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a b s t r a c t
A solidification benchmark experiment based on a Sn-10 wt% Pb alloy was performed at the SIMAP
Laboratory in Grenoble, France, to investigate the formation of as-cast structure and macro- and
mesosegregation (Wang et al., 2009; Hachani et al., 2015). The current study simulated this benchmark
using a mixed columnar-equiaxed solidification model. This model was developed by the current authors
(Wu et al., 2006), and recently extended to consider the crystal fragmentation of columnar dendrites as
the source of equiaxed grains. A satisfactory experiment-simulation agreement in the temperature
evolution, the as-cast structure, and the distribution of macro- and mesosegregation, was obtained. By
analysis of the modelling results, new knowledge regarding the formation of the as-cast structure (mixed
columnar-equiaxed) was obtained: The fragmentation-induced equiaxed crystals are transported away
from the front region of the columnar zone by the melt flow; those crystals continue to grow or
re-melt depending on the condition of local constitutional undercooling or supersaturation; the density
of the melt varies with the Pb enrichment in the melt, and the equiaxed crystals can settle down or float
up through the balance of the flow-induced drag force and the gravity-driven sedimentation; it is the
motion of equiaxed crystals that determines the final distribution of the equiaxed zone in this benchmark
experiment; the interdendritic flow and its interaction with the solidification in the front region of the
columnar zone lead to the formation of segregation channels.
Ó 2018 Elsevier Ltd. All rights reserved.

1. Introduction
Laboratory solidification experiments with Pb-Sn and Pb-Zn
alloys, following the configuration of Hebditch and Hunt [1], were
widely used to investigate the formation of as-cast structure and
macrosegregation [2–4]. Recently, a sophisticated AFRODITE setup
with precise control of cooling rate and temperature gradient was
designed, and a series of solidification experiments and postmortem metallographic and compositional analyses of assolidified samples were performed at the SIMAP Laboratory in
Grenoble, France [5–8]. Fig. 1 shows the configuration of the AFRODITE setup. Hachani et al. [7] presented comprehensive results
regarding the temperature measurement, as-cast structure, and
macro- and mesosegregation. Sn-10 wt% Pb alloy was considered.
The current study simulated this benchmark using a mixed
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columnar-equiaxed solidification model, as developed by the
authors [9]. In the original experiments of Hachani et al. [7], both
solidification experiments under forced convection (with electromagnetic stirring) and under natural convection (gravity only)
were performed. In the current study, however, only the experiment under natural convection was numerically investigated.
Previously, simulation studies with different numerical methods were reported for these benchmark experiments [6,10–12].
The cellular automaton and finite element method (CAFE) was successfully used to simulate the equiaxed distribution and the global
macrosegregation [10,11]. The drawback of this stochastic method
is that, in additional to the high computational cost due to the vast
number of equiaxed crystals, the mesosegregation (segregation
channels) and the equiaxed crystals as created by fragmentation
have not been resolved. The multiphase volume or ensemble averaging technique was proposed to model the dendritic solidification
of columnar or/and equiaxed structure [12–16]. By introducing a
concept of grain envelope, the extra- and interdendritic melts,
whose concentrations are significantly different, can be considered
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Fig. 1. Configuration of the AFRODITE setup [7]: (a) Schematic view of the experimental facility, (b) geometry and boundary conditions of the benchmark casting, and (c)
temperature history experimentally applied at the boundaries of the hot and cold walls. (b) and (c) are reprinted from publication [7], with permission from Elsevier.

as different phases or phase regions. However, the more the phase
regions, the larger the computation resource is demanded. To treat
the mixed columnar-equiaxed solidification with dendritic morphology, five phase region are necessarily considered [14,15].
Therefore, some people used a mixture continuum solidification
model [6,17] to calculate the macro- and mesosegregation. A drawback of the continuum solidification model is that it fails to distinguish the free-moving equiaxed crystals from the stationary
columnar structure. A three-phase volume-average-based model
was proposed by Wu et al. [9,18] to simulate the mixed
columnar-equiaxed solidification. The tracking of the columnar
tip front, the formation of equiaxed crystals based on the heterogeneous nucleation and the motion of equiaxed crystals, were
considered.
This model has been satisfactorily applied to investigate the formation of as-cast structure (mixed columnar-equiaxed) and
macrosegregation in steel and aluminium alloy ingots [19,20],
and it was also applied to study the macrosegregation as observed
in the Hebditch-Hunt benchmark experiments [21,22].
Unfortunately, the previous volume-average-based model has
ignored the fragmentation phenomenon, which was believed to
be the most important source of equiaxed crystals in the Sn-10
wt% Pb benchmark solidification experiment [7]. Therefore, the
three-phase mixed columnar-equiaxed solidification model was
recently extended by incorporating the crystal fragmentation of
columnar dendrites as a source of equiaxed crystals [23]. It is this
extended model that is used for the current study.

One goal of this work is to further validate the mixed columnarequiaxed solidification model by ‘reproducing’ the benchmark
experiment. The ultimate goal is to explain the formation of the
special pattern of as-cast structure and the macro- and mesosegregation. According to Hachani et al. [7], no comprehensive explanation to them has yet been achieved.
2. Model description
A three-phase mixed columnar-equiaxed solidification model
[9] was adopted. The key features and assumptions are:
(1) The three phases are the primary melt, equiaxed, and columnar phases. Their volume fractions are quantified by f ‘ , f e
and f c , and f ‘ þ f e þ f c ¼ 1. Both the liquid and equiaxed
phases are moving phases, and the corresponding NavierStokes equations are solved. The columnar phase is assumed
to be rigid and stationary.
(2) Columnar trunks (morphology) are approximated by stepwise cylinders, originating from the mould wall. Equiaxed
crystals originate from fragmentation (see further description herein). To calculate the growth of equiaxed grains, a
globular (spherical) morphology is assumed. However, to
calculate the drag force and other hydrodynamic interactions, a simplified dendritic morphology of equiaxed crystal
is considered. This simplified dendritic morphology is
described by an equiaxed grain envelope, which includes
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the solid ‘dendrite’ and the inter-dendritic melt. The volume
ratio of the solid ‘dendrite’ to the equiaxed grain envelope is
predefined: fsi. In this study, fsi is set as a constant value
(0.5).
(3) When the volume fraction of the equiaxed grain envelope
Env

