = 1yield. = af A *
Recently, Ludwig [9] has derived the following expres- ¢ A
sions for the first response functions: E * § A Fe80B15-xSi50
‘ v n ' _ s 2 o Fe78B158i5Cr2
(€] —CchH— = Z(C{_cé — xMcke)) (16) [ O Fe76B15Si5Cr4
Vb i—1 1 | + Fe72B15Si5Cr8
_ [ X Fe40Ni40P14B6
with X Fe80-xBx
. ARJ — Afi 0 — X : :
x" = exp(——), j,i=1...,n a7 10 15 20 25 30
RgT

. i i i at. % metaloid
Vp is commonly approximated byp = D/§ (6 is the inter-

face width) [3,10]. In [9], it is assumed th¥% is equal for Fig. 1. Unstable region in the-V diagram forCS! = 8 mol% andC =
the different species, so that this quantity needs no species7 mol%. A limit of constltgt_longl gn_dercoollng whlch_ is proportlonal to
index. The redistribution potential of thith component;l" Geft and an absolute stability limit independent®fs is predicted.

is given as the difference between the chemical potential and

the contribution from the ideal mixing entropy [11] 3. Results and discussion

~i 1 i 1 - :

T, €%, 1) = (T, C L, € — RTINC (18) For a A-Si-Cu alloy withCt" = 8 mol% andC' =
and thus 7 mol%, the linear system of equation (Egs. (12) and (13))

was solved to determine the value ¢f$ as a functiom
e N S andV. To do so, we used the functional relations (Egs. (8)
A= fig — i = Ap' — RTIn (C_Il_) (19) and (9)) resulting from the solution of the non-linear sys-
tem of equation given by thea + 1 response functions
For a dilute binary alloy withV < Vp, Egs. (16) and (17)  (Egs. (16), (17), (20) and (21)). The thermodynamic pro-

can be simplified to give Eq. (3) [9]. gramme ChemApp" was used to evaluate the necessary
For the second response function, the following expres- thermodynamic informationd (7, C1, ... , C") for the lig-
sion is proposed [9]: uid and solid).
Fig. 1 shows the calculated unstable region intk¥ di-
V=W [1 - exp(AGDF”{:O * AGK)] (20) agram and how a positive and constant temperature gradient
RgT Geff affects this region. The stabilising effect of an increas-
with ing Gefr, well known for the dilute alloy case, is obvious.
. Absolute stability independent & is predicted. The bot-
AGoelk—o = ZC,S A, AGK = yvmoK 21) tom edge of the unstable “island” represents the marginal

stable wavelength and thus the dendrite tip radius.

Fig. 2 showsCSY, CS' andT as a function o¥/ for Gefr =
In the expression for the free energy change due to the(0m/s and the marginal stable wavelength. Notice that in the
existence of a curvature it is assumed that the anisotropy oftwo figures the “input” concentratiorl[,‘f_:“ and C,‘_S', repre-
surface tensionr is small and that the shape of the interface sents the liquidus concentration right at the interface rather
at the considered position can adequately be described bythan the concentration in the bulk of the melt. For srvall
a single mean curvaturé. For a dilute binary alloy with  ¢SY, ¢S' andT are defined by their equilibrium values. For
AG < RgT, Egs. (20) and (21) can be simplified to give v ~ 10-2m/s, solute trapping occurs and thlislecreases,
Eq. (4) [9]. andCS$Y and €S increases.

The n + 1 response functions in their general form  \ery recently, Coriell et al. (unpublished research)
(Egs. (14) and (15)), or in the form proposed in [9] worked out a similar concept to the one presented here,
(Egs. (16), (17), (20) and (21)), establish a non-linear \yhereby they used the relations resulting from on-line ther-

i=1

system of equations which relat¢sy, ..., C%, T) with modynamic calculations for the response functions rather
(ct,....ct, K, V) [9]. Thus, no simple analytical rela- than Egs. (16), (17), (20) and (21). Thus, they can only
tion can be specified fog?, ..., gt and gr, but rather predict stability in multi-component systems without con-

a non-linear system of equations defines the functional sidering solute trapping effects. In addition, they considered
relation mentioned in Egs. (8) and (9). curvature only with a curvature undercooling term.
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Vo
1K Gs=Gso+¢ {Gs,o <—ws — —) + wsa} (A.3)
e 157K das
07 ::E where G_ o and Gs are the temperature gradient in the
@ s | e IRK liquid and solid at the unperturbed flat interface. For the
£ definition of w andws, see [2]. Inserting Egs. (A.2) and
g ok (A.3) into the thermal flux balance and using the terms which
= arise from the perturbation gives, after rearrangement
57t .
_ . ¢ AHy
a =[ksGs0és + kLG 06L] + — ————
0 1 1 1 1 1 ! ¢ (kSCL)S + kLwL)
B 15 7 19 2 B X5 7 Gy B AH (A4)

