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A B S T R A C T

A transient numerical model is developed to investigate inclusion transport and entrapment during full ingot 
growth in the Vacuum Arc Remelting (VAR) of the nickel-based superalloy GH4720Li. The model resolves the 
coupled electromagnetic field, melt-pool flow, solidification, and Lagrangian inclusion motion, enabling a 
quantitative assessment of arc behavior and inclusion entry conditions. Parametric studies show that increasing 
side arcing, whereby a portion of the electric current passes through the crown and along the lateral wall of the 
electrode toward the mold, produces a shallower melt-pool profile, weakens outward inclusion transport, and 
shifts inclusion entrapment away from the ingot sidewall toward the ingot interior. A constricted arc distribution, 
which produces a deeper and narrower melt pool, modifies the flow structure and enhances inward-directed 
transport, thereby reducing peripheral accumulation and promoting a more radially distributed inclusion 
pattern. Drip-short events, defined as the formation of molten metal bridges between the electrode and the ingot, 
introduce inclusions at greater depths, leading to a more distributed entrapment pattern throughout the melt 
pool. Model predictions are validated against experimental observations, providing quantitative guidance for 
improving ingot cleanliness.

1. Introduction

Vacuum arc remelting (VAR) is a secondary metallurgical process 
designed to produce ingots with high chemical uniformity and minimal 
impurities. During VAR, a consumable electrode is gradually melted by a 
direct current arc within a vacuum chamber. The molten metal droplets 
detach from the electrode and collect in a water-cooled copper mold, 
where the balance between arc heating, droplet addition, and mold 
cooling sustains a stable hemispherical molten pool at the top of the 
ingot [1] as shown in Fig. 1(a). In industry, VAR is a crucial process for 
producing critical alloys such as titanium, zirconium, nickel-based al
loys, and special steels [2,3]. They serve as critical materials in 
high-performance industries, including aerospace, energy, defense, and 
medicine [4]. The vacuum environment in VAR minimizes oxidation, 
leading to the production of a high-purity material with exceptional 
cleanliness [5], homogeneity [6], and superior mechanical properties 

[7], including enhanced fatigue and fracture toughness [8].
The VAR process facilitates the removal of low-density oxide in

clusions and promotes the evaporation of high-vapor-pressure impu
rities such as Pb, Sn, Bi, and Mn. Despite these refining mechanisms, 
inclusions remain a major challenge in VAR due to their detrimental 
effects on mechanical properties, fatigue resistance, and overall ingot 
integrity [9,10]. Inclusions in VAR can be broadly categorized either by 
their chemical composition, such as oxides (e.g., Al2O3, MgO) [11,12], 
nitrides (e.g., TiN, ZrN) [13], carbides (e.g., NbC, TiC) [14], carboni
trides (e.g., Ti(C,N)) [15], sulfides (e.g., MnS, CaS) [16], and composite 
inclusions combining multiple phases [17], or by their origin, as either 
endogenous (formed within the melt during solidification or reaction) or 
exogenous (introduced from external sources like electrode machining, 
refractory erosion, or crown fall-in) [18–21]. In the high-temperature 
VAR environment, inclusions can either remain dissolved in the melt 
12,13,22–24 or precipitate [19,25] depending on local thermodynamic 
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and kinetic conditions [19].
The behavior and final distribution of the remaining inclusions in the 

molten pool and finally in the ingot, however, are governed by several 
parameters, most notably the arc distribution in the vacuum region and 
the electric current distribution through the ingot [26,27], which will be 
discussed in the following.

The electric arc is sustained by cathode spots 28–31, which act as 
localized initiation sites for arc discharge. [32–34]. The initiation of 
these spots is sensitive to local surface conditions, and impurities, ox
ides, or inclusions may locally enhance electron emission and thereby 
facilitate spot ignition, which may locally increase temperature and 
promote evaporation of volatile impurity species [35]. In VAR, the arc 
established between the electrode tip (cathode) and the ingot top 
(anode) delivers the thermal energy necessary for electrode remelting. 
The stability and distribution of cathode spots are critical, as they govern 
arc behavior in the vacuum region [32,36]. Depending on the cathode 
spot pattern [33,37], the arc may appear in diffuse, diffuse columnar, or 
multiple modes [33,38,39], each generating distinct thermal gradients 
and flow patterns in the molten pool and ultimately influencing inclu
sion distribution.

Electrical current originates at the electrode tip and splits into two 
paths: one enters the ingot directly, while the other bypasses the melt 
pool through the crown and mold as side arcing (accounts for 15–70% of 
the total current) [40–42]. As solidification proceeds, shrinkage reduces 
ingot–mold contact [43], creating an interfacial resistance that forces 
the current to flow downward toward the base plate before entering the 
mold.

The VAR process lessens the inclusion through several mechanisms: 
stable arc operation ensures uniform melting and reduces spatter or 
unmelted electrode fall-in Refs. [6,44–46]; the electromagnetic stirring 
and thermal convection within the molten pool promote inclusion 
floatation to the pool surface or rejection to the ingot outside edge [47,
48]; and directional solidification from the base upward helps push in
clusions ahead of the solid–liquid interface, reducing their entrapment 

[49,50]. Also, the high vacuum environment facilitates the evaporation 
or dissociation of volatile impurities and gaseous reaction products [11,
51]. Process parameters such as melt current, arc gap, and vacuum level 
are carefully optimized to enhance these effects, while high-quality, 
inclusion-minimized electrodes are used to prevent exogenous contam
ination [52–54]. Despite its effectiveness, VAR cannot yet produce truly 
inclusion-free alloys [15,55,56].

Measuring inclusions in VAR ingots is inherently challenging due to 
their microscopic size, complex spatial distribution, and the limitations 
of available detection techniques. For instance, Zhang et al. [57] iden
tified more than twenty different characterization methods (such as 
MMO, LAMMS, SAM, X-rays, etc.) for non-metallic inclusions alone, 
each with specific advantages and disadvantages, underscoring the 
difficulty of achieving a comprehensive and representative assessment. 
This methodological diversity illustrates how obtaining statistically 
reliable data for large ingots remains a major challenge, ultimately 
complicating both representative sampling and thorough experimental 
characterization [58].

On the other hand, simulation studies have significantly advanced 
the understanding of inclusion behavior in VAR. Using CFD–particle 
tracking, Zhang et al. [59] showed that shelf fragments larger than 10 
mm can survive and form white-spot defects [19,60–62], whereas 
smaller fragments dissolve. They later developed a dendrite-cluster 
fall-in model that identified particle size, composition, and thermal 
state as the key parameters controlling dissolution versus defect for
mation [45].

Ghazal et al. [22] modeled hard-α defects in Ti alloys, demonstrating 
that dissolution strongly depends on pool thermohydrodynamics. For 
GH4169 alloy in VAR, Jiang et al. [63] found that large inclusions (~50 
μm) migrate outward to the ingot edge while smaller ones (2–10 μm) 
remain suspended and risk interior entrapment, with transport 
controlled by electromagnetic flow and thermal–buoyant flow. In a 
related study, Jiang et al. [52] showed that small inclusions (2–10 μm) 
follow bulk flow, large ones (20–50 μm) float to the surface, and medium 

Fig. 1. (a) Schematic representation of the VAR process, illustrating its primary physical phenomena and components. (b) The 2D axisymmetric domain used in the 
calculation from the base (start stage t0) to the final height (feeding stage t1). The grid represents the mesh; for representation purposes, the mesh elements are 
coarser by a factor of 10 compared to the real simulations.
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inclusions are particularly sensitive to current and electrode size, with 
higher current or smaller electrodes driving them deeper into the ingot. 
Pan et al. [64] further demonstrated in VAR steel that inclusion density 
and size critically influence their capture in the mushy-zone.