(f e = fe/fsi) reaches the blocking criterion f e;CET (=0.49) at
the columnar tip front, the columnar-to-equiaxed transition
(CET) occurs [24]. In the opposite scenario, the columnar
phase can also grow from the packed equiaxed zone, and
equiaxed-to-columnar transition (ECT) occurs [25].
(4) The interactions between neighbouring equiaxed crystals
and their influence on the motion of the equiaxed phase is
modelled by a so-called effective viscosity (le ) [26], which
increases with the volume fraction of the equiaxed phase.
When the volume fraction of the equiaxed phase grain
reaches the packing limit f e;packing (=0.637), le
envelope fEnv
e
increases to infinity, and a rigid network of equiaxed crystals
is built.
(5) The presence of the columnar structure influences the
motion of equiaxed crystals. The equiaxed crystals can be
captured by the columnar dendrite trunk when the local volume fraction of the columnar phase reaches a critical value
free

of f c ¼ 0:2.
(6) Resistance of the mushy zone (columnar phase) to interdendritic flow is calculated using a permeability law according
to Blake-Kozeny [27]. The drag force coefficient K ‘c for the
liquid-equiaxed interaction is treated according to KozenyEnv

Env

Carman for f e < 0:7, and Blake-Kozeny for f e P 0:7 [27].
(7) The solidification of the columnar phase competes with that
of the equiaxed crystals. The solidification of both columnar
trunk and equiaxed crystals is governed by diffusion; the difference between equilibrium and volume-averaged melt
concentrations (c‘  c‘ ) is the driving force for the solidification. If the driving force (c‘  c‘ ) < 0, remelting would occur.
(8) In this study, fragmentation of columnar dendrites is considered as the only source of equiaxed crystals. Following the
consideration that solute-driven remelting of secondary or
high-order dendrites is the key mechanism for fragmentation [27–32], a new formula was proposed for the
fragmentation-induced
mass
transfer
rate
[23]:
!
M ce ¼ c  u ‘  rc‘  qe . This means that an interdendritic

*

flow in the columnar zone u ‘ against the direction of the
melt concentration gradient (rc‘ ) increases the local constitutional supersaturation, hence promoting remeltinginduced fragmentation. Here, a fragmentation coefficient, c,
is assigned to bridge the unknown correlation between M ce
and the increase rate of constitutional supersaturation. The
details can be found in Appendix A.

3. Benchmark configuration
The dimension of the casting sample (calculation domain), the
boundary, and initial conditions were rigidly derived from the
benchmark experiment [7], as shown in Fig. 1. The experiment
used two lateral heat exchangers, allowing input/extraction of
the heat into/from two vertical sides of the sample. The geometry
of the sample was a quasi-two-dimensional rectangular ingot with
size 100  60  10 mm3. The stage of melt preheating (homogenization of the melt temperature), which was necessary during
experiment, was ignored in the numerical simulation. Thus, the
melt was assumed to be homogeneous in temperature before
solidification. As solidification started, the imposed temperatures
were applied at both lateral side walls (Fig. 1(c)). The temperature
difference between the two lateral walls was 40 K, and the cooling
rate (CR) was 0.03 K/s. The front/back and top/bottom walls were
treated as adiabatic.
The alloy was Sn-10 wt% Pb. A linearized Pb-Sn binary phase
diagram, with a constant solute partition coefficient k and a constant liquidus slope m, was used. Other thermodynamic and thermal physical data/properties are listed in Table 1 The transport of
equiaxed crystals due to sedimentation played an essential role in
this benchmark experiment. The density of solid equiaxed
dendrites was reasonably assumed constant (7950 kg m3), but
the liquid density was strongly dependent on the solute (Pb) mass
fraction [33,34], as is shown in Fig. 2.
Several auxiliary quantities were used to analyse the
macrosegregation [35,36]: the mixture concentration, cmix ¼
macrosegregation
ðc‘ q‘ f ‘ þ cc qc f c þ ce qe f e Þ/ðq‘ f ‘ þ qc f c þ qe f e Þ;
index, cindex ¼ ðcmix  c0 Þ  100=c0 ; and the global macrosegregaRRR
tion intensity, GMI = ð Vdomain jC index jdv Þ=Vdomain . The model was
implemented within the framework of the CFD software, ANSYSFluent, Version 14.5. All simulations were performed in parallel

Table 1
Material properties and other parameters.
Symbol

Units

Nominal concentration of alloy (Pb)
Liquidus temperature
Melting point of solvent (Sn)
Eutectic composition
Eutectic temperature
Liquidus slope
Equilibrium partition coefficient
Reference density
Solid density
Specific heat

c0
Tliq
Tf
ceu
Teu
m
k

1
K
K
1
K
K
1
kg m3
kg m3
J kg1 K1

0.1
492.14
505
0.381
456
128.6
0.0656
7000
7950
260

Thermal conductivity
Latent heat
Viscosity
Liquid thermal expansion coefficient
Primary dendritic arm spacing
Secondary dendritic arm spacing
Diffusion coefficient (liquid)
Diffusion coefficient (solid)
Initial temperature
Gibbs-Thomson coefficient
Fragmentation coefficient

k‘ , ke , kc
L

W m1 K1
J kg1
kg m1 s1
K1
M
M
m2 s1
m2 s1
K
mK
1

55.0
6.1  104
1.0  103
6.0  105
2.25  104
6.5  105
4.5  109
1  1012
492.14
6.5  108
0.1

qref
qe, qc

c‘p , cep , ccp

l‘

bT
k1
k2
D‘
Dc , De
T0

C

c

Ref.
[33]
[33]
[33]
[37]
[33]
[33]
[33]
[34]
[33]
[33]
[33]
[33]
[33]
[38]
[33]
[39]
[39]
[33]
[38]
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on a high-performance cluster (2.6 GHz, 12 cores). It takes approximately 30 days for a three-dimensional (3D) simulation and
approximately 10 days for a 2D case.
4. Results
4.1. Solidification sequence

e

c
Fig. 2. Melt density as function of solute (Pb) mass fraction in the Sn-Pb alloy
[33,34].