= Geff + —
%at. B T ¢ (ksws + kLor)

Fig. 2. C§". C§ and T as a function ofV for Ge = Om/s and the with ks := ks/(ks + kL) andkL = ki /(ks + kL).
marginal stable wavelength f@C! = 8 mol% andCS' = 7 mol%. Solute
trapping decreaseb and increasesg“ and Cg' for large V.

Appendix B. Solutal flux balances

4. Summary Similar to the thermal flux, the solute at the interface is
also balanced. If the diffusion of the different species ahead
A general concept for a stability analysis of a planar in- of the interface is assumed to be independent of each other
terface in arbitraryl-component alloy systems is presented. (with diffusion coefficientD’), then for each species the

This concept is based on (i) the principle of linear stability spjute flux balance can be expressed as
analysis fom-component alloy systems, (ii) the assumption

that the diffusion of each species in the melt is indepen- V(CL —Cs) = —D'Ge, i=1,....n (B.1)
dent of each other, (iii) a non-linear system of equations | [1], the solution of the governing differential equation
presented in [9] instead of the widely used thermodynamic gaiisfying Egs. (2b) and (2¢) is given. For the solute gradient
relations for diluten-component alloy systems and (V) ghead of the perturbed interface, the following expression

on-line thermodynamic calculations. . has been derived in [1]:

For a Al-Si-Cu alloy withCtY = 8mol% andC®' = v
7mol%, the resulting linear system of equations is solved Gh=GL,+¢ { . (wlc _ ?) _ wicbﬂ} (B.2)
for obtaining the value o /¢ as a functiom. andV. Thus, D

it is shown how the marginal stable wavelength, and with
that the dendrite tip radius, can be estimated for a non-dilute
multi-component alloy system.

whereG@z’0 is the concentration gradient of tlid species

at the unperturbed flat interface. Inserting Eq. (B.2) into the
solute flux balances and using the terms which arise from
the perturbation gives, after rearrangement

Appendix A. Thermal flux balance b= (Ghg— Byt + ¢ (ClL,o - C’g,o) ’
¢ Vo
The production rate of latent heat of fusion released at i _yo/Di
the solid-liquid interface must be balanced with the ther- with /= u, i=1...,n (B.3)
mal fluxes away from the interface. This condition can be Vo/ D!

expressed as
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Abstract

Stability analysis of a growing planar solid/liquid interface is not only important for predicting the limit of constitutional
supercooling, V., or the limit of absolute stability, V,,,, but also for the formulation of the so-called marginal stability criterion.
This criterion is widely used as an approximate theory for dendritic growth. In this paper, a general concept is introduced which
allows analysis of the stability of a planar solid/liquid interface in technical, i.e. multi-component alloys. Capillarity and kinetic
effects, and off-equilibrium thermodynamics are taken into account by solving an adequate non-linear system of equations. It is
shown that dendrite tip radii and dendrite tip temperatures can be estimated as a function of growth rate and temperature
gradient for multi-component alloys. For this the solution of a second linear system of equations coming from the general stability
analysis is necessary. © 2001 Published by Elsevier Science B.V.

Keywords: Solid/liquid interface; Constitutional supercooling; Absolute stability; Multi-component alloys

1. Introduction

The linear stability of a planar interface was first
analysed by Mullins and Sekerka [1] in 1964 for a dilute
binary system and low Péclet numbers. In 1986, their
theory was extended for large Péclet numbers by Trivedi
and Kurz [2]. A year later Coriell et al. [3] proposed a
similar concept extended to multi-component alloy sys-
tems. Generally, a stability analysis of a growing solidifi-
cation front covers an initially planar interface moving
with a constant velocity V; in the Z-direction. The planar
front is thought to coincide with the plane Z=0. The
stability of the planar interface is then examined by
imposing an infinitesimal perturbation in the shape on
the interface such that the interface is described by the
equation

Z=¢(X,t) = () sin 0X (1)

where ¢ is the amplitude, o the wave number ( = 27/1),
and 4 the wavelength. X and Z are spatial co-ordinates
and ¢ the time. With this formulation, the interface
velocity at the perturbed frontis givenby V=V, + oV =
V,+ ¢ /¢ and the curvature by K = K, + 6K = 0 + w?¢.