Despite previous efforts, the effects of side arcing and arc distribution 
on the evolution and final distribution of inclusions with varying sizes 
and densities remain insufficiently understood. The present study aims 
to address this gap by employing transient simulations to examine how 
inclusions are transported and redistributed throughout ingot growth, 
from the initial base formation to the final feeding or hot-top stage.

2. Modeling

The numerical model was implemented in a finite-volume compu
tational framework, with user-defined functions developed to account 
for electromagnetic fields, solidification behavior, inclusion entrapment 
at the mushy-zone interface, and process-specific arc characteristics 
such as arc distribution and side arcing. Fig. 1(a) presents a schematic of 
the VAR setup, illustrating the key phenomena of alloy remelting and 
solidification. Fig. 1(b) detailed view of the proposed 2D axisymmetric 
cross-section, highlighting the ingot region and boundaries. The left side 
shows the mold schematic at t0 (start of the simulation), while the right 
side illustrates the model state at t1 (end of the simulation). The 
following assumptions were made for the simulations: 

I. While the VAR process is inherently three-dimensional, the cy
lindrical ingot geometry and the primarily azimuthal magnetic 
field allow it to be reasonably approximated using a 2D axisym
metric model. This approach is widely adopted in VAR studies 
and enables efficient simulation of transient ingot growth for 
industrial VAR processes with particle tracking, while maintain
ing good agreement with experimental observations [40].

II. The calculations are restricted to the ingot domain, with appro
priate boundary conditions specified, while the mold, electrode, 
and plasma are excluded, since the focus of this study is on in
clusions within the ingot and melt pool.

III. The electromagnetic field is solved using a one-way coupling 
approach. This assumption is justified by the low magnetic Rey
nolds number (Rem < 1), indicating that the influence of fluid 
motion on the electromagnetic field is negligible under the pre
sent VAR conditions [40,65].

IV. Solutal buoyancy is neglected, as melt-pool dynamics are pri
marily governed by electro-vortex and thermal buoyancy flows, 
making the influence of composition-driven buoyancy forces 
negligible [66].

V. The Marangoni effect [67], arising from surface tension and 
temperature gradients, is neglected, as both the surface tension 
gradient and the temperature gradient at the melt surface are 
relatively small. Its influence has been evaluated through addi
tional simulations and confirmed to be negligible, as discussed in 
Appendix A.

VI. Joule heating is neglected due to the relatively high electrical 
conductivity of the alloy, which results in low electrical resis
tance and limited volumetric heat generation compared to the 
dominant heat input from the arc and droplets [26,68], as dis
cussed in Appendix A.

VII. Molten droplets enter the melt pool beneath the electrode tip and 
are represented by a uniform mass flow rate [26].

VIII. Inclusions are introduced uniformly into the melt under the 
shadow of the electrode tip.

IX. The physical properties of the inclusions (size, density, shape, 
etc.) and their chemical properties (composition, etc.) are 
assumed to remain unchanged throughout the process.

X. Inclusions are introduced at discrete locations (5 points) and time 
intervals (100 s) to represent the continuous droplet-driven in
jection in a time-averaged manner. This approach significantly 

reduces computational cost while preserving the overall inclusion 
transport behavior. Additional sensitivity analyses have been 
performed to evaluate the influence of the number of injection 
points and injection frequency, confirming that the adopted 
approach does not affect the overall inclusion distribution, as 
discussed in Appendix A.

XI. Interdendritic flow was modeled using Darcy's law with Car
man–Kozeny permeability [69], and inclusion entrapment is 
determined based on the liquid fraction (fl<0.9). Additional 
sensitivity analyses were performed to evaluate the influence of 
the entrapment criterion, confirming that the selected threshold 
does not significantly affect the overall inclusion distribution, as 
discussed in Appendix A.

2.1. Governing equation

The electromagnetic, thermal–solidification, and flow equations [1]– 
[16] are listed in Table 1, and the boundary conditions are summarized 
in Table 2. The detailed descriptions of the governing equations, 
boundary conditions, and dynamic mesh treatment are identical to those 
presented in our previous work (Ref. [26]) and are not repeated here. 
Therefore, only the extensions related to inclusion transport and dis
tribution are discussed in detail here. The transport of inclusions in the 
VAR melt pool was modeled using the Discrete Phase Model (DPM). The 
inclusion momentum balance Eq [17]. accounts for drag (Eq [18]), 
gravity/buoyancy (Eq [19]), pressure gradient (Eq [20]), virtual mass 
(Eq [21]), and lift forces (Eq [12]) [70]. Turbulent dispersion of in
clusions was modeled using the Discrete Random Walk (DRW) model. 
The instantaneous fluid velocity seen by a particle is expressed as u =

u+ uʹ, where the fluctuating component is given by uʹ = ζ
̅̅̅̅̅̅̅̅̅̅̅
2k/3

√
. Here, 

k is the turbulent kinetic energy obtained from the SST k–ω turbulence 
model [71], and ζ is a vector of random numbers with zero mean and 
one variance. Particles interact with turbulent eddies over a finite eddy 
lifetime, after which a new fluctuation is generated, allowing 
turbulence-induced dispersion to be captured efficiently within the 
Lagrangian framework. Inclusions are assumed to enter the melt pool 
0.5 cm below the ingot top, corresponding to the estimated penetration 
depth of molten droplets. They are introduced at five discrete locations 
beneath the electrode tip to represent a time-averaged injection. Injec
tion is performed every 100 s, with a total of 45 inclusions per step. 
Three particle sizes (1 μm, 12.5 μm, and 25 μm) and three relative 
densities (0.5, 0.7, and 1.2 times the melt density) are considered based 
on experimental observations [17].

During the hot topping stage, the heat input at the ingot top is 
governed by the transient current and melt rate [72], following the same 
arc-based formulation as in the remelting stage. After the current and 
melt rate decrease to zero, a radiative heat transfer boundary condition 
is applied at the top surface to represent cooling (See Table 2).

2.2. Other settings

The material properties of the GH4720Li nickel-based superalloy and 
the operational conditions, taken from the literature [17,73], are listed 
in Table 3. Temperature-dependent material properties are imple
mented using piecewise linear interpolation between the tabulated 
values.

Herein, the melt rate and current reported in the experiments of Zhao 
et al. [17] were adopted. Average values during steady ingot growth 
[74,75] and the actual transient values during hot-topping were used, as 
shown in Fig. 2(a). An initial small ingot height was chosen as the 
starting point, and growth was modeled from this height through to the 
final stage, including hot topping. An initial small ingot height was 
chosen as the starting point, and growth was modeled from this height 
through to the final stage, including hot topping. The arc-striking 
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start-up phase is not included, as a minimum ingot height is required to 
properly define boundary conditions. While this may influence inclusion 
entrapment near the ingot bottom, it does not affect the overall inclusion 
distribution, since the ingot growth rate is very low (~0.05 mm/s). Side 
arcing [40,41] is implemented by prescribing the electric current dis
tribution through boundary conditions, where a specified fraction of the 
total current (15%, 40%) is directed through the lateral boundary above 
the ingot and crown region. This is achieved by adjusting the electric 
potential at the boundaries, and the corresponding boundary conditions 
are summarized in Table 2. The arc radius was varied from 25% to 70% 
of the ingot radius, representing diffusive and constricted arc conditions, 
respectively. The combined effects of these parameters are illustrated 
through the Gaussian current distribution at the ingot top, shown in 
Fig. 2(b).