u

The calculated solidification sequence is shown in Fig. 3. To
assist in the result description, the global solidification and melt
flow patterns are schematically drawn in Fig. 3(a.x). A full 3D calculation was performed, but here only the result on a vertical section at z = 0.003 m is presented. The reason for showing the result
on this section rather than on the symmetry section z = 0.0 m is
that no obvious segregation channel appears on the symmetry section. Although the casting configuration is quasi-two-dimensional,
the calculated mesosegregation (channel segregation) has the nature of full 3D, i.e. the main channel does not appear in the casting
centre, but quite close to the casting surface. The time is accounted
from the start of the cooling stage (Fig. 1(c)).
At 30 s, a clockwise thermal convection with maximum velocity
3.7  102 m/s developed (Fig. 3(b.1)). As the superheat of the melt

c index

ue , max

fe

, max

c index

fc

c index

ue , max
fe

u

c index

, max

fc

u

ue , max

fe

, max

fc

u

, max

fc

u

, max

ue , max

fe

u e ,max
fc

fe

c index

c index

c index

c index

c index

c index

Fig. 3. Solidification sequence of the benchmark (on the plane z = 0.003 m): (a.x.) Schematic of solidification regions and global melt flow pattern, (b.x.) liquid velocity
overlaid with fc isoline, (c.x.) equiaxed velocity overlaid with fe isoline (d.x.) contour of the macrosegregation index (cindex ). cindex are shown in the colour scales with blue for
the minimum (or negative extreme), and red for the maximum (or positive extreme).
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is extracted from the cold wall (right side) and the temperature
there drops gradually below the liquidus temperature, the columnar trunks start to grow. A columnar-liquid mushy zone forms, and
in the mushy zone, equiaxed crystals are produced because of the
fragmentation. Equiaxed crystals have the tendency to sediment
on the bottom because the density of the equiaxed phase is larger
than that of the liquid. The lower-right corner is the place where
equiaxed crystals first accumulate (Fig. 3(c.1)). At this early stage
of solidification, the macrosegregation over the domain is negligibly small (Fig. 3(d.1)).
At 360 s, the columnar phase region on the right side of the
benchmark extends leftwards (Fig. 3(a.2)–(b.2)). The velocity of
the liquid decreases dramatically, and its maximum value is
approximately 7.1  103 m/s. In the mushy zone, the liquid can

flow through the columnar dendrites, initializing the segregation
channels (Fig. 3(b.2) and (d.2)). Equiaxed crystals are produced
continuously near the columnar front by fragmentation, but they
are brought into the bulk region. The maximum velocity of the
equiaxed crystals is approximately 3.8  102 m/s. It is larger than
that of the liquid, and the region with high velocity is located near
the columnar front. The accumulated equiaxed region is spread
along the bottom surface of the benchmark (Fig. 3(c.2)).
From 360 s to 725 s, the liquid velocity deceases gradually.
More segregation channels are observed in the columnar region
(Fig. 3(b.3) and (d.3)). More equiaxed crystals are produced in
the region near the columnar tip front (Fig. 3(a.3)). In the middle
bottom region of the benchmark, the equiaxed phase forms a
packed zone. In the bulk region near the hot wall, equiaxed crystals
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float up, or sink down to the lower-left region where remelting of
the crystals occurs (Fig. 3(c.3)).
As solidification proceeds to 1275 s, the columnar front continues to grow (Fig. 3(a.4)), and more segregation channels form in
the columnar region (right) (Fig. 3(d.4)). Solute (Pb) enrichment
in the liquid phase increases the liquid density, hence decreasing
the density difference between the liquid and equiaxed phase. It
becomes easier for liquid to sweep the equiaxed crystals with
the upward melt flow. A portion of equiaxed crystals is even
brought upwards by a vortex (Fig. 3(b.4)–(c.4)). Some small
equiaxed crystals are brought upwards to the upper-left corner
region. They grow, and then settle down. One can also see that
some newly formed crystals by dendrite fragmentation attach to
the packed equiaxed network in the bottom near the vortex
(Fig. 3(c.4)). The solute enriched melt, which becomes denser and
heavier, starts to accumulate in the bottom-left region of the
benchmark, resulting in a positive macrosegregation in the
lower-left corner (Fig. 3(d.4)).
At 2392 s, the velocities for both liquid and equiaxed phases
vanish. The right part of the benchmark is composed of the
columnar phase with negative macrosegregation and positive segregation channels. The lower-left part is dominated by a soluteenriched phase (rest eutectic) with positive macrosegregation.
There is an equiaxed region on the upper-left corner (Fig. 3(c.5)),
which extends to the middle bottom region. The solidification does
not end yet, and the final as-cast structure and macrosegregation
remain nearly unchanged during the rest solidification.