The planar interface is thought to be stable when
¢ /¢ < 0 for all perturbation wavelengths /, and unstable
when ¢ /¢ >0 for at least one A. Thus, the marginal

* Corresponding author.

stability condition can be obtained by examining the
condition ¢ /¢ = 0.

Assuming a species diffusion ahead of the interface
independent on the nature of an n-component alloy a
solution of the heat and solute diffusion equations can
be obtained [1] such that

T=Ty+06T=T,+ad (2a)
1=Clo+dCL=Clo+big, i=1,..n (2b)
Ci=Cho+ 0Cs=Chy+bip, i=1,..n (20)

where T is the temperature at the perturbed interface, 7,
the temperature at the unperturbed flat interface, C the
concentration of the ith species in the liquid at the
perturbed interface and Ci, the concentration at the
unperturbed flat interface. C and C§, are the corre-
sponding solid quantities. a, b1,...,b% and bl,....b% are
parameters which have to be determined by additional
conditions. From the thermal flux balance at the inter-
face, a can be expressed as a function of w and ¢
(Appendix A). From the solute flux balances, b can be
expressed as function of b} ,w, and ¢ (Appendix B). The
remaining equations to determine b!,....b7 and ¢ are
taken from thermodynamic considerations. However,
due to the lack of alternatives the standard conditions for
dilute multi-component systems are commonly used:

L=kiCL, i=1,..n 3)

0921-5093/01/$ - see front matter © 2001 Published by Elsevier Science B.V.
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T= Tf+2mfcierf;V 4)
Here k' is the distribution coefficient and m’ the liquidus
slope of the ith species (which may depend on V), T; the
melting point of the pure solvent, I': = yuv,,,,/AS; the
Gibbs—Thomson coefficient, y the surface tension, v,,,
the molar volume, AS; = AH/T; the entropy of fusion,
w:=AHV,.../R,T} the kinetic coefficient, V,,,, the max-
imal velocity at infinite driving force and R, the gas
constant. ATy: = V/u is called the kinetic undercooling
and ATg: = I'K the capillary or curvature undercooling
[4].
Taking the total derivation of Egs. (3) and (4):

SCL=k'SCL, i=1,..n (5)

_rox-2V (6)
u

0T =T+ Ym'6CL —
and inserting Egs. (2a)—(2¢) and the relations for ¢ and
bi from Appendices A and B, a linear system of equations
for the unknown b1} ,....b% and ¢ arises. Since, apart from
the last column and the last row, the off-diagonal elements
of the governing matrix are all zero (because the species
are not related to each other), the linear system of
equations can easily be solved analytically. The solution
is found to be [2]

¢
¢f (w) (N

where G is defined in Appendix A. G, is the concen-
tration gradient of the ith species in the liquid ahead of
the unperturbed interface. For the definition of the
stability functions &, & and ¢L at that of f(w) see [2,5].
Since it can be shown that f(w) is always positive, the
marginal stability condition is obtained by setting the
right-hand side of Eq. (7) equal to zero.

The decisive importance of Eq. (7) is based on the fact
that dendritic growth theory utilises the marginal stable
wavelength as the operating point for the dendritic tip
(R = 4; with tip radius R) [6—8]. The question then arises
how Eq. (7) would look for non-dilute arbitrary n-com-
ponent alloy systems. The derivation of a general expres-
sion for the marginal stability criterion is the major object
of this paper.

—TI'w’— Gerr + ZmiGé,oﬁj =

2. Theory

2.1. Stability analysis for arbitrary n-component
systems

Generally for an n-component alloy system it must be
assumed that the solute incorporated into the growing
solid (C4,...,C%) and the interface temperature T'is related
to the growth velocity V, the curvature at the interface
K and the solute in the liquid ahead of the front

(CL.....CY):

S_gC(CL) ,IlJKaV)a = 1,...,7’1 (8)
T = gT(CL" . ~5C23K’ V) (9)

These relations reflect the off-equilibrium “‘thermody-
namic” conditions at the interface, which are especially
important for strong curvatures and/or rapid solidifica-
tion. We will discuss the specific form of these relations
in Chapter 2.2.

The main idea behind the general concept of the
stability analysis of a planar interface in arbitrary n-com-
ponent alloy systems is to replace the thermodynamic
conditions for dilute n-component systems (Egs. (5) and
(6)) by their generalised counterparts (Egs. (8) and (9)).

