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ABSTRACT: To model the spatial evolution of the gas bubbles in continuous casting mold, two population 

balance approaches of MUlti-SIze-Group (MUSIG) model and Average Bubble Number Density (ABND) 

model, -have been employed and merged with the Euler-Euler two-fluid model. The bubble induced 

turbulence model and various interfacial forces including drag, lift, virtual mass, and turbulent dispersion 

are incorporated in both of models. A 1/4th scaled water model was built to measure and investigate the 

bubble behavior and size distribution in the mold. Predictions by MUSIG model and ABND model were in 

reasonable agreement with experimental data of gas void fraction, liquid flow pattern, and local bubble 

size distribution profiles. The “intermediate peak” and “core peak” behaviors of void fraction inside the 

submersed entry nozzle (SEN) had been captured very well. From a practical perspective, the ABND 

model may be considered as a more viable approach for industrial applications of gas-liquid two-phase 

flow systems. 
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INTRODUCTION  

In continuous casting process, argon gas is injected into the submerged entry nozzle (SEN) to prevent the 

nozzle clogging, and to remove non-metallic inclusions. The flow regimes found in continuous casting mold 

show a spectrum of different bubble sizes.[1-5] Large bubbles rise toward the top surface due to buoyancy and 

are subsequently removed from the mold, while small bubbles are carried deep into the liquid pool. However, 

fine argon bubbles were sometimes observed inside the continuous casting slabs, which were trapped by the 

solidified shell.[6-8] In the subsequent rolling process, these bubbles can lead to the formation of pinhole 

defects. A schematic of bubbly flow in the continuous casting mold was shown in Fig.1. To better optimize 

continuous casting process, a greater reliance on the fundamental knowledge of bubble size distribution 

(BSD) is required.  

    Although some of water model studies have reported the BSD in the SEN[9,10] or mold[3-5] after air injected 

through the SEN, few computational models have been actively developed for studying the complex 

polydispersed bubbly flow in the mold. However, most previous attempts utilized an assumed mean bubble 

size for the simulations of the dispersed gas-liquid flow; but not the local BSD. This assumed size was often 

adjusted based on attempts to match model predictions to some measured result. Moreover, the fluid flow 

pattern and gas void fraction were not always predicted well by assumption of the constant bubble size. 

In order to predict the BSD, the population balance equation(PBE) need to be calculated. Several 

numerical techniques for solving the PBE have been proposed: the Monte Carlo method,[11]  the discrete 

class method,[12] the quadrature method of moments,[13]  and the least square method.[14]  Among these 

available techniques, the discrete class method has received particular interest due to its rather 

straightforward implementation within CFD program. Two kind of discrete class methods are therefore 

adopted in the present work. The Multiple Size Group (MUSIG) model.[2,5,15,16] has been developed to deal 

with polydispersed multiphase flows in which the dispersed phase features a large variation in its 

characteristic sizes. This approach provides a framework in which the population balance model (PBM) can 

be incorporated into three-dimensional calculations. Modelling of two-phase flow in the mold using this 

approach match well with measurements of both flow pattern and bubble size in water models, except near 

to the SEN. [5,15,16] But a series of additional equations have to be solved to accommodate the range of 

bubble sizes and its population changes caused by coalescence and breakage of bubbles. Excessive 

computational calculations are needed to solve a large number of bubble classes for bubbly flow. Recently, 



an average bubble number density (ABND) equation was developed by Cheung et al.[17]  to calculate the 

vertical bubbly flow. The population balance of bubbles is attuned by the equation source terms describing 

the temporal and spatial coalescence and breakage mechanisms. Then Liu et al.[18]  studied the 

polydispersed bubbly flow in the slab continuous casting mold using this approach, comparisons of gas void 

fraction, liquid flow pattern, and local bubble size distribution profiles with experimental measurements are 

provided, showing the applicability and accuracy of the ABND approach in modeling the polydispersed 

bubbly flow in the mold. 