4.2. Comparisons with the experimental measurements
4.2.1. Temperature field
The calculated temperature field is compared with the experimental measurement (Fig. 4). As the temperature gradient builds
up during the early stage of solidification (Fig. 4(a.1)), a clockwise
convection forms and distorts the isotherms. Afterwards, as the
solidification front advances and the flow magnitude decreases,
the isotherms gradually become vertical (Fig. 4(a.2) and (a.3).
The simulation results agree well with the experimental measurement (Fig. 4(b.1)–(b.3)). However, the global temperature,
especially near the hot side wall, is slightly overestimated by the

simulation. The reason may be the heat loss through the front/back
and top/bottom walls, which is ignored by the numerical simulation. In the experiment, minor heat loss from those walls would
occur [5,40].
4.2.2. As-cast structure
Comparison of the as-cast structure between simulation and
experiment is shown in Fig. 5. The general appearance of them is
quite similar. The upwind tiled columnar structure region is
located in the left side. A small second columnar structure region
is observed in the lower-left corner, where the volume fraction of
rest eutectic is predicted quite high by the simulation. The
equiaxed structure is located in the upper-left region, which
extends to the middle bottom. The equiaxed zone is enclosed
between two lines, which indicate the CET.
4.2.3. Macrosegregation
The macrosegregation between simulation and experiment is
compared in Fig. 6. Numerically, the most positive macrosegregation (up to 25 wt% Pb) is located near the left side wall where
the melt solidifies at the late stage, and the negative macrosegregation is located in the upper- right side of the benchmark. Near the
lower-right corner, several segregation channels are observed in
Fig. 6(a). Pb concentration in the segregation channels reaches
16 wt%. The numerically predicted segregation map (Fig. 6(a))
agrees qualitatively with the experimental results, as measured
by two different methods. Fig. 6(b) shows the Pb distribution as
measured by chemical analysis with technical inductively coupled
plasma (ICP). It is mapped on the basis of 50 discrete measurements over the longitudinal section of the benchmark. Fig. 6(c)
shows X-radiography of the as-solidified benchmark. Mesosegregation (channel segregates) can be clearly observed. The contrast
of the X-radiography can provide only a qualitative evaluation of
the relative Pb concentration. A quantitative segregation map
(Fig. 6(d)) is made through digital processing of the
X-radiography, and then calibrated by the chemically analysed
quantities from Fig. 6(b).
A 3D view of segregation channels is presented by the isosurface of 12 wt% Pb (Fig. 7). The channels form preferentially
along the mould walls. Only some small discontinuous channel
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c [wt.%Pb]

18

18

2

2

(b)

(a)

c [wt.%Pb]

18

2
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(d)

Fig. 6. Macrosegregation: (a) simulated macrosegregation (wt.% Pb) on the plane z = 0.003 m, (b) Pb concentration map measured by the chemical method coupled with
technical inductively coupled plasma, (c) X-radiography of the as-solidified benchmark, and (d) Pb concentration map digitally processed from (c), and calibrated by the
concentration value in (b). (b), (c) and (d) are reprinted from publication [7], with permission from Elsevier.
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Fig. 7. 3D view of iso-surface of 12 wt% Pb, coloured by Pb-concentration from 2 wt
% (blue) to 18 wt% (red). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

pieces in the casting centre are found. Most channels are in the
form of tubular structures. There are also some lamellarstructured channels, which connect the bottom Pb-enriched zone.
Views of macrosegregation in slices perpendicular to the front/
back walls at nine positions, corresponding to 10, 20, 30, 40, 50, 60,
70, 80, and 90 mm from the cold wall of the as-solidified
benchmark, are shown in Fig. 8. X-radiographs of the nine
transverse-cut slices were made, and compared with the numerical
simulation. The experimental slices were made perpendicularly to
the front/back walls, but the views of X-radiographs were turned
by 90°. Note that this comparison can be made only qualitatively,
because each X-radiograph represents an integration of the X-ray
signal through the thickness of each slice (5–6 mm), whereas the
numerical result is the segregation map on the section. The contrast intensity of the X-radiographs is attenuated by the averaging
over the thickness, probably resulting in the ignorance of the mini
channels there. Generally, the simulation-experiment agreement is
good. The global locations of the intensive Pb-enriched areas as
predicted by simulation coincide with lighter areas as detected
by the X-radiographs. The fact of the occurrence of channel segregates and their locations seem to agree with each other as well. The
main differences between the simulation and the experiment are
as follows. The concentrated positive segregation of Pb in the
lower-left corner region seems to be overestimated by the simulation, and the transition from the high Pb-enriched region to the
lower Pb-enriched region is numerically calculated more clearly
than the experimental result (X-radiographs show a smoother
transition from the very light region to the grey region). Exact locations of the segregation channels do not match the experimental
results, and the average size (diameter) of the channels is also
overestimated by the numerical simulation. It is known that one
reason for this mismatch is the mesh size, which was discussed
in previous reports [21,22].
Quantitative comparison of the macrosegregation profiles along
horizontal lines (x direction) were made between the simulation
and experiment (Fig. 9). Experimental measurements of Pb concentrations were made by the chemical method coupled with ICP. Fifty
samples were extracted by drilling holes from the as-cast benchmark, at height y = 0.05, 0.04, 0.03, 0.02, and 0.01 m. This means
that for each height, ten samples were drilled with equal intervals
along the x direction. The mass used for chemical analysis was
approximately 200 mg from each drilled sample. It is assumed that
the measured Pb-concentration represents the mean value of the
drilled sample, i.e. the mean Pb-concentration through the sample
thickness (z direction). In order to make the simulationexperiment comparison meaningful, the simulation curves of
Fig. 9 were also made by averaging the values through the sample
thickness. In principle, the experimental points (data) and the simulation curves show a similar distribution tendency, but the

(b)
Fig. 8. Views of macrosegregation in slices perpendicular to the front (or back) side
wall at positions 1–9, corresponding to 10, 20, 30, 40, 50, 60, 70, 80, and 90 mm
from the cold wall: (a) Contours of Pb concentration predicted by simulation, and
(b) X-ray photographs of the slices centred on the abovementioned positions
(lighter colours correspond to Pb-rich zones). (b) is reprinted from publication [7],
with permission from Elsevier.