2.3. Computational procedure

All simulations were performed using the commercial CFD software 
ANSYS Fluent. Flow, heat transfer/solidification, and electromagnetic 
fields were discretized using the Finite Volume Method (FVM), while 
inclusion trajectories were tracked in a Lagrangian framework via the 
Discrete Phase Model (DPM). Gradient terms were evaluated with the 
Least Squares Cell-Based method, pressure was discretized using the 
PRESTO! scheme, and momentum, turbulence (k–ω), energy, and elec
tric potential equations were solved using a Second-Order Upwind 
scheme. Pressure–velocity coupling was achieved using the SIMPLEC 
algorithm. All simulations were conducted in transient mode with a time 
step of 0.1 s. At each time step, 50 iterations were carried out. 
Convergence was assessed based on residual reduction, with criteria of 
10− 2 for continuity, 10− 4 for velocity components, 10− 6 for energy, 10− 3 

for turbulence quantities (k and ω), and 10− 8 for the electric potential.
A mesh independence study was conducted to ensure numerical ac

curacy. The results, presented in Appendix A, demonstrate that further 
mesh refinement does not significantly affect the melt-pool character
istics or inclusion distribution.

Table 1 
Governing equations of electromagnetic, thermal and solidification, and 
flow fields.

Electromagnetic field

∂
∂z

(

σe
∂ϕ
∂z

)

+
1
r

∂
∂r

(

rσe
∂ϕ
∂z

)

= 0 [1]  

Jz = − σe
∂ϕ
∂z

[2]  

Jr = − σe
∂ϕ
∂r

[3]  

Bθ = μm
1
r

∫r

0

Jzdr [4]  

Fz = Jr⋅Bθ [5]  

Fr = − Jz⋅Bθ [6]  

Solidification and thermal field

∂
∂t
(ρh)+

∂
∂z

(ρuzh)+
1
r

∂
∂r

(ρrurh)=
∂
∂z

(
keff

Cp

∂h
∂z

)

+
1
r

∂
∂r

(

r
keff

Cp

∂h
∂z

)

+ Sh [7]  

Sh = −
∂
∂t
(ρflL) −

∂
∂z

(ρuzflL) −
1
r

∂
∂r

(ρrurflL) [8]  

fl =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1,T > Tl
(

T − Ts

Tl − Ts

)

,Ts < T < Tl

0,T < Ts

[9]  

Flow field

∂
∂t
(ρ) + ∂

∂z
(ρuz)+

1
r

∂
∂r

(ρrur)= 0 [10]  

∂
∂t
(ρuz)+

∂
∂r

(ρuruz)+
∂
∂z

(ρuzuz)= −
∂
∂z

(p)+ μeff

[
1
r

∂
∂r

(

r
∂
∂r

(uz)

)

+
∂2

∂z2 (uz)

]

+ Suz

[11]  

∂
∂t
(ρur)+

∂
∂r

(ρurur)+
∂
∂z

(ρuzur)= −
∂
∂r

(p)+ μeff

[
∂
∂r

(
1
r

∂
∂r

(rur)

))

+
∂2

∂z2 (ur)

]

+ Sur

[12]  

Suz = −
(μeff

κ

)
uz + Fz − gρβ

h − href

Cp
[13]  

Sur = −
(μeff

κ

)
ur + Fr [14]  

μeff

κ
=Amush

(1 − fl)
2

fl
3 [15]  

Amush =1.66 × 103μeff

λ1
2 [16]  

(continued on next page)

Table 1 (continued )

Electromagnetic field

Discrete phase model

mp
dup

dt
=FD + FG + FB + FP + FV + FL [17]  

FD =
18μ

ρpdp
2

CDRe
24

(
u − up

)
[18]  

FG + FB =
g
(
ρp − ρ

)

ρp
[19]  

FP =
ρ
ρp

upi

∂u
∂xi

[20]  

FV =
1
2

ρ
ρp

d
dt

(
u − up

)
[21]  

FL =
2Kυ0.5ρdij

ρpdp(dlkdkl)
0.25

(
u − up

)
[22]  
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3. Results

3.1. Transient ingot growth

Here, the capability of the proposed model to capture transport 
phenomena, including fluid flow, thermal and solidification behavior, 
electromagnetic fields, and inclusion distribution are demonstrated. 
Fig. 3(a) presents simulation results for a side-arcing intensity of 15% 
and an arc ratio of 70% (diffusive arc), showing (from left to right) the 
distributions of current density, magnetic field, Lorentz force, and ve
locity, along with white iso-lines of the liquid fraction at 0.97 and 0.06.

The current intensity is highest at the top of the ingot due to the 
Gaussian arc distribution and the additional current entering through 
the ingot–mold interface, which together generate stronger magnetic 
fields. The interaction between the magnetic field and the electric cur
rent produces a Lorentz force that is also most pronounced near the top, 
directed from the ingot's outer surface toward its axis. Herein, the 

thermally driven buoyancy flow is significantly stronger than the 
electro-vortex flow, as demonstrated in Appendix A. Therefore, only a 
single dominant vortex is observed in the domain, as indicated by the 
yellow streamlines in the velocity contour. Because the structures of the 
current, magnetic field, Lorentz force, and velocity remain almost con
stant during ingot growth, a single representative snapshot is presented 
for clarity.

The evolution of the melt pool depth, defined by the liquidus 
(fl=0.97) and solidus (fl=0.06) lines throughout the process, is shown in 
Fig. 3(b), where the pool depth increases progressively until the ingot 
height reaches approximately 0.6 m, about 1.2 times the ingot diameter, 
after which a steady state is established. This steady condition persists 
until the onset of the hot-topping stage, during which the pool depth 
begins to decrease. As shown in Fig. 3(c), snapshots at different times 
and heights are presented. These snapshots display the temperature field 
on the left and the liquid fraction on the right. At the early stage, when 
the ingot is short, base plate cooling dominates, producing a shallower 
pool; as the ingot grows, the influence of base cooling decreases, and the 
melt pool correspondingly deepens [76].

Fig. 4(a) illustrates the distribution of inclusions within the VAR melt 
pool during ingot growth up to a height of 1 m, at which a steady melt 
pool has already been established. The four panels, from left to right, 
show the spatial distribution of inclusion diameter, density, residence 
time, and inclusion mass. In all cases, a pronounced accumulation of 
inclusions is observed along the ingot wall. These inclusions become 
trapped within the mushy-zone and ultimately remain in the solidified 
ingot.

The peripheral entrapment is primarily governed by the melt flow 
field established under the selected operating conditions i.e. side-arcing 
intensity of 15% and an arc ratio of 70% (diffusive arc). Thermal 
buoyancy generates a dominant outward flow that transports the ma
jority of inclusions toward the wall shortly after entering the pool. Only 
a smaller fraction of inclusions is able to penetrate deeper into the 
molten region. In the lower part of the melt pool, where flow velocities 
are relatively low, inclusion motion becomes more sensitive to particle 
mass. Lighter inclusions can be transported upward by the local flow, 
whereas heavier inclusions tend to remain in deeper regions and accu
mulate closer to the ingot center before eventually being captured by the 
mushy-zone.

To quantify the distribution patterns, the ingot radius was discretized 
into ten concentric segments with uniform radial spacing (Δr). Fig. 4(b) 
presents the percentage of total inclusion accumulation up to a height of 
1 m, along with the corresponding radial fraction of captured inclusions 
for all inclusion sizes and densities considered. Independent of inclusion 
properties, the radial profiles consistently exhibit strong peripheral 
enrichment. In the inner region of the ingot, only negligible inclusion 
entrapment is observed, while a gradual increase appears toward in
termediate areas. A pronounced accumulation occurs close to the ingot 

Table 2 
Boundary conditions of electromagnetic, thermal and solidification, and flow fields, and DPM.