Based on our previous work, the primary aim of this paper is to determine the relative merits and 

capabilities applying two population balance approaches (i.e., MUSIG and ABND models) within the CFD 

framework to resolve the polydispersed bubbly flow in the slab continuous casting mold. Predictions by the 

ABND and MUSIG models are compared against our previous experimental data. 

 

 

Fig.1 - Schematic of bubbly flow in the continuous casting mold 
 

MATHEMATICAL MODELS 

Euler-Euler Two-fluid model 

The mathematical model presented in the present work is based on the Euler-Euler two-fluid model.[19-21] 

The continuity and momentum equations of the two phases can be written as: 
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    The subscripts lh  or g denotes the liquid or gas phase.  

The model proposed by Sato et al. [22] has been used to take account of the turbulence induced by the 

movement of the bubbles. The expression is: 
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Shear Stress Transport model 

The turbulence viscosity is calculated using the Shear Stress Transport (SST) model: 
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The ensemble-averaged transport equations of the SST model are given as: 
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Interfacial Momentum Transfer 

Interfacial momentum transfer exhibits a dominant effect in the multi-phase momentum equations. The 

interfacial force between the two phases is given as follows: 
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    The terms on the right hand side are respectively drag, lift, virtual mass, and turbulent dispersion force. A 

brief description of each interfacial force component is presented below. 
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where 
DC  is the drag force coefficient.  LC is the lift force coefficient. VMC is the virtual mass force 

coefficient. 
TDC is the turbulent dispersion coefficient. 

MUSIG model 

    The MUSIG model employs multiple discrete bubble size groups to represent the population balance of 

bubbles. The individual number density of bubble group-i can be expressed as: 
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where in is the number density of group-i bubbles. BB , BD , CB and CD respectively represent the birth rate 

due to breakup of larger bubbles, the death rate due to breakup into smaller bubbles, the birth rate due to 

coalescence of smaller bubbles, and the death rate due to coalescence with other bubbles.     

   The birth and death rates of bubbles due to turbulence induced breakage are formulated as: 
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   The breakup rate of volume jv into iv is modeled according to the Luo and Svendsen model.[23]   
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where BF is the breakage calibration factor.  

    The birth and death rates of bubbles due to turbulence collision induced coalescence are formulated as: 
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    The coalescence rate considering turbulence collision taken from Prince and Blanch model[24] can be 

expressed as: 
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where CF is the coalescence calibration factor.  

ABND model 

The population balance of dispersed bubbles is mainly governed by three mechanisms of bubble 

coalescence and breakage, which can be expressed in the following ABND transport equation: 
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where n is the average bubble number density. 
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n , and 
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n are the bubble number density changes 

due to random collision, turbulent induced breakage and wake entrainment.  

    The bubble number density for bubbly flow can be defined as: 
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The phenomenological mechanism of coalescence and breakage source terms need closure to describe 

the spatial evolution of the gas phase. An empirical modeling of the source and sink terms for bubble 

coalescence and breakage was developed by Wu et al.[25] For bubble coalescence, two mechanisms were 

considered: the random collisions between bubbles due to turbulence and the wake entrainment process 

due to the relative motion of the bubbles in the wake region of a seeding bubble. Considering the 

characteristic times for binary collision and the mean travelling length between neighboring bubbles, they 

have modeled the random collision rate of bubble coalescence according to: 
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Assuming a spherical bubble travelling with its terminal velocity, the rate of collision caused by wake 

entrainment is expressed as: 
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For bubble breakage, the impact of turbulent eddies was included. The breakage rate of bubbles is given 

by 
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NUMERICAL DETAILS  

Numerical simulations are achieved through using of the generic computational fluid dynamic (CFD) code 

ANSYS-CFX-15.0. Ten bubble groups were specified for the dispersed phases in the MUSIG model. By 

modeling the fundamental mechanisms of bubble breakup and coalescence, population change of each 

group and the overall BSD evolution are explicitly resolved as source terms within the transport equations. 

The ABND equation and different source terms describing the coalescence and breakage of bubbles are 

implemented through the CFX Command Language (CCL). The pressure-velocity coupling was obtained 

using the SIMPLEC algorithm. The third-order QUICK scheme was used for all the convection terms.  