numerical simulation seems to have overestimated the macrosegregation intensity. The calculated maximum positive segregation
in the lower-left region (Fig. 9(e)) and the maximum negative segregation in the upper-right region of the benchmark (Fig. 9(a)) are
larger than the experimental results. Additionally, some simulation
curves (e.g. Fig. 9(e)) show clear fluctuation, sometimes varying
between local minimum and maximum, indicating the line crossing the CET border or crossing the segregation channels; however,
this kind of fluctuation cannot be seen experimentally. There is
only one experimental point (close to the cold wall in Fig. 9(e)) that
reaches a concentration of 20 wt% Pb, indicating probable channel
segregation. From the X-radiographs (Fig. 6(c) and (d)), a few more
channels can be identified. Those channels were obviously missed
by the chemical analysis in Fig. 9.
5. Discussion
To understand the formation of the as-cast structure and
macrosegregation, analyses of the numerical results and numerical
parameter studies were made. In the previous section, a 3D simulation result was presented. This section is mostly based on the 2D
calculations for purposes of enhancing the computational efficiency. Numerical factors, including the dimension (2D/3D) and
mesh size, would influence the calculation accuracy [41]. A comparison between 3D and 2D calculations is shown in Fig. 10. Details
about the distribution of the equiaxed phase, and the number and
shape of the segregation channels, are slightly different between
the 3D and 2D calculations. However, the global distribution of
the as-cast structure, macrosegregation, and occurrence and location of segregation channels are quite similar. Sensitivity of the
simulation result to the grid size is further analysed in §5.4.

946

Y Zheng et al. / International Journal of Heat and Mass Transfer 122 (2018) 939–953

30

30

Exp.
Sim.

30

Exp.
Sim.

25

15
10
5
0

20
15
10
5
0

0.00

0.02

0.04

0.06

0.08

0.10

20
15
10
5
0

0.02

0.00

Distance from left wall [m]

0.04

0.10

0.08

0.06

0.00

30

0.02

0.04

0.06

0.08

0.10

Distance from left wall [m]

Distance from left wall [m]
(b)

(a)

(c)

30

Exp.
Sim.

25

Exp.
Sim.

25

20

cmix [wt.%Pb]

cmix [wt.%Pb]

Exp.
Sim.

25

cmix [wt.%Pb]

20

cmix [wt.%Pb]

cmix [wt.%Pb]

25

15
10
5
0

20
15
10
5
0

0.00

0.02

0.04

0.06

0.08

0.10

0.02

0.00

Distance from left wall [m]

0.04

0.06

0.10

0.08

Distance from left wall [m]
(e)

(f)

Fig. 9. Comparison of Pb-concentration obtained by ICP analysis (squares) with the simulation along the horizontal lines (x direction): (a)–(f) correspond to five different
heights at y = 0.05, 0.04, 0.03, 0.02, 0.01 m. The simulation curves are post-processed by averaging the values through the thickness (z direction).

f

e

3D

[-]
1

y

y
z

e

3D

80

0

f

c index [-]

x

-80z

(a)
2D

[-]

x

(b)

c index [-]

2D

80

1

-80

0
(c)

(d)

Fig. 10. Comparison of 3D and 2D simulations: (a) fe and (b) cindex contours on the plane z = 0.003 m of the 3D simulation, and (c) fe and (d) cindex contours of 2D simulation.
Mesh sizes for both simulations are the same (1 mm).

5.1. Origin of equiaxed crystals by fragmentation
The production rate of fragments is quantified by N frag , which is
derived from the fragmentation-induced columnar-to-equiaxed
mass transfer rate [23], as calculated by the formula
!
Mce ¼ c  u ‘  rc‘  qe , with an assumption of the size of newly
0

created fragments (de;frag ) equal to k2 f c . Details about the fragmentation model, i.e. formula precisely, are described in Appendix A.
This formula is suggested on the concept that the solute-driven
remelting is the dominant mechanism for fragmentation [28–32],
and transport of the solute-enriched melt by the interdendritic

flow in the columnar-growth direction (or against the rc‘ direction) enhances the remelting. Additionally, the flow in the
columnar-growth direction is a necessary condition to transport
fragments out of the mush zone [42].
!
A detailed analysis of u ‘ , rc‘ and the production rate of fragments N frag is made in Fig. 11. The dendrite fragments are mostly
produced near the columnar tip front. A global flow pattern is in
the clockwise direction and it has the largest velocity near the
columnar tip front (Fig. 11(a) and (b)). The columnar tip front is
approximated by f c ¼ 0:02. Along the columnar tip front, the flow
!
direction ( u ‘ ) is slightly tilted outwards from the columnar mushy
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Fig. 11. Formation of equiaxed crystals by fragmentation (at 600 s). (a) Distribution of production rate of fragments N frag with columnar tip front approximated by f c ¼ 0:02;
*
!
(b) liquid velocity u ‘ ; (c) liquid concentration(c‘ ) overlaid with vector rc‘ ; (d) equiaxed volume fraction f e and its velocity u e ; (e) zoomed-in view of N frag in Zone 1 overlaid
*
with the liquid velocity u ‘ (red) and liquid concentration gradient rc‘ (white). (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)