# Electromagnetic Thermal and solidification Flow DPM

1
∂φ
∂n

=

I0
(
1 − fside− arc

)
exp

(

−
r2

Ra
2

)

∫Ri

0

2πrexp
(

−
r2

Ra
2

)

dr

T = TL + 400e− 12Di
J 

If ṁ, I = 0 
Q = σ⋅ε

(
T4 − Tsur

4)

uz =
ṁ

ρπRe
2

reflect

2
∂φ
∂n

=

I0
(
1 − fside− arc

)
exp

(

−
r2

Ra
2

)

∫Ri

0

2πrexp
(

−
r2

Ra
2

)

dr

T = TL + 400e− 12Di
J

(
Rm − 2r
Rm − Re

)

If ṁ, I = 0 
Q = σ⋅ε

(
T4 − Tsur

4)

∂ur

∂r
= uz = 0 reflect

3 φ = 0 HTC = 500 Wm− 2K− 1 ur,z = 0 reflect
4 ∂φ

∂n
= 0 Q = σ⋅ε

(
T4 − Tsur

4) ur,z = 0 reflect

5 φ = 0 HTC = 500 Wm− 2K− 1 ur,z = 0 reflect
6 Axis Axis Axis Axis

Table 3 
Parameters used in the simulation.

Material properties, Symbol, Unit Value

Electric conductivity, σe, Ω− 1⋅m− 1 9.5×105

The magnetic permeability, μm, J.m− 1⋅ A− 2 4π×10− 7

Liquid Density, ρ, kg⋅ m− 3 8100.0
Solid Density, ρ, kg⋅m− 3 7210.0
Effective thermal conductivity, keff , W.

kg− 1⋅m− 1

(673.0 K,17.10),(1073.0 K,23.85), 
(1473.0 K,30.45),(1553.0 K,30.97), 
(1673.0 K,29.66),(1773.0 K,31.30)

Heat capacity, Cp, J.kg− 1 ⋅ K− 1 (673.0 K,523.80),(1073.0 K,650.80), 
(1473.0 K,731.50),(1553.0 K,743.90), 
(1673.0 K,780.50),(1773.0 K,803.80)

Surface tension gradient, 
dγ
dT

, N.m− 1⋅ K− 1 (1532.0 K,0.00019),(1603.0 
K,0.00019), 
(1902.0 K,-0.00019),(2500.0 K,- 
0.00019),

Latent heat of solidification, L, J⋅ kg− 1 245000.0
Liquidus temperature, Tl, K 1611.0
Solidus temperature, Ts, K 1467.0
Thermal expansion, β, K− 1 1.36×10− 4

Primary dendrite arm spacing (min,Max), 
λ1, m

(250.0,640.0)×10− 6

Effective viscosity, μeff , Pa⋅ s 5.3×10− 3

Gravitational acceleration, g, m⋅ s− 2 9.81
Operation condition, Symbol, Unit Value
Total imposed current, I0, A variable,See Fig.2(a)
Voltage, v,V 23.2
Radius of ingot, Ri, m 0.254
Ingot height, hingot (min,Max), m 0.04,1.35
Radius of mold, Rm, m 0.279
Radius of electrode, Re, m 0.220
Mass flow rate, ṁ, kg⋅ min− 1 variable,See Fig. 2(a)
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wall, where inclusions preferentially concentrate, increasing from below 
~1% in the inner region to approximately 13–15% near the ingot edge, 
as illustrated in Fig. 4(b).

A detailed analysis of the forces acting on inclusions and their 
transport trajectories is provided in Appendix A (Figure A9). The results 
show that inclusion motion is primarily governed by drag force, driven 
by the outward thermal buoyancy flow, which dominates the melt-pool 
dynamics under the present conditions. Gravity and buoyancy forces 
contribute as secondary effects, while pressure gradient, virtual mass, 
and Saffman lift forces are comparatively small. As a result, inclusions 
are transported outward toward the ingot sidewall and follow recircu
lating paths within the melt-pool vortex before being captured in the 
mushy zone. This confirms that inclusion transport is predominantly 

controlled by the flow field through drag-dominated dynamics.
Overall, the quantitative results reinforce that thermal-buoyancy- 

driven melt flow due to diffusive arc governs inclusion migration, 
leading to weak central entrapment and strong wall-side accumulation 
across all inclusion sizes and densities.

To effectively visualize the transient ingot growth, videos of the 
above case are provided as supplementary material. These recordings 
present the dynamic evolution of both the fields and inclusions.

3.2. Experimental validation

Two key parameters were selected to validate the simulation results 
against the experimental measurements of Zhao et al. [17]: the 

Fig. 2. (a) Melt rate and current from the experiments and the corresponding values used in the simulations. (b) Arc distribution above the ingot top, represented by 
Gaussian profiles for three different scenarios.

Fig. 3. (a) Field distributions of current density, magnetic field, Lorentz force, and velocity (from left to right) for 15% side arcing and a 70% arc ratio, with iso-lines 
of liquid fraction 0.97 and 0.06. (b) Evolution of liquidus and solidus pool depths throughout the process, showing pool growth, steady state, and the decrease during 
hot topping. (c) Snapshots at different times and ingot heights showing temperature (left) and liquid fraction (right) fields, with the mushy-zone indicated by two 
white iso-lines.
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melt-pool depth and the radial number density of inclusions at different 
solidification stages.

Fig. 5(a) shows the temporal evolution of the melt-pool depth along 
the ingot height for a side-arcing intensity of 15% and an arc ratio of 
70%. Both the liquidus contour (liquid fraction fl=0.97) and the solidus 
contour (liquid fraction fl=0.06) are reported and compared with the 
experimental measurements of Zhao et al. [17] The simulated liquidus 
profile slightly overpredicts the pool depth, whereas the solidus profile 
shows good agreement with the experimental data throughout most of 
the ingot height. This indicates that the model captures the overall pool 
shape and solidification front evolution with reasonable accuracy under 
the selected operating conditions.

Fig. 5(c) compares the simulated and experimental number density 
of inclusions at three radial locations. In the experiment, cubic samples 
of 10×10×10 mm were extracted at an ingot height of approximately 
0.65 m, corresponding to three radial positions: center, mid-radius, and 
near the ingot edge (As shown in Fig. 5(b)). Since the exact radial 
location of the edge sample was not explicitly reported, it was assumed 
to be located slightly inward from the ingot sidewall (2 cm). This 
assumption is physically reasonable because the true ingot edge contains 
the crown region, where high porosity makes accurate inclusion density 
measurements extremely difficult. In practice, experimental samples are 
obtained after machining the crown, resulting in an effective sampling 
radius slightly inside the nominal ingot radius.

The experimental data show that the number density of small in
clusions increases from the center toward the ingot periphery. A similar 
trend is observed for medium-sized inclusions. In contrast, the number 
density of large inclusions decreases toward the ingot edge. The simu
lation reproduces the increasing trend from the center to the mid-radius 
for all inclusion sizes, followed by a strong increase toward the ingot 
side. Good agreement is obtained for small and medium inclusions at the 
center and mid-radius positions, as shown in Fig. 5(b). For large in
clusions, the simulation matches the experimental values well at the 

center and mid-radius but predicts an increase toward the edge, whereas 
the experiment shows a decrease. Consequently, the discrepancy be
tween simulation and experiment becomes more pronounced near the 
ingot side wall.