Thus, we consider the total derivation of Egs. (8) and

©)

. & 0ge ogc ogc
oCL = oCi 10
S ,Zlao 0K ov (10
ogr 0gr
T= I+ 25K+ =21 11
) Zacjéc +0K5 +6V5V (11)

j=1
and inserting again Egs. (2a)—(2¢) and the relations for
a and b% from Appendices A and B. Eq. (10) is with
i=1,...,n. This procedure produces to a linear system of
equations for the unknown b},...,h% and ¢ where now
the off-diagonal elements of the governing matrix are no
longer zero! On account of the long calculation we will
only give the final version of the generalised system of

equation:
0gc ; ogc  CLo— Csyo f
;,~;<ac1 . T>b +<6V Vo o
- G"Cﬁo‘[i—%wz, i=1,..n (12)
[ 0gr J 0gr AH, ¢ % 2
‘,-;<aci>b * <aV (ksws+kiw))d = Cor =5

(13)

Eq. (12) is with i = 1,...,n. 6, is the Dirac delta function.
Note that //(z' — k) = L. The question, when non-zero
off-diagonal elements affect the predictions of the stabil-
ity analysis significantly, can not be answered in this
paper. It will be tackled in a further paper of the authors

(5]
2.2. Response functions

For an n-component alloy system, the solid/liquid
interface reacts to a deviation from thermodynamic
equilibrium by a displacement of the interface position
accompanied by a redistribution of solute across the
interface. With liquid concentrations (C}....,C}) and
solid concentrations (C4,...,C%) this reaction can be
expressed by (n+ 1) response functions, which corre-
spond to the general form [9]

=f(T,V,Ci,...,.Ct,C4,....C%, i=1,...n (14)
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V=£A(T,CL.....CL,Cs,....CLK) (15)

The relations in Eq. (14) are named first response
functions and Eq. (15) second response function. Only
(n—1) first response functions are independent as the
constraints Ci ++Ci=1 and Ci+-+Ci=1
yield.

Recently, Ludwig [9] has derived the following expres-
sions for the first response functions:

) Vv ” o A
(C{— C’s)7= Y (CLCE— 1 CsCY) (16)
D i=1
with
- Afi7 — Afi’
b = e ii=1,... 17

Vp is commonly approximated by Vi, =D/J (J is the
interface width) [3,10]. In [9], it is assumed that V is
equal for the different species, so that this quantity needs
no species index. The redistribution potential of the ith
component, fi‘, is given as the difference between the
chemical potential and the contribution from the ideal
mixing entropy [11]

A{(T,C,...,.C"): = u/(T,C",...,C") — RT In C’ (18)

and thus »

Aﬂizzﬂg—ﬂiszf—RTln<C,s> (19)
CL

For a dilute binary alloy with V'« Vp, Egs. (16) and (17)
can be simplified to give Eq. (3) [9].

For the second response function, the following ex-
pression is proposed [9]:

AG _ AG
v V0|:1—exp( prlk=o+ K)] (20)
R,T
with
101 T T T T T T ul T Ty
1
E
= |
1
3
10"

Fig. 1. Unstable region in the A—V diagram for C{" =8 mol% and
CP'=7mol%. A limit of constitutional undercooling which is pro-
portional to G and an absolute stability limit independent of G is
predicted.

AGDF|K: 0= Z Cé A,Uia

i=1

AGfK = yvmolK (21)

In the expression for the free energy change due to the
existence of a curvature it is assumed that the anisotropy
of surface tension y is small and that the shape of the
interface at the considered position can adequately be
described by a single mean curvature K. For a dilute
binary alloy with AG « R, T, Egs. (20) and (21) can be
simplified to give Eq. (4) [9].

The n+ 1 response functions in their general form
(Egs. (14) and (195)), or in the form proposed in [9] (Egs.
(16), (17), (20) and (21)), establish a non-linear system of
equations  which  relates (CL,...,CeT)  with
(Ci,...,CL K, V) [9]. Thus, no simple analytical relation
can be specified for gi,...,g% and gr, but rather a
non-linear system of equations defines the functional
relation mentioned in Egs. (8) and (9).

3. Results and discussion

For a Al-Si—Cu alloy with C{" =8 mol% and C¥ =
7 mol%, the linear system of equation (Egs. (12) and (13))
was solved to determine the value of ¢ /¢ as a function
Aand V. To do so, we used the functional relations (Egs.
(8) and (9)) resulting from the solution of the non-linear
system of equation given by the n + 1 response functions
(Egs. (16), (17), (20) and (21)). The thermodynamic
programme ChemApp™ was used to evaluate the neces-
sary thermodynamic information (u¢/(T,C"',...,C") for the
liquid and solid).