zone (Fig. 11(e)). The direction of rc‘ is always towards the columnar mushy zone, i.e. against the columnar tip growth direction
(Fig. 11(c)). This kind of flow favours the fragmentation. A
zoomed-in view (Zone 1) of the fragmentation region (Fig. 11(e))
provides more details about the distribution of N frag . The liquid
velocity and liquid concentration gradient are shown in vectors:
!
u ‘ in red and rc‘ in white. The angle between the two vectors
indicates the possibility of fragmentation. When it is larger than
90°, fragmentation may occur. No fragments can be produced
when it is smaller than 90°. The non-homogenous distribution of
N frag is caused mainly by the instable flow along the columnar tip
front. Both the velocity magnitude and flow direction oscillate
along the columnar tip front, causing the non-homogenous distribution of N frag . Note that one modelling parameter is introduced:
the fragmentation coefficient c. All unknown factors contributing
to fragmentation, such as the curvature effect of the dendrites,
latent heat-induced thermal fluctuation, and diffusion in the interdendritic melt, were included in the single c. This parameter
should be determined experimentally. The previous numerical
parameter study [23] by varying c (from 0.01 to 10.0) suggested
a constant value (0.1) for the alloy Sn-10 wt% Pb. The simulationexperiment agreement for the current benchmark verifies that
the value of 0.1 for c is a reasonable choice for this alloy.
5.2. Formation of the equiaxed zone
As shown in Fig. 5(d), an accumulated equiaxed zone was
obtained in the upper-left corner region of the as-solidified benchmark casting, and this region extends to the middle bottom. Similar results are predicted numerically (Fig. 5(a)–(c)). This is due to

the transport of the equiaxed crystals. As shown in Figs. 3 and
11, all equiaxed crystals originate by fragmentation near the
columnar tip front. The fragmentation-induced crystal fragments,
i.e. equiaxed crystals, are transported out of the columnar mushy
zone. They tend to sink down along the columnar tip front because
its density is higher than that of the liquid melt, but in the meantime the melt flow also tries to bring them into the bulk region (left
side). Because the density of the melt is strongly dependent on the
solute enrichment of the melt (Fig. 2), the equiaxed crystals can
settle down or float up through the balance of the flow-induced
drag force and the gravity-driven sedimentation. In the early stage
of solidification, the density of the solid (qe ) is much larger than
that of the melt (q‘ ); hence, the equiaxed crystals are prone to
accumulate in the bottom region. In the late stage, however, with
the gradual enrichment of Pb in the melt, the density difference
(Dqe‘ = qe  q‘ ) becomes sufficiently small so that the drag force
by melt flow can easily overwhelm the buoyancy force.
A detailed analysis of the crystal movement and the melt flow
in the period from 1100 s to 1540 s is shown in Fig. 12. The newly
formed fragments/equiaxed crystals along the columnar tip front
sink downwards, driving a clockwise melt flow in the bulk melt
pool. Both liquid and equiaxed phases are coupled by the drag
force, which is according to Wang et al. [43]. As the downward
melt stream along the columnar tip front meets the bottom region,
it is ‘forced’ to change the direction. This sharp change of the flow
direction causes to form a small clockwise vortex (Fig. 12(a.x)).
This vortex is located in the low-right corner of the bulk melt pool.
It is this vortex that carries a certain amount of equiaxed crystals
away from the columnar tip front (Fig. 12(b.x)). In the ‘eye’ of
the vortex, a relatively high volume fraction of equiaxed phase is
distributed. As time proceeds, the whole area of the melt pool
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Fig. 12. Transport of crystal crystals during solidification in the period from 1100 s to 1540 s: (a.x) liquid velocity u ‘ overlaid with the isoline fc = 0.02. Liquid velocity is shown
*
in the region where the liquid volume fraction f ‘ is between 0.1 and 1; (b.x) distribution of fe overlaid with equiaxed velocity u e and isoline fc = 0.02. Equiaxed velocity is
shown only in the region where fe is between 0.001 and 1.

shrinks gradually (Fig. 12(a.2)–(a.4)). Correspondingly, the small
vortex moves from the middle bottom region towards upper-left
part of the benchmark, leaving a trail of distribution band of
equiaxed phase (Fig. 12(b.2)–(b.4)). It can be anticipated that the
crystal-carry vortex contributes significantly to the accumulated
equiaxed zone of Fig. 5.

To demonstrate the role of the crystal movement in the formation of the as-cast structure, two extreme cases were calculated.
Case (a) assumed a constant Dqe‘ ¼ 150 kg=m3 , i.e. the equiaxed
is slightly lighter than the melt; Case (b) assumed a constant Dqe‘ =
950 kg/m3, i.e. the equiaxed is significantly heavier than the melt.
Both cases ignored the density change of the melt with the Pb
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enrichment. Calculation results are shown in Fig. 13. Although the
melt flow patterns for both cases are quite similar, the movements
of the equiaxed crystals are completely different; hence, different
as-cast structures are predicted. In Case (a), fragmentationinduced equiaxed crystals are first brought out of the columnar
mushy zone, and then most of them float up to the top of the
benchmark. In Case (b), fragmentation-induced equiaxed crystals
try to settle down immediately, but most of them are captured in
the columnar phase region. Only a small portion of them are
brought out of the columnar mushy zone, and then are transported
and accumulate in the left corner region of the benchmark. Obviously, none of these cases with a constant Dqe‘ can ‘reproduce’
the as-cast structure (Fig. 5(d)) as obtained experimentally.

5.3. Channel segregates (mesosegregation)
Channel segregates, also called mesosegregation or segregation
channels, start and grow in the region of the columnar tip front
(Fig. 3). In the as-solidified benchmark, those channel segregates
are located in the lower part of the columnar structure (Figs. 5
and 6). A previous study by the current authors [21,22] found that
channel segregates develop in two steps, i.e. the onset and the
channel growth. Onset of the channel is caused by the mush (or
convection) instability, which can be analysed in terms of the
mush zone Rayleigh number (Ra) [44,45]. If Ra is larger than a critical value (0.12–0.24), a channel would initialize. However, the Ra
criterion alone is not a sufficient condition to predict the channel
formation. The onset channel must continue to grow into a stable
channel by the resulting interdendritic flow-solidification interaction. This flow-solidification interaction can be analysed by the
!
!
interaction term, u ‘  rc‘ . The sign of this term, u ‘  rc‘ , can be
used to distinguish two solidification regions: a suppressed solidification region, where the sign of the flow-solidification interaction
term is negative (flow is in the opposite direction of the liquid
concentration gradient); and an accelerated solidification region,
where the sign of the flow-solidification interaction term is
positive (flow is in the same direction of the liquid concentration