 A mass flow boundary was set at the water inlet of the SEN based on the casting speed. A mass flow 

boundary was set at the air inlet of the SEN, because the diameters of the injected bubbles were unknown, 



uniformly distributed bubble size was specified in accordance with the flow conditions, and all bubbles enter 

into the SEN with an initial bubble diameter of 1mm. A constant pressure outlet condition at the bottom of the 

calculation domain is applied. The top surface of the mold cavity is modeled as degassing boundary 

condition, where dispersed bubbles are permitted to escape, but the liquid is not. Along the walls, no-slip 

boundary condition is adopted. More details can be seen in previous works. [5,15,16,18]    

 

 
Fig.2 - Transient bubble distribution in water model (a) and schematic of calculating the bubble mean diameter (b) 

 
RESULTS AND DISCUSSION  

Gas Void Fraction Distribution 

Figure 2(a) shows a close-up photograph of transient bubble distribution inside the mold obtained by a 

high-speed camera with 1000 frames per second and a laser light-sheet. The polydispersed bubbly flow can 

be clearly seen from this figure. In order to study the BSD along the width of the mold, the region of interest 

in the upper recirculation zone was divided into sixteen equal zones. The zone-1 is adjacent to the SEN and 

the zone-16 is close to the narrow wall of the mold, as shown in Fig. 2(b). Then the population and mean 

sizes of bubbles of each zone were measured through the image analysis software of ImageJ. Three 

different water flow rates and gas flow rates were employed in the present study. 

 

 
 

Fig.3 - Gas void fraction profiles inside the SEN obtained from the MUSIG model (a) and ABND model (b) 

 

Figure 3(a) shows a close-up photograph of transient bubble distribution inside the SEN. It is observed that 

a well-developed “intermediate peak” behavior of void fraction was recorded in the experiment. Most of 

bubbles were transported around the center of the SEN. Few bubbles or low gas void fractions were found 

near the side wall and the bottom of the SEN. At the upper zone of SEN port, a typical “core peak” behavior 

of void fraction was observed. In the process of experiment, it can be seen that many polydispersed small 

bubbles with different sizes would gather in this position, and then form larger bubbles through coalescence. 

Finally, these large bubbles gradually separate themselves from the SEN port and float to the top surface 

near the SEN. Figure 3(b) and (c) shows the void fraction distribution inside the SEN obtained respectively 



from the MUSIG and ABND model. From the result, it is observed that the “intermediate peak” and “core 

peak” behaviors of void fraction had been captured very well by both of models.  

 

 
Fig.4 - Gas void fraction profiles in the mold obtained from the MUSIG model (a) and ABND model (b) 

 

 

Fig.5 - Liquid flow patterns obtained from the experiment (a), MUSIG model (b) and ABND model (c) 

 

 

Figure 4 shows the gas void fraction profiles obtained respectively from the MUSIG model and ABND 

model in the upper recirculation zone with a water flow rate of 21 L/min and a gas flow rate of 1.6 L/min, 



corresponding to the bubble dispersion profile in Fig. 2(a). The fan-shaped gas void fraction distribution have 

been predicted by both of the models, which is similar with the water model experiment result. After entering 

the mold with the water jet, most of the bubbles are crowded together close to the SEN and float upward 

through the upper recirculation zone, and then escape from the top surface. Maximum void fraction located 

at the upper zone of SEN port which is mainly due to the low-pressure in this part. Due to the positive lift 

force, the small bubbles are pushed toward to the narrow wall and some of them are taken deeper into mold 

cavity, this phenomenon can be predicted by the current ABND nodel, as shown in Fig. 4(b).  