The discrepancy observed for larger inclusions near the ingot edge is 
attributed to limitations of the current modeling framework as well as 
the nature of the available experimental data. Although additional an
alyses were performed (Appendix A), including the effects of Joule 
heating, Marangoni forces, entrapment criteria, mesh resolution, and 
injection strategy, the overall trend of peripheral accumulation 
remained unchanged. This suggests that the deviation is likely related to 
physical mechanisms not captured in the model. In particular, the 
mushy-zone characteristics near the ingot top, where strong cooling 
leads to finer dendritic structures and steep temperature gradients, may 
reduce the probability of capturing larger inclusions, allowing them to 
penetrate deeper into the melt pool before entrapment. Furthermore, the 
absence of dendrite-scale modeling and microsegregation limits the 
accurate representation of particle–interface interactions. Potential ef
fects associated with crown and shelf regions, which are not included in 
the present model, may further influence inclusion capture behavior. In 
addition, the experimental data are based on measurements at specific 
sampling locations, which may not fully represent the global inclusion 
distribution within the ingot.

The present model accounts for two major sources of uncertainty 
widely discussed in VAR literature: the arc distribution above the ingot 
surface 26,44,77–79 and the magnitude of side arcing [26,40–42,
80–82]. These uncertainties stem from the complex behavior of the 
vacuum arc, which can shift between centric, eccentric, diffuse, or 
constricted modes, and from process variations such as changes in crown 
height [42], the formation and evolution of the shrinkage gap [43], and 
the continuously increasing ingot height. The following sections address 
parametric studies on side arcing, arc distribution, and inclusion entry 
location associated with drip-short events.

Fig. 4. (a) Distributions of inclusions within the ingot based on inclusion diameter, density, residence time, and mass (from left to right) for a 15% side-arcing 
condition and a 70% arc ratio, with iso-lines of liquid fraction 0.97 and 0.06 indicating the liquidus and solidus boundaries. (b) Quantitative radial distribution 
of captured inclusions for the different inclusion sizes and densities.
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4. Discussions

4.1. Effects of side arcing

Fig. 6(a)–(c) illustrate the effect of side-arcing intensity on melt-pool 
flow, inclusion transport, and radial inclusion distribution for an arc 
ratio of 70% (diffusive arc). Fig. 6(a) presents a side-by-side comparison 
of the melt-pool velocity fields for side-arcing intensities of side-arcing 
intensity of 15% (left) and side-arcing intensity of 40% (right). At the 
lower side-arcing level, the flow is dominated by thermal buoyancy, 
producing a broad outward circulation and a deeper melt pool. 
Increasing the side-arcing intensity reduces the heat intensity above the 
ingot top, weakens the buoyancy-driven flow, and leads to a slightly 
shallower and narrower liquid pool. Despite these quantitative changes, 
the overall flow topology remains similar, with the primary effect being 
a redistribution of flow strength near the melt surface.

The corresponding spatial distributions of inclusions are shown in 
Fig. 6(b) for both side-arcing intensities. When the side-arcing intensity 
is increased, the reduced heat input near the ingot top causes the liquid 
pool profile to shift inward, toward the ingot center. As a consequence, 
inclusions encounter the trapping condition defined by the liquidus 
profile earlier along their trajectories and are captured before reaching 
the sidewall. This leads to a redistribution of inclusions, with the region 
of maximum accumulation forming at a finite distance from the ingot 
wall rather than directly at the outer radius. This behavior is consistently 
observed for both diameter-dependent and density-dependent inclusion 
distributions. Fig. 6(c) quantifies these trends by comparing the radial 
fraction of captured inclusions for the two side-arcing intensities. For 
side-arcing intensity of 15%, the inclusion fraction increases mono
tonically toward the ingot edge, reaching its maximum at the outer 
radius (~14–15%). In contrast, for side-arcing intensity of 40%, the 
peak inclusion concentration shifts inward (r≈0.20–0.22 m), and the 
inclusion fraction at the ingot wall is reduced to approximately ~2–3%. 
This inward shift of the accumulation zone occurs for all inclusion sizes 
and densities, while the central region of the ingot exhibits a signifi
cantly lower inclusion number density.

4.2. Effects of arc distribution

Fig. 7(a) compares the melt-pool velocity fields for two arc- 
distribution scenarios while keeping the side-arcing intensity constant 
at 15% of the total current. The left panel corresponds to the baseline 
case with a diffusive arc distribution and an arc ratio of 70% (diffusive 

arc), whereas the right panel shows the constricted-arc configuration 
with an arc ratio of 25% (constricted arc). When the arc distribution is 
constricted, the electrovortex flow becomes significantly stronger, as 
highlighted by the red isoline. The intensified electrovortex expands 
toward the pool axis and displaces the thermally driven circulation to
ward the sidewalls. Consequently, the flow in the constricted-arc case 
becomes more confined to the central region of the pool, with higher 
peak velocities and a more pronounced inward jet beneath the arc. 
These changes in the melt-pool flow structure are expected to strongly 
influence inclusion transport and entrapment. Fig. 7(b) compares the 
inclusion distributions for diffusive and constricted arc configurations. 
Concentration of arc energy toward the pool center enhances central 
heating and reduces thermal input near the sidewalls, resulting in a 
narrower melt pool and an inward shift of the liquidus contour. As a 
result, inclusions encounter the trapping condition earlier along their 
trajectories and are captured before reaching the ingot wall. Conse
quently, the region of maximum inclusion accumulation shifts inward 
relative to the baseline case, and the inclusion number density near the 
ingot wall is reduced. Inclusion concentrations become more localized in 
the lower side region of the ingot, with fewer inclusions penetrating into 
the mid-radius region of the melt pool.

The inward accumulation of inclusions observed in the lower part of 
the ingot under constricted arc conditions (arc ratio = 25%) (Fig. 7(b)) 
can be attributed to the combined effects of thermal buoyancy flow, 
electro-vortex flow, and the evolution of the solidification front. At early 
stages, the melt pool exhibits a U-shaped profile, and the mushy zone 
near the top of the ingot is relatively thick, promoting early capture of 
inclusions. As the ingot height increases, the mushy zone near the top 
becomes thinner, allowing inclusions to penetrate deeper into the melt 
pool before being captured. Fig. 7(c) compares the radial distribution of 
captured inclusions for the diffusive (arc ratio of 70%) and constricted 
arc (arc ratio of 25%) configurations. In the diffusive-arc case, inclusions 
preferentially accumulate near the ingot wall, reaching approximately 
~14–15% at r≈0.25 m. Under arc constriction, however, the reduced 
outward flow limits radial transport, causing inclusions to be captured 
earlier within the melt pool, with peak accumulation shifting inward to 
r≈0.18–0.22 m and the wall fraction reduced to ~ 9–12%. Conse
quently, the region of inclusion accumulation shifts away from the ingot 
sidewall toward the interior, and the fraction of inclusions entrapped in 
the inner melt-pool region increases relative to the diffusive-arc case.

Fig. 5. (a) validation of the numerical model against the experimental data of Zhao et al. [33]: 
evolution of melt-pool depth along the ingot height for side-arcing intensity of 15% and an arc ratio of 70% side-arcing, showing the liquidus (fl=0.97) and solidus 
(fl=0.06) contours; (b) Locations and total counts of sampling stations for experimental validation and simulation data extraction; (b) comparison of simulated and 
experimental radial number density of inclusions for different inclusion sizes at an ingot height of approximately 0.65 m.
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4.3. Effect of inclusion entry location

During normal VAR operation, exogenous inclusions typically enter 
the melt pool from the electrode tip region. During a drip-short event 
[83], a large amount of current can pass through a very narrow liquid 
column, leading to locally increased current density, enhanced Lorentz 
forces, and significantly higher melt velocities. These transient effects 
can promote deeper inclusion penetration and altered trajectories. In the 
present study, these complex transient phenomena are not explicitly 
resolved; instead, their effect is approximated by introducing inclusions 
at a deeper location. To investigate this influence, an additional simu
lation was performed in which inclusions were introduced from a po
sition 5 cm below the ingot top, instead of the standard 0.5 cm below the 
ingot top.