e

f
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gradient). Channels can occur only in the suppressed solidification
region, where an increase in local flow caused by a flow perturbation is reinforced by the resulting suppressed solidification. This
scenario occurs in the lower part of the columnar tip front region.
In this situation, the flow becomes unstable and channels continue
to grow. Channels do not form in the accelerated solidification
region, where an increase in local flow intensity due to flow perturbation is throttled by the resulting accelerated solidification. In this
latter case, flow perturbation is stabilized by flow-solidification
interactions, and it does not matter whether the Ra criterion for
the onset of channels is fulfilled. For example, in the upper part
of the columnar tip front region, the Ra criterion could also be fulfilled, but no channel would occur there.
This paper will not repeat the analysis of the previous work
[21,22], but a suppressed solidification region, where channels
develop, is shown with more detail (Fig. 14). Channels are
characterized by the lower solid fraction region, corresponding to
the region of high cindex. The positive direction ofrc‘ during this
stage of solidification is always rightward (Fig. 11(c)); the flow in
the channel is left-downward, as shown in Fig. 14(a.2). The sign
!
of u ‘  rc‘ in the channel is negative, i.e. the solidification is suppressed. In the neighbouring region (channel wall), however, the
flow is conducted towards the channel, which is much more per!
meable. The sign of u ‘  rc‘ in the neighbouring region (channel
wall) is no more negative, i.e. solidification might be accelerated
there. With this kind of flow-solidification interaction, the channel
becomes stable.
The view of the transverse section (Fig. 14(a.3)–(b.3)) shows
that the channels occur preferentially near the wall, which coincides with other numerical studies [6,46] as well as with the current benchmark (Fig. 8(b)) and other experiments [47].
5.4. Grid sensitivity
Calculations with four mesh sizes (0.8, 1.0, 1.5, and 2.0 mm)
were performed. Fig. 15 shows the equiaxed phase distribution
and macrosegregation at the end of solidification. A CET line

e

e

0.70

0

Fig. 13. Influence of density difference between equiaxed phase and melt (Dqe‘ ) on the formation of as-cast structure. Two cases are calculated: (a.x) with Dqe‘ = 150 kg
m3; (b.x) with Dqe‘ = 950 kg m3. The upper row (a.1) and (b.1) are the simulation results of the f e distribution in the as-solidified benchmark; the lower row (a.2) and (b.2)
are schematics of the melt flow and equiaxed movement (black dashed lines indicate the circulation of melt flow and red arrows indicate the moving direction of equiaxed
crystals).

950

Y Zheng et al. / International Journal of Heat and Mass Transfer 122 (2018) 939–953

Fig. 14. Analysis of channel segregation during the early stage of solidification (at 700 s): (a.1) solid fraction (f e þ f c ) on the plane z = 0.003 m; (a.2) zoomed-in view (Zone A),
superimposed with liquid velocity; (a.3) solid fraction on the transversal section contour along A–A0 ; (b.1) macrosegregation (cindex ) on the plane z = 0.003 m; (b.2) zoomed-in
view (Zone B); (b.3) macrosegregation on the transversal section along B-B’. This result is taken from the 3D calculation.

separates the columnar and equiaxed regions (Fig. 15(a.x)).
Macrosegregation distributions are compared in Fig. 15(b.x). It
does not seem possible to possess a grid-independent result, especially regarding to the distribution of equiaxed area and the details
of the channel segregates (mesosegregation), but the global as-cast
structure and macrosegregation pattern are similar for all cases.
The area of the equiaxed zone, as bordered by the CET line, remains
nearly unchanged when the mesh size is smaller than Dx = 1.5
mm. All cases have predicted the occurrence of channel segregates
in the lower-right corner of the benchmark (columnar structure
region). A tendency is clear, that with the decrease in grid size from
2.0 to 0.8 mm, the modelling results of the macrosegregation distribution and segregation intensity tend to converge. The cindex
value for all cases ranges from 86 to 230. The cindex range does
not significantly change when the mesh size decreases to smaller
than Dx = 1.0 mm. The global macrosegregation intensity (GMI)
reflects the overall macrosegregation intensity in the domain,
and it seems to approach a convergent result (60.7) when the mesh
size is smaller than 1.0 mm.
One can safely conclude that the mesh size of 1 mm, as used for
this study, can reliably resolve the global as-cast structure and
macrosegregation pattern, and even predict the occurrence (or
probability/risk of occurrence) of channel segregates. Fine details
of the channel segregates, i.e. the number of channels and segregation intensity in the channels, are not solvable with the current
mesh resolution. A similar conclusion was also drawn in other
studies [21,22,48]. One origin of this mesh sensitivity of the channel segregates might be the flow in the high liquid volume fraction

(in the front of the columnar mushy zone), which is highly sensitive to the mesh size [17].
6. Conclusions
A solidification benchmark experiment based on Sn-10 wt% Pb
alloy as performed at the SIMAP Laboratory in Grenoble, France
[7] was numerically ‘reproduced’ by a mixed columnar-equiaxed
solidification model [9]. The experiment-simulation agreement in
the temperature evolution, as-cast structure, and macro- and
mesosegregation further verified the numerical model. By analysis
of the modelling results, the following knowledge/conclusions
were obtained:
(1) Understanding of the formation of the as-cast structure
(mixed columnar-equiaxed), as observed experimentally,
was improved. The columnar structure developed first from
the cold wall. The fragmentation-induced equiaxed crystals
are transported away from the front region of the columnar
zone by the melt flow. Those crystals can grow or re-melt
during the movement. The equiaxed crystals settle down
and float up through the balance of the flow-induced drag
force and the gravity-driven sedimentation. The equiaxed
crystals, interacting with the growing columnar structure,
lead to CET and form the final as-cast structure.
(2) For the alloy (Sn-10 wt% Pb) considered in this benchmark
experiment, the density variation of the melt with the Pb
enrichment plays a critical role in the movement (transport)
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Fig. 15. Influence of mesh size (0.8, 1.0, 1.5, 2.0 mm) on the as-cast structure and macrosegregation: (a.x) f e distribution with bold lines for the CET; (b.x) cindex map and global
macrosegregation intensity (GMI) value.

of equiaxed crystals. The equiaxed crystals are normally
denser than the melt, and tend to settle downwards. With
the Pb-enrichment during solidification, however, the melt

becomes gradually denser as well. The reduced density difference between the solid and the Pb-enriched melt favours
the upward motion of the crystals, because of the drag force
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as imposed by the upward melt flow. If this Pb
concentration-dependent density variation of the melt were
ignored, the experimentally observed as-cast structure
would not be ‘reproducible’ numerically.
(3) Because crystal fragmentation was found to play a critical
role in the origin of equiaxed crystals in this benchmark
experiment [7], the mixed columnar-equiaxed model was
extended for fragmentation [23]. The modelling concept
for fragmentation is that solute-driven remelting is the dominant mechanism for fragmentation [28–32], and transport
of the solute-enriched melt by the interdendritic flow in
the columnar-growth direction (or against the rc‘ direction)
enhances remelting. Although further experimental evaluations are desirable, the first simulation-experiment comparison with a satisfactory agreement, concerning the result of
as-cast structure and global macrosegregation pattern, provides convincing evidence for this modelling concept.
(4) The numerical model also predicted mesosegregation, i.e.
channel segregates (or segregation channels), which qualitatively agrees with the experiment. Similar to many other
numerical [6,46] and experimental studies [47], the segregation channels were predicted to occur preferentially near the
wall. It must also be stated that the current modelling
results can be used only to evaluate the occurrence (or probability/risk of occurrence) of channel segregates. Details of
the channel segregates, e.g. the channel quantity and size,
are still mesh-size-dependent.

ments can be produced by the ‘homogenous’ remelting. Based on
the large number of experimental facts on the remelting-induced
fragmentation [28–30,42,51,52] and the above theoretical analysis,
we assume that the rate of fragmentation is proportional to the
*

*

*

Mce ¼ c  ðu ‘  u c Þ  rc‘  qe :

ðA:2Þ

The mass integral of all fragments as produced per time,
kg  m3  s1 , is proportional to the increase rate of constitutional
supersaturation as caused by the interdendritic flow.’ Here a fragmentation coefficient’ c is assigned to bridge the unknown correlation between M ce and the increase rate of constitutional
supersaturation. In other words, all other unknown contributing
factors for the remelting-induced fragmentation such as the curvature effect of the dendrites, latent heat induced thermal fluctuation, diffusion in the interdendritic melt, etc. are included in the
single coefficient c. It must be determined experimentally, or estimated reversely from some available experimental information. As
shown in Fig. A.1, we assume that the fragment is globular (spherical) with a diameter proportional to the secondary dendrite arm
and the volume fraction of the melt:
0

de;frag ¼ k2 f c :

ðA:3Þ

Hence the rate of the fragment production can be calculated as:

Nfrag ¼
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*

value of ðu ‘  u c Þ  rc‘ , by suggesting following formulation for
the fragmentation-induced mass transfer rate from the columnar
phase to the equiaxed phase:
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M ce

qe

0
 p ðd

e;frag Þ

6

ðA:4Þ

3

Correspondingly, the fragmentation induced momentum trans*

fer (U pce ), energy transfer (Q pce ) and species transfer (C pce ) from the
columnar to equiaxed phases are:
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*

*

U pce ¼ u c  M ce ;

ðA:5Þ

Q pce ¼ hc  M ce ;

ðA:6Þ

Appendix A. Production of equiaxed crystals by fragmentation

C pce ¼ cc  M ce ;

ðA:7Þ

Transport of the number density of the equiaxed crystals, neq , is
described by

with u c , hc , cc being the moving velocity, the enthalpy and the concentration of the columnar phase. Accordingly, the diameter of
equiaxed crystals are shown as

*
@
neq þ r  ðu e neq Þ ¼ Nfrag ;
@t

de ¼ ð6f e =p  ne Þ

*

ðA:1Þ

where Nfrag is the source term of equiaxed crystals by fragmentation
[49].
It is known that transport of the solute-enriched melt by the
interdendritic flow in the columnar-growth direction would lead
to remelting [32,50]. Under normal diffusion-governed solidification
condition, the driving force for the remelting is the constitutional
supersaturation, ðc‘  c‘ Þ, where c‘ and c‘ are the volumeaveraged concentration of interdendritic melt and the thermodynamic equilibrium concentration of the melt at the liquid-solid
interface. A positive value of ðc‘  c‘ Þ results in remelting, or a process leading to an increase of c‘ promotes remelting. The interdendritic melt has usually a concentration gradient (rc‘ ) in opposite
to the columnar-growth direction for alloys with the solute partition coefficient (k) less than one (Fig. A.1). An interdendritic flow
*

*

:

∇c

ðA:8Þ

l

λ2
v
ul

d

0
e,frag

r1 r2

*

in the columnar-growth direction means ðu ‘  u c Þ  rc‘ > 0;
therefore, the flow leads to local increase of c‘ , promoting the
remelting. Actually, the rate of remelting should be somehow
*

1=3

related to the value of ðu ‘  u c Þ  rc‘ . Even the local capillary
effect, i.e. coarsening or ripening phenomenon, is ignored, frag-

(a)

(b)

Fig. A.1. Schematic description of remelting-induced fragmentation: (a) transport
of solute-enriched interdendritic melt by the flow, and (b) formation of a fragment
by remelting of the side arm.
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