Fig. 1 shows the calculated unstable region in the 21—V
diagram and how a positive and constant temperature
gradient G affects this region. The stabilising effect of
an increasing G, well known for the dilute alloy case,
is obvious. Absolute stability independent of G,y is
predicted. The bottom edge of the unstable ‘“‘island”
represents the marginal stable wavelength and thus the
dendrite tip radius.

Fig. 2 shows C§",C§ and T as a function of V for
G.r=0m/s and the marginal stable wavelength. Notice
that in the two figures the “input” concentration, Ct"
and C¥, represents the liquidus concentration right at the
interface rather than the concentration in the bulk of the
melt. For small V, C$*,C§ and T are defined by their
equilibrium values. For V> 102 m/s, solute trapping
occurs and thus T decreases, and C§" and C§! increases.

Very recently, Coriell et al. (unpublished research)
worked out a similar concept to the one presented here,
whereby they used the relations resulting from on-line
thermodynamic calculations for the response functions
rather than Eqgs. (16), (17), (20) and (21). Thus, they can
only predict stability in multi-component systems with-
out considering solute trapping effects. In addition, they
considered curvature only with a curvature undercooling
term.
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Fig. 2. CSY,CS and T as a function of V for G.;=0m/s and the
marginal stable wavelength for C{"=8mol% and CP =7mol%.
Solute trapping decreases T and increases CS“ and C$ for large V.

4. Summary

A general concept for a stability analysis of a planar
interface in arbitrary n-component alloy systems is
presented. This concept is based on (i) the principle of
linear stability analysis for n-component alloy systems,
(1) the assumption that the diffusion of each species in
the melt is independent of each other, (iii) a non-linear
system of equations presented in [9] instead of the widely
used thermodynamic relations for dilute n-component
alloy systems and (iv) on-line thermodynamic calcula-
tions.

For a Al-Si—Cu alloy with C{* = 8 mol% and C¥ =
7 mol%, the resulting linear system of equations is solved
for obtaining the value of ¢ /¢ as a function 4 and V.
Thus, it is shown how the marginal stable wavelength,
and with that the dendrite tip radius, can be estimated
for a non-dilute multi-component alloy system.

Appendix A. Thermal flux balance

The production rate of latent heat of fusion released
at the solid—-liquid interface must be balanced with the
thermal fluxes away from the interface. This condition
can be expressed as

V AH, = ksGs — kG, (A.1)

where k; and kg are the thermal conductivity of the liquid
and solid, and AH; the enthalpy of fusion.

In their classical paper, Mullins and Sekerka [1] gave
the solution of the governing differential equation which
satisfies Eq. (2a). From the solutions of the thermal
diffusion fields around the perturbed interface, the gra-
dients can be estimated as

GL=Go+ é {GL,0<wL - ZO> - wLa} (A.2)

L

Gs= Ggo+ ¢{Gs,o< — g — ;/0> + a)Sa} (A.3)

S

where Gy, and Gg, are the temperature gradient in the
liquid and solid at the unperturbed flat interface. For the
definition of w; and wg, see [2]. Inserting Egs. (A.2) and
(A.3) into the thermal flux balance and using the terms
which arise from the perturbation gives, after rearrange-
ment

~ ~ é AH;
a=T[ksGsols+ ki Gy &4 ]+
[ksGsols LG 061 b (ksws + kpop)
¢ AH;
=Guy+——""""FT—"— A4
g ¢ (ksws + kyowy) A4

with kg = kg/(ks + ky) and ky: = k; /(ks + ky).

Appendix B. Solutal flux balances

Similar to the thermal flux, the solute at the inter-
face is also balanced. If the diffusion of the different
species ahead of the interface is assumed to be
independent of each other (with diffusion coefficient D),
then for each species the solute flux balance can be
expressed as

V(Ci —Cl)= — DG, i=1,..n (B.1)

In [1], the solution of the governing differential equation
satisfying Egs. (2b) and (2c) is given. For the solute
gradient ahead of the perturbed interface, the following
expression has been derived in [1]:

Ge=Gtot {6t ot — o) —otit|  ®2)
where Gi, is the concentration gradient of the ith
species at the unperturbed flat interface. Inserting Eq.
(B.2) into the solute flux balances and using the terms
which arise from the perturbation gives, after
rearrangement

_ . @[ Ci —C _
bs=(Geo—bp)r'+ ¢<LOSO>, with 7%

é Vo
we—Vo/D" .
L B.3
7D ,i=1,...n (B.3)
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