Fig. 8(a) shows the resulting spatial distribution of inclusions for the 
drip-short-like entry location, displayed for inclusion diameter, density, 
residence time, and inclusion mass. In the baseline configuration, the 
velocity contours reveal a strong outward vortex near the melt surface; 
its maximum strength occurs close to the ingot top and rapidly drives 
newly injected inclusions toward the sidewall, producing a pronounced 
concentration of inclusions in that region. When inclusions are injected 
5 cm deeper, the influence of this surface vortex is substantially reduced. 
As a result, more inclusions are able to descend into the melt before 
being redirected toward ingot surface, and the overall inclusion distri
bution becomes noticeably more diffuse than in the baseline case. 
Despite this enhanced penetration, inclusions are still ultimately trans
ported outward and captured within the mushy-zone near the ingot wall, 
although the capture region is more vertically distributed than in the 

Fig. 6. (a) Comparison of melt-pool velocity fields for the side arcing of 15% (left) and 40% (right) configurations, white isolines indicate the liquidus and mushy- 
zone boundaries; (b) side-by-side spatial distributions of inclusions colored by inclusion diameter and inclusion density; (c) corresponding radial distributions of 
captured inclusions.
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Fig. 7. (a) Comparison of melt-pool velocity fields for the diffusive-arc (Ra = 0.7Ri) and constricted-arc (Ra = 0.25Ri) configurations, White isolines indicate the 
liquidus and mushy-zone boundaries; (b) side-by-side spatial distributions of inclusions colored by inclusion diameter and inclusion density; (c) corresponding radial 
distributions of captured inclusions.
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standard entry location case. Fig. 8(b) compares the radial distribution 
of captured inclusions for inclusion arrival depths of 0.5 cm and 5 cm, 
shown separately for inclusion size and density. In both cases, inclusion 
content increases toward the ingot wall; however, deeper inclusion 
entry reduces near-wall accumulation from approximately ~14–15% to 
~12–13% at r≈0.25 m and leads to a more diffuse radial distribution. At 
the same time, inclusion fractions in the intermediate region 
(r≈0.15–0.20 m) increase by about ~ 1–2%, indicating enhanced 
penetration into the melt prior to interception by the mushy-zone.

From an industrial perspective, inclusion accumulation near the 
ingot periphery is advantageous, as surface inclusions can be removed 
during subsequent machining operations. In contrast, inclusions 
entrapped within the ingot interior remain in the final product and 
directly compromise material cleanliness and mechanical performance. 
Based on the present results, lower side-arcing intensity combined with 
a diffusive arc distribution is preferable, as it promotes peripheral in
clusion accumulation. In contrast, higher side-arcing intensity or arc 
constriction shifts inclusion entrapment toward the ingot interior. In 
industrial practice, arc distribution can be influenced by process pa
rameters such as arc gap and the application of axial magnetic fields. 
More recently, horizontal magnetic fields have also been deliberately 
introduced to stabilize arc behavior during the VAR process.

Future studies should incorporate endogenous inclusion formation 
through coupling with solute transport and segregation 84–86, as well as 
inclusion dissolution in the melt pool, and the influence of crown and 
shelf regions on entrapment behavior. Such investigations would pro
vide a more comprehensive understanding of inclusion transport and 
refining efficiency in VAR under industrial operating conditions.

5. Conclusions

A numerical framework was developed to investigate the transport 
and entrapment of exogenous inclusions during VAR over the full ingot 

growth process. The novelty of this work lies in the transient simulation 
of inclusion behavior throughout the entire ingot growth, combined 
with a systematic investigation of arc distribution and side-arcing ef
fects. The model was validated against experimental measurements of 
melt-pool depth and radial inclusion number density, showing good 
agreement with reported trends. Based on the validated simulations, a 
series of parametric studies was performed to quantify the influence of 
key operational parameters on inclusion distribution. The main findings 
of this work can be summarized as follows: 

• Higher side-arcing intensity weakens the electro-vortex flow (EVF), 
making thermal buoyancy dominant, resulting in a shallower melt 
pool and shifting inclusion accumulation inward while reducing wall 
concentration.

• A constricted arc strengthens the electro-vortex flow (EVF), leading 
to a deeper melt pool, weakening peripheral accumulation, and 
promoting a more distributed inclusion profile toward the center.

• Deeper inclusion arrival location, representative of drip-short con
ditions, increases inclusion penetration depth and broadens the 
spatial and radial distribution of inclusions.

Overall, the results demonstrate that inclusion distribution in VAR is 
strongly governed by melt-pool geometry, flow structure, and inclusion 
entry conditions. Operational parameters such as side arcing and arc 
distribution, which determine the spatial current density profile and can 
be controlled, for instance, by applying an axial magnetic field, directly 
affect inclusion transport trajectories and the location of final entrap
ment. From a practical perspective, a diffusive arc combined with lower 
side-arcing intensity is preferable, as it promotes peripheral inclusion 
accumulation that can be removed during machining. In contrast, higher 
side-arcing intensity or arc constriction shifts inclusions toward the 
ingot interior, which is less desirable for material cleanliness.

Fig. 8. (a) spatial distribution of inclusions for the deeper (5 cm) entry location case, shown for inclusion diameter, inclusion density, residence time, and inclusion 
mass; (b) corresponding radial inclusion fractions for both entry location (5 cm and 0.5 cm). White isolines indicate the mushy-zone.
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Nomenclature

Amush Mushy-zone coefficient, kg⋅m− 3⋅s− 1

Bθ Magnetic flux density in the tangential direction, T
Cp Heat capacity, J.kg− 1⋅K− 1

dij deformation tensor, s− 1

dkldlk strain-rate tensor, s− 2

fl The volume fraction of liquid, −
fR Arc ratio, −
fside− arc Fraction of electric current as side arcing, −
Fz,Fr Lorentz force in the axial and the radial direction, N⋅m3

FD Drag force, N
FG Gravity force, N
FB Buoyancy force, N
FP Pressure force, N
FV virtual mass force, N
FL Saffman's lift force, N
g Gravitational acceleration, m⋅s− 2

h Local enthalpy, J⋅kg− 1

hideal The height of the defined mesh size, m
hingot Ingot height, m
hmesh The height of the new layer of mesh, m
href Reference enthalpy, J⋅kg− 1

i, j Unit vectors in axial, and radial directions, −
I0 Total imposed current, A
Jz,Jr Electric current density in the axial and the radial direction, A⋅ 

m− 2

keff Effective thermal conductivity, W.kg− 1⋅m− 1

k Turbulent kinetic energy
I Electric current intensity, kA
L Latent heat of solidification, J⋅kg− 1

ṁ Mass flow rate, kg⋅min− 1

mp Mass of particle
p Pressure, N⋅m− 2

Ra Radius of arc, m
Re Radius of electrode, m

(continued on next column)

(continued )

Ri Radius of ingot, m
Rm Radius of mold, m
Sh Enthalpy source term, J⋅m− 3.s− 1

Suz ,Sur Axial and radial velocity source term, N⋅m− 3

T Temperature, K
Tl Liquidus temperature, K
Ts Solidus temperature, K
Tsur Surrounding temperature, K
umesh Velocity of dynamic mesh, m⋅s− 1

uz,ur Axial and radial velocity, m⋅s− 1

up Velocity of particle
v Voltage, V
z, r Coordinate in the axial and the radial direction of the ingot, m
αc Split factor, m
β Thermal expansion, K− 1

ε Emissivity, −
γ Surface tension, γ, N.m− 1

ζ Vector of random numbers between 0 and 1, −
κ Permeability, m2

λ1 Primary dendrite arm spacing, m
σ Stefan-Boltzmann constant, Wm− 2⋅K− 4

σe Electric conductivity, Ω− 1⋅m− 1

μeff Effective viscosity, Pa⋅s
μm The magnetic permeability, J.m− 1⋅A− 2

ρ Density, kg⋅m− 3

ρp Density of particle, kg⋅m− 3

τMar Marangoni stress, N⋅m− 2

ϕ Electrical potential, V
ω Specific rate of dissipation
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Appendix A 

To assess the robustness of the adopted modeling assumptions and numerical settings, a series of additional simulations were performed. The 
investigated parameters include mesh resolution, the influence of additional physical effects, and key modeling inputs related to inclusion injection 
and entrapment. Specifically, the following aspects were examined: mesh independence through comparison with a 30% coarser and a 30% finer 
mesh; the influence of Marangoni forces; the effect of Joule heating; the number of inclusion injection points (increased from 5 to 20); the injection 
frequency (reduced from 100 s to 50 s); and the criterion for inclusion entrapment in the mushy zone (liquid fraction threshold increased from 0.9 to 
0.95). The results of these analyses are presented and discussed in the following subsections.

A. Mesh Independence Study

A mesh independence study was conducted to evaluate the influence of spatial discretization on the numerical results. In addition to the baseline 
mesh (element size 5 mm ×5mm), two additional meshes were generated: one with 30% fewer elements (coarser mesh) and one with 30% more 
elements (finer mesh). All simulations were performed under identical boundary conditions and numerical settings to ensure a consistent comparison. 
The key flow and inclusion transport characteristics were analyzed to assess the sensitivity of the model to mesh resolution.

Figure A1 presents a comparison between the baseline mesh (5 mm) and a case with a 30% coarser mesh. Figure A1(a) shows a zoomed view of the 
liquid fraction contour together with the mesh elements in the mushy zone for both cases. As the mesh becomes coarser, a slight increase in melt-pool 
depth is observed; however, this variation remains within the order of the local cell size. Figure A1(b) illustrates the velocity field in the melt pool, 
indicating that the overall flow structure remains consistent between the two cases. Figure A1(c) shows the inclusion distribution for different particle 
sizes and densities, where the general distribution pattern remains similar. For a more quantitative comparison, Figure A1(d) presents the statistical 
distribution of inclusions. With increasing mesh size, inclusions tend to be captured slightly earlier, resulting in a small reduction in inclusion fraction 
near the ingot wall. This discrepancy gradually diminishes toward the inner regions of the ingot. 
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Fig. A1. Comparison of mesh sensitivity between the baseline mesh (5 mm) and a 30% coarser mesh: (a) Liquid fraction contour with mesh distribution, zoomed-in 
view of the mushy zone, (b) velocity field in the melt pool, (c) inclusion distribution for different particle sizes and densities, and (d) statistical radial distribution 
of inclusions.

Figure A2 presents the comparison between the baseline mesh and a 30% finer mesh. Similar contour plots and overall trends are observed across 
all evaluated fields. A slight reduction in melt-pool depth is noted with the finer mesh; however, this variation remains within the order of the mesh 
size. The inclusion distribution, as shown in Figure A2(d), follows the same trend as the baseline case, with deviations of less than 0.5%, which can be 
attributed to the stochastic nature of the random walk model employed. 
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Fig. A2. Comparison of mesh sensitivity between the baseline mesh (5 mm) and a 30% finer mesh: (a) Liquid fraction contour with mesh distribution, zoomed-in 
view of the mushy zone, (b) velocity field in the melt pool, (c) inclusion distribution for different particle sizes and densities, and (d) statistical radial distribution 
of inclusions.

B. Influence of Marangoni Effect

To evaluate the influence of surface tension–driven flow, additional simulations were performed by incorporating the Marangoni effect into the 
model. The Marangoni stress was implemented at the melt surface based on the temperature-dependent surface tension gradient, expressed as: τMar =
dγ
dT∇T, where dγ

dT is the surface tension gradient with respect to temperature (see Table 3), and ∇T is the temperature gradient along the melt surface. All 
other modeling parameters and boundary conditions were kept identical to the baseline case to ensure a consistent comparison. The resulting flow 
behavior and inclusion transport characteristics were analyzed to assess the contribution of Marangoni-driven convection under the present conditions.

Figure A3 presents a comparison between simulations with and without the Marangoni effect. As assumed in the main model, the Marangoni effect 
is neglected. Figure A3(a) shows the velocity field in the melt pool for both cases, indicating a high degree of similarity in the flow structure. The melt- 
pool depth remains identical in both simulations.

Figure A3(b) illustrates the inclusion distribution, where similar patterns are observed, with only minor differences. These small variations are 
attributed to the stochastic nature of the random walk model rather than the influence of Marangoni forces. This is further supported by the statistical 
comparison in Figure A3(c), which shows nearly identical inclusion distributions in both magnitude and trend. 

M. Abdi et al.                                                                                                                                                                                                                                    Journal of Materials Research and Technology 42 (2026) 7563–7584 

7576 



Fig. A3. Comparison of simulations with and without the Marangoni effect: (a) velocity field in the melt pool, (b) inclusion distribution for different particle sizes 
and densities, and (c) statistical radial distribution of inclusions.

C. Influence of Joule Heating

To evaluate the effect of Joule heating, additional simulations were performed in which volumetric resistive heating was included in the energy 
equation as a source term (J2/σe). Joule heating arises from the dissipation of electrical energy due to the finite electrical resistance of the molten 
metal as current passes through the melt pool. Its magnitude depends on both the local current density and the electrical conductivity of the material. 
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In the present case, the alloy exhibits relatively high electrical conductivity, resulting in low electrical resistance and consequently limited volumetric 
heat generation. Furthermore, the majority of energy input in VAR is supplied by the arc and superheated droplets at the ingot surface, making Joule 
heating a secondary contribution to the overall thermal balance.

Fig. A4. Comparison of simulations with and without the Joule heating: (a) velocity field in the melt pool, (b) inclusion distribution for different particle sizes and 
densities, and (c) statistical radial distribution of inclusions.
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All other model parameters and boundary conditions were kept identical to the baseline case to ensure a consistent comparison. The results 
indicate that the melt-pool profile and depth remain unchanged when Joule heating is considered (as shown in Figure A4(a)). The inclusion distri
bution also exhibits a similar pattern, with no noticeable differences in the overall trends (as shown in Figure A4(b)). Statistical analysis shows that the 
deviation in inclusion fraction is less than 1% near the ingot sidewall, and this difference gradually decreases toward the interior of the ingot, where 
the results become nearly identical (as shown in Figure A4(c)).

D. Effect of Inclusion Injection Points

In the VAR process, inclusions are introduced into the melt pool through multiple molten droplets falling from the electrode tip. In reality, this 
process is spatially distributed and highly dynamic, with inclusions entering the melt over a range of locations beneath the electrode. To represent this 
behavior in a computationally efficient manner, a limited number of discrete injection points is used to approximate the spatial distribution in a time- 
averaged sense.

In the baseline simulations, inclusions are introduced from five discrete locations beneath the electrode tip. To evaluate the influence of this 
assumption, an additional simulation was performed with an increased number of injection points (10 locations).

The resulting inclusion distribution contours, for both particle size and density, show behavior consistent with the baseline case (as shown in 
Figure A5(a)), with pronounced accumulation near the ingot sidewall and lower inclusion presence in the central region. The statistical distribution, 
presented in Figure A5(b), also follows an identical trend, with only minor discrepancies. These small differences are attributed to the stochastic 
nature of the random walk model used for particle tracking.

Fig. A5. (a) Effect of the number of inclusion injection points on distribution: (a) spatial distribution of inclusions for 5 and 10 injection locations, and (b) cor
responding statistical distribution showing negligible differences between cases.

E. Effect of Injection Frequency

In the actual VAR process, droplet formation occurs continuously, with approximately 5–10 droplets generated per second for an industrial-scale 
VAR system with a 440 mm electrode remelted into a 510 mm ingot. Assuming that each droplet may carry inclusions with varying sizes and densities, 
a direct representation of this process would result in several million particles over the duration of the simulation. Modeling such a large number of 
inclusions would lead to prohibitively high computational costs, with simulation times extending to impractical levels.

Therefore, in the present study, a time-averaged injection approach is adopted, where inclusions are introduced at discrete intervals of 100 s. This 
approach provides a representative description of the overall inclusion transport and distribution within the ingot while maintaining computational 
efficiency. To assess the sensitivity of this assumption, an additional simulation was performed in which the injection frequency was increased, with 
inclusions introduced every 50 s. The resulting inclusion distribution across the entire ingot remains nearly identical to the baseline case (as shown in 
Figure A6 (a,b)). Both the spatial distribution and the statistical analysis show only minor differences, which can be attributed to the stochastic nature 
of the random walk model. 
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Fig. A6. Comparison of simulations of two different injection frequencies (every 50s and every 100s): (a) inclusion distribution for different particle sizes and 
densities, and (b) statistical radial distribution of inclusions.

F. Effect of Inclusion Entrapment Criterion

The entrapment of inclusions during solidification is governed by the interaction between the advancing solid–liquid interface and particle motion 
within the mushy zone. In reality, inclusion capture is strongly influenced by local solidification conditions, interdendritic flow, and solute redis
tribution, which affect dendrite morphology and permeability. A fully accurate description of inclusion entrapment would therefore require coupling 
with solute transport and microsegregation models to resolve the evolution of the dendritic structure and local composition. However, such an 
approach is beyond the scope of the present study.

Instead, inclusion entrapment is approximated using a liquid fraction–based criterion, which is consistent with the macroscopic solidification 
model employed. In this approach, particles are considered captured once they enter regions where the liquid fraction falls below a specified 
threshold, effectively representing the reduced permeability and mobility within the mushy zone. In the present study, a threshold of fl<0.9 is used to 
define inclusion entrapment. While higher thresholds (e.g., fl<0.95) have been reported in the literature for steel alloys (lab scale VAR), nickel-based 
alloys typically exhibit larger primary dendrite arm spacing, allowing inclusions to penetrate deeper into the mushy zone before being captured. 
Therefore, a threshold of 0.9 is considered more appropriate for the present alloy system. To assess the sensitivity of this assumption, an additional 
simulation was performed using a higher entrapment criterion of fl<0.95. As shown in Figure A7(a), the mushy zone near the ingot sidewall is 
relatively narrow, with smaller dendrite spacing and a steep temperature gradient. In this region, the melt flow velocity is highest, directed from the 
center toward the ingot wall, resulting in a dominant drag force acting on the inclusions. Under these conditions, the difference between the two 
entrapment criteria (fl<0.0 and fl<0.95) becomes negligible, as both thresholds correspond to closely located regions within the mushy zone. 
Consequently, only minor differences in inclusion capture are observed near the ingot wall. Toward the bottom of the melt pool, although the dif
ference in liquid fraction between these thresholds becomes larger, the local flow velocity is significantly reduced. As a result, the drag force is 
insufficient to transport inclusions into deeper regions, leading to minimal differences in inclusion entrapment. This behavior is also reflected in the 
statistical distribution (Figure A7(b,c)), where only negligible variations are observed between the two cases. 
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Fig. A7. (a) velocity field in the melt pool, (b) inclusion distribution for different particle sizes, and (c) statistical radial distribution of inclusions.

E. Comparison between Thermal Buoyancy Flow and Electro-Vortex Flow

In the melt pool of the ingot, two primary flow mechanisms are present: electro-vortex flow (EVF) and thermal buoyancy flow (TBF). The electro- 
vortex flow arises from the interaction between the electric current and the magnetic field, while thermal buoyancy flow is driven by density variations 
due to temperature gradients (thermal expansion). The dominance of each mechanism depends on their relative strength. For the present alloy system, 
thermal expansion is significant; therefore, under diffusive arc conditions, the flow is primarily governed by thermal buoyancy, resulting in a single 
counterclockwise circulation within the melt pool. As the arc becomes more constricted, the current density becomes more localized and stronger, 
leading to the emergence of electro-vortex flow. This introduces a clockwise circulation and inward-directed flow toward the center of the ingot. 
Figure A8 illustrates the comparison between these two driving forces. Under diffusive arc conditions, the thermal buoyancy force is significantly 
stronger than the Lorentz force. With increasing side arcing, the Lorentz force becomes weaker due to the redistribution of current. In contrast, for 
constricted arc conditions, the Lorentz force intensifies and extends throughout the melt pool, while the thermal buoyancy force becomes more 
localized near the center. This interaction leads to the formation of an additional vortex structure, as observed in the velocity contours. 
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Fig. A8. Comparison of thermal buoyancy force and Lorentz force under different arc conditions, illustrating their relative strength and distribution within the melt 
pool. Each row indicates the condition of side arcing and arc distribution.

F. Analysis of Forces Acting on Inclusions and Particle Trajectories

In the present model, several forces acting on inclusions are considered, including drag force, pressure gradient force, virtual mass force, Saffman 
lift force, buoyancy (gravity) force, and additional body forces arising from the flow field. The relative magnitude of these forces is evaluated and 
presented in Figure A9.

Figure A9(a) shows a representative snapshot at t = 100, illustrating the spatial distribution and magnitude of the forces acting on the inclusions. It 
can be observed that inclusions are predominantly entrained within a vortex structure driven by the outward thermal buoyancy flow, which is the 
dominant flow mechanism under the present condition (side-arcing intensity of 15% and an arc ratio of 70% (diffusive arc)). As a result, a large 
fraction of inclusions is transported toward the ingot sidewall and accumulates beneath this vortex structure in solidified ingot.

The particle trajectories are shown in Figure A9(b), demonstrating that once inclusions enter the melt pool, they are rapidly driven outward by 
thermal buoyancy flow and subsequently follow recirculating paths within the vortex before being captured in the mushy zone. The streamline 
representation also indicates the particle Reynolds number along the trajectories, while the particle color denotes relative density.

A quantitative comparison of the acting forces (Figure A9(c)) shows that the drag force is the dominant force governing particle motion, primarily 
due to the strong outward flow induced by thermal buoyancy. The next most significant contributions arise from gravity and buoyancy forces, fol
lowed by the pressure gradient force. In contrast, the virtual mass force and Saffman lift force are considerably smaller in comparison. 
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Fig. A9. Analysis of forces acting on inclusions and their trajectories: (a) spatial distribution and magnitude of forces, (b) particle trajectories colored by density with 
Reynolds number indication, and (c) quantitative comparison of force magnitudes.
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