 
Liquid Flow Pattern 

Gas injection affects the casting process in part through its influence on the liquid flow pattern. The extent 

of this effect depends on both the gas flow rate and the bubble size. The influence of the gas injection on the 

fluid flow pattern can be seen in Fig. 5(a); it can be seen that part of fluid (up-jet) moved up toward the top 

surface after leaving the SEN port, another part of fluid continues as a down-jet impinge at a slightly higher 

location on the narrow wall, and then forming a recirculation flow after the down-jet impinge on the narrow 

wall. Figure 5(b) and (c) shows the flow pattern in the mold obtained respectively from the MUSIG model and 

ABND model. It can be seen that both of the flow patterns in the upper recirculation zone are similar to the 

flow pattern observed in the water model experiment. Part of the jet flows upward to the top surface when 

exiting the SEN port, another part of fluid continues as a jet impinge on the narrow wall, and then forms a 

recirculation flow.  

 

 

Fig.6 - Predicted bubble Sauter mean diameter distribution and experimental data with  

different water flow rates of (a) 15 L/min, (b) 19 L/min, (c) 23 L/min 

 



 

Fig.7 - Predicted bubble Sauter mean diameter distribution and experimental data with  

different gas flow rates of (a) 0.8 L/min, (b) 1.6 L/min, (c) 2.4 L/min 

 

Bubble Sauter Mean Diameter  

Figure 6 (a) to (c)  illustrates the predicted and measured bubble Sauter mean diameter distributions at a 

constant gas injection rate (1.6L/min) with different water flow rates (15, 19 and 21L/min) along the centerline 

at 25mm below the top surface. From all the results, it is observed that a wide range distribution of bubble 

Sauter mean diameter was found on the side near the SEN. Both the results of MUSIG and ABND show an 

agreement between predicted bubble Sauter mean diameters and measured sizes, both qualitatively and 

quantitatively. Larger bubbles are formed near the SEN where highly concentrated bubbles are having 

greater possibility to coalescence forming bigger bubbles. Smaller bubbles are migrating toward the narrow 

wall of the mold. Figure 7 (a) to (c) illustrates the predicted and measured bubble mean diameter 

distributions at a constant water flow rate (21L/min) with different gas flow rates (0.8, 1.6 and 2.4L/min) along 

the centerline at 25mm below the top surface. In the upper recirculation zone, with increasing the gas flow 

rate, a large amount of bubbles stay together and result in a high gas holdup, consequently, coalescence of 

bubbles takes place in this region and generates larger bubbles. As a result, the peak value of bubble Sauter 

mean diameter becomes larger, but the locations of peak values do not change significantly. The MUSIG 

model tends to predict larger bubble Sauter mean diameter closer to the SEN than the experimental 

measurements. This discrepancy could be attributed to the uncertainties within the MUSIG model in 

specifically evaluating the coalescence and breakup mechanism as only the turbulence random collision 

induced coalescence and turbulence vortex induced breakage are considered in the present work. From all 

the results, it is observed that the ABND model can well predict the bubble mean diameter distribution 

profiles at various conditions and were in satisfactory agreement with measurements. Since the bubble 

Sauter mean diameter is generally closely coupled with the turbulent dissipation rate and interfacial 



momentum forces, better predictions of the bubble diameter could significantly improve the prediction of the 

two-phase flow in the mold. 

 

CONCLUSIONS 

    Euler-Euler two-fluid model coupled with PBM for the polydispersed bubbly flow in a slab continuous-

casting mold is demonstrated through the implementations of the MUSIG model and ABND model. For 

MUSIG model, the Luo and Svendsen model and the Prince and Blanch model are respectively used to 

calculate the breakage and the coalescence of bubbles. For ABND model, the coalescence of bubbles is 

formulated according to the random collision driven by turbulence and wake entrainment, and the breakage 

of bubbles is formulated through considering the impact of turbulent eddies.  

Close agreements for both of models were achieved for the void fraction, liquid flow pattern, and bubble 

Sauter mean diameter against measurements. The “intermediate peak” and “core peak” behaviors of void 

fraction inside the SEN had been captured very well. Finally, the MUSIG model tends to predict larger bubble 

Sauter mean diameter closer to the SEN than the experimental measurements. The ABND model thus can 

be considered as a viable option for a tool in simulating the polydispersed bubbly flow in continuous casting 

mold with reasonable accuracy and less computation. 
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