Heat Transfer Coefficient at Cast-Mold Interface
During Centrifugal Casting: Calculation of Air Gap
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During centrifugal casting, the thermal resistance at the cast-mold interface represents a main
blockage mechanism for heat transfer. In addition to the refractory coating, an air gap begins to
form due to the shrinkage of the casting and the mold expansion, under the continuous inﬂuence
of strong centrifugal forces. Here, the heat transfer coeﬃcient at the cast-mold interface h has
been determined from calculations of the air gap thickness da based on a plane stress model
taking into account thermoelastic stresses, centrifugal forces, plastic deformations, and a
temperature-dependent Young’s modulus. The numerical approach proposed here is rather
novel and tries to oﬀer an alternative to the empirical formulas usually used in numerical
simulations for a description of a time-dependent heat transfer coeﬃcient h. Several numerical
tests were performed for diﬀerent coating thicknesses dC, rotation rates X, and temperatures of
solidus Tsol. Results demonstrated that the scenario at the interface is unique for each set of
parameters, hindering the possibility of employing empirical formulas without a preceding
experiment being performed. Initial values of h are simply equivalent to the ratio of the coating
thermal conductivity and its thickness (~ 1000 Wm2 K1). Later, when the air gap is formed, h
drops exponentially to values at least one order of magnitude smaller (~ 100 Wm2 K1).
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I.

INTRODUCTION

HORIZONTAL centrifugal casting is an important
industrial process used especially for the production of
high-quality seamless tubes and outer shells of work
rolls. In this process, the eﬀect of centrifuging is twofold.
First, it is the ﬁctitious centrifugal force making the
production of axisymmetric hollow castings even possible by pushing the molten metal against the inner wall of
the cylindrical mold. Second, the interaction between
inertial forces and the vector of the gravitational
acceleration induces the so-called pumping eﬀect,
responsible for thorough mixing,[1] the growth of ﬁne
equiaxed grains, and superior mechanical properties of
the cast.[2,3]
As with many other industrial processes, horizontal
centrifugal casting has been studied with increased
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attention, with the help of various numerical techniques,
in order to gain a better understanding of the process
and underlying physical phenomena. While some of the
numerical studies concentrate more on simulating ﬂow
dynamics, such as the mold ﬁlling, waves propagating
over the free surface, and complex buoyant ﬂow
patterns inside the molten metal,[4–11] others focus more
on heat transfer and solidiﬁcation, often assuming
coupling with simple segregation models.[12–14] The
latter is naturally more frequent within the centrifugal
casting community. Solidiﬁcation is usually modeled by
means of applying the enthalpy method with appropriate rules for a liquid fraction evolution in the mushy
zone. In order to construct useful and realistic heat
transfer models, precise and accurate material properties
and boundary conditions are necessary. Heat transfer
coeﬃcients are usually imposed at boundaries, generally
being determined from empirical formulas for the
Nusselt number. Materials properties are generally
temperature dependent and must be speciﬁed for all
zones, i.e., the casting, the mold, and the coating. The
thickness of the coating, a kind of a refractory material,
such as ZrO2, is usually small (~ 1 mm); therefore, in
numerical models, it is often simpliﬁed by an assumption of the thin-wall (zero-capacity) model. The coating
is applied on the inner surface of the mold in order to
insulate the mold from high temperatures and also to
control to a certain extent the solidiﬁcation rate. The
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general consensus is that it tends to stick ﬁrmly to the
mold surface. A time-dependent scenario at the contact
between the casting and the coating attached to the
mold surface is perhaps one of the weakest points of all
currently available heat transfer models.
Only during the ﬁrst seconds of the casting, the molten
metal is in perfect contact with the coating, as pointed out
in Reference 15. Immediately after that, a so-called
microscopic air gap is formed, whose properties such as
thickness and temporal growth are strongly inﬂuenced by
a surface roughness of the mold and the coating
eventually. Earlier studies[16] show that the importance
of the surface roughness has been for many years
underestimated. Furthermore, in the literature (e.g.,
Reference 17), there are interesting numerical works
available, taking into account the surface roughness and
trying to evaluate the eﬀective thickness of the microscopic air gap by using simple geometrical operations. As
time proceeds, the ﬁrst layer of the solid has enough
strength to withstand the metallostatic pressure, whereby
the air gap thickness gradually grows and the microscopically thin contact is permanently lost. Such an air gap is
often referred to as the macroscopic air gap. Please note
that while the cast-mold contact has been extensively
studied in static castings and a large body of experimental
evidence of microscopic and macroscopic air gap behavior has been presented, it is not yet clear whether at least
qualitatively the same observations would apply to the
centrifugal casting. Unlike static casting, extreme centrifugal forces are exerted on the liquid metal being cast,
which strive to delay the subsequent air gap formation.
We deduce that the high centrifugal pressure may be able
to signiﬁcantly reduce the microscopic air gap. Furthermore, we also believe—and this has been proven in this
article—that once the macroscopic air gap is formed, the
centrifugal force has a negligible impact on its growth.
In order to cope with time-dependent thermal resistance induced by the formation of an air gap, various
approaches have been adopted in earlier numerical
studies of centrifugal casting. Naturally, a simplest
approach would be an assumption of a perfect contact
formed throughout the entire casting, which was used,
e.g., by Xu et al.,[18] Gao and Wang,[19] and Cook
et al.[20] Bohacek et al.[21] pointed out the importance of
an air gap in their ﬁndings and conclusions, yet in the
numerical model, it was not taken into account.
Humphreys et al.[22] calculated the heat transfer at the
interface by employing a ‘‘virtual wall’’ technique with
cumulative thermal resistances; however, they did not
provide parameters to calculate them. Chang et al.[23]
used arbitrary values of heat transfer coeﬃcients at the
interface, constant during the casting and increasing for
higher rotation rates. Other researchers, such as Kang
et al.[24] and Kang and Rohatgi,[25] have also used
time-independent heat transfer coeﬃcients. Ebisu[26] and
Kamlesh[27] assumed an exponential decay of the radiative heat ﬂux through the interface as follows:
q ¼ q0 ebsðtÞ ;

½1

where q0, b, and s(t) are the initial heat ﬂux through
the interface, a damping coeﬃcient, and the current
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solidiﬁed thickness, respectively. A similar approach
was adopted by Lajoye and Suery[28] and was later
widely used by other authors such as Raju and
Mehrotra,[29] Drenchev et al.,[30] Panda et al.[31]
Instead of the heat ﬂux, a time-dependent heat transfer
coeﬃcient h was considered at the interface and
deﬁned by the following formula:
 sðtÞ=d
hf
;
½2
h ¼ h0
h0
where h0, hf, and d are the initial and the ﬁnal heat
transfer coeﬃcient and the casting thickness, respectively. Naturally, Eqs. [1] and [2] are not equivalent.
However, it is worth noting that when the heat ﬂux q
was replaced with the heat transfer coeﬃcient h,
Eqs. [1] and [2] would become identical provided that
the damping coeﬃcient was deﬁned as
 
1
hf
:
½3
b ¼  log
d
h0
Recently, Nastac[32] applied a diﬀerent approach
based on calculating an equivalent convective heat
transfer coeﬃcient h to simulate the eﬀect of the coating
and the air gap, which can be written as
h¼

ha k C
;
k C þ dC ha

½4

where kC, dC, and ha represent thermal conductivity
and thickness of the coating and the heat transfer coefﬁcient between the casting and the coating, which is
deﬁned as follows:

h
 t ic 
0
;
½5
ha ¼ h0 þ ðhf  h0 Þ 1  min 1;
t
where t0, t, and c stand for the time to initiation of
solidiﬁcation, the current time, and a constant exponent. Table I summarizes the values of h adopted by
the aforementioned authors. Obviously, all of the
aforementioned approaches contain at least one
unknown parameter, which needs to be adjusted, e.g.,
by means of an experiment. Although especially the
choice of the function given by Eq. [2] appears to be a
reasonable solution, a careful ﬁne-tuning of hf is
required in order to reﬂect, or at least approximate,
real-life conditions. According to Vacca et al.,[33] who
performed a valuable experimental study of the heat
transfer coeﬃcient at the interface involving the
inverse task, values of the heat transfer coeﬃcient
adopted in centrifugal casting simulations are unreliable and usually arbitrary. A similar approach combining a simulation and experiment was employed by
Susac et al.[34] and Sahin et al.[35] The inverse task is,
however, in general, computationally very intensive.
Moreover, time-dependent experimental data are necessary at least at one point, located close to the castmold interface. While the inverse task cannot be practically applied in a typical centrifugal casting simulation, it is an excellent tool for validating other
numerical models or determining constants in
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empirical models. In Reference 36, the inverse task,
the inverse heat conduction problem (IHCP), was
solved by a popular nonlinear estimation technique,
originally developed by Beck.[37] The casting material,
A356 Al alloy, was cast into a carbon steel mold. The
IHCP proved that the heat transfer to the mold can be
signiﬁcantly improved by applying the pressure load
during solidiﬁcation in terms of restoring a contact
between the mold and the casting.
In Reference 38, the research concerns the simulation
of trip continuous casting. An engineering approach was
employed to approximate the thermal resistance at the
strip-mold interface from the heat transferred to the
cooling water. The water ﬂow rate and temperature were
recorded at diﬀerent positions along the length of the
strip for this purpose. At selected points in the liquid
pool, the calculated cooling curves agreed strongly with
those obtained from Inconel (American Special Metals,
Corp., Miami, FL) sheathed thermocouples.
In addition, a direct measurement of the macroscopic
air gap can be performed by using linear variable
diﬀerential transformers (LVDTs). However, this technique during the centrifugal casting is limited to static
castings due to high rotations of the mold during
centrifugal casting. For example, in Reference 39, the
heat transfer coeﬃcient at the cast-mold interface of a
static casting was determined from the inverse task. The
air gap thickness was measured with the help of the
LVDTs. Finally, a correlation was found, deﬁning the
heat transfer coeﬃcient as a function of the air gap
thickness. The eﬀect of the surface roughness of the
mold was analyzed. As expected, during formation of
the microscopic air gap, ﬁndings showed that the smaller
degree of roughness provides stronger contact with the
mold and that the heat transfer coeﬃcient is, therefore,
higher. Consequently, the smaller the surface roughness
of the mold, the earlier the macroscopic air gap occurs.
On the other hand, the ultimate heat transfer coeﬃcient,
when solidiﬁcation is nearly complete, is insigniﬁcantly
inﬂuenced by the surface roughness.

As a numerical alternative of estimating the air gap
thickness, one could suggest ignoring stresses built up in
the casting and the mold and using the thermal expansion
coeﬃcient to calculate the shrinkage simply by assuming
displacements, independent of direction, i.e., uniform rate
of deformation of control volume. This technique was
applied, e.g., by Taha et al.,[40] for a static casting.
Accuracy and reliability are, however, doubtful due to
the missing thermal stresses, which may signiﬁcantly alter
total displacements. In addition, unlike static castings,
extreme forces in the centrifugal casting process act on
the casting, leading to yielding of the material especially
at early stages. In addition, for this reason, the aforementioned approach should be avoided. A strategy that
incorporates a more complete and holistic model of
physics was outlined by Kron,[41] who suggested taking
into account vacancies formed due to the thermal
expansion of the mold and the material being cast, as
well as elastic stresses acting as a consequence of
thermally induced strains. Kron et al.[42] developed the
thermomechanical model, based on the plane stress
model, assuming elastic materials. They showed that the
model predicts accurately the casting scenario only for
grain-reﬁned alloys such as Al-4.5 pct Mg. When the
solid grains are surrounded by liquid, the material
becomes more ductile and consequently the microscopic
air gap is suppressed. On the other hand, in the
non-grain-reﬁned case, the elastic thermomechanical
model does not perform particularly eﬀectively. However,
one may wish to interpret these ﬁndings, the important
message of Reference 42 could be formulated as follows:
The peak value of the heat transfer coeﬃcient is larger for
the grain-reﬁned alloy due to ductile suppression of the
microscopic air gap, but since the formation of the
macroscopic air gap starts earlier in this case, total
solidiﬁcation times are almost identical. Lagerstedt, a
colleague of Kron, pointed out in the future work
chapter of his doctoral thesis[43] that including plasticity
in the stress model probably should be the next step in
developing an accurate shrinkage model.

Table I. Values of h Adopted by Diﬀerent Authors
Authors
Xu et al.[18]
Gao and Wang[19]
Cook et al.[20]
Bohacek et al.[21]
Humphreys et al.[22]
Chang et al.[23]
Kang et al.,[24] Kang and Rohatgi[25]
Ebisu[26]
Kamlesh[27]
Lajoye and Suery[28]
Raju and Mehrotra[29]
Drenchev et al.[30]
Panda et al.[31]
Nastac[32]
Vacca et al.[33]

Type of h

Value (W m2 K1)

—
—
—
—
—
constant
constant
variable
variable
variable
variable
variable
variable
variable
variable (exp.)

perfect contact
perfect contact
perfect contact
perfect contact
not available
1000 to 2600
1000
not available
not available
400 to 80,000 (1/10)*
100 to 10,000 (1/10)
420 to 84,000 (1/10)
50 to 5000 (1/10)
90 to 6000 (3/100)
50 to 870 (6/100)

*hf/h0 ratio.
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In Reference 44, Schwerdtfeger et al. underlined the
importance of the displacement reference. Classically, in
stress theory, the displacement is the distance of a
speciﬁed atom from the position it had assumed when
the entire solid body was stress free. Such a situation,
however, does not occur during solidiﬁcation; therefore,
they recommended deﬁning the displacement as the
distance of a speciﬁed atom from the position where it
was at the moment of solidiﬁcation. Consequently, one
should work with stress rates and strain rates rather than
with stresses and strains. In their study, plastic deformations were also considered and added to the elastic ones
by assuming an empirical strain-hardening equation.
Nowadays, most of the commercial software available
on the market, including MAGMASOFT (MAGMA in
Aachen, North Rhine-Westphalia, Germany), PROCAST (ESI Group, Paris, France), and THERCAST
(TRANSVALOR S.A., Mougins, France), oﬀers modules for thermomechanical calculations, and often the
user can choose from several elastic-plastic models. In
Reference 45, in conclusion, Kron et al. stated that an
accurate modeling of the air gap formation can only be
realized through fully coupled thermomechanical models.
They highlighted that the prediction of the air gap, done
with the commercial codes, is not satisfactory, suggesting
that the solidiﬁcation shrinkage in the air gap vicinity
should be relaxed by the liquid and, therefore, contribute
more to a cavity formed in the top of the casting or to the
porosity. In conclusion, the entire strain model needs to
be deﬁned more precisely. Diﬃculties associated with air
gap modeling were summarized in Reference 46 as the
following. High-temperature elastic constants are generally hard to obtain. Deﬁning material properties of the
mushy zone remains a challenging topic. Currently, a
transition model is available described by the Percolation
theory. Next, obtaining proper values of rheological
parameters in the power law equation is diﬃcult. Finally,
other diﬃculties or discrepancies, common to all numerical models, are related to oversimplifying assumptions
and numerical errors.
In the article by Nayak and Sundarraj,[47] it was
shown that while it is accurate enough to assume a
constant value of the interface heat transfer coeﬃcient
during the entire casting into the sand mold, it is not the
case with the metal mold. Furthermore, the rate of gap
formation signiﬁcantly aﬀects the solidiﬁcation process.
The cast-mold interface, namely, the coating and an air
gap, represents a signiﬁcant blockage for the heat transfer
and solidiﬁcation. The thermal resistance of the coating is
often negligible compared to that of the air gap.
Therefore, a thermal resistance of such an interface has
to be carefully determined in order to allow reliable and
trustworthy numerical simulations. Existing empirical
formulas describing the heat transfer scenario at the
interface should only be applied when validated against
experimental data. The formation of an air gap depends
on many factors such as material and mechanical
properties of the casting and the mold, the coating
properties, and the process parameters (initial temperatures, the pouring temperature, the casting geometry, and
the rotation rate). Obviously, setting up a generalized and
unique formula for the heat transfer coeﬃcient at the
1424—VOLUME 49B, JUNE 2018

interface a priori would be very hard, if not impossible. In
the present article, we target developing a simple,
computationally cheap, and robust algorithm for calculating the air gap at the cast-mold interface during the
centrifugal casting, which could be used as an alternative
to often doubtful empirical formulas. A schematic of the
conﬁguration at the interface is shown in Figure 1.

II.

NUMERICAL MODEL

During the centrifugal casting of cylindrical parts, it is
reasonable to assume that ﬁelds of variables and other
properties are uniform in the tangential direction. In
fact, also, axial variations will be often small and,
therefore, could be neglected, too. This ﬁnding directly
suggests using a plane stress model. Although diﬀerent
variations of plane stress models have been used in
diverse industrial applications, such as autofrettage of
gun barrels, strain-hardened pressure vessels, and multilayer seamless pipes, in the past,[48–51] they have rarely
been employed in air gap thickness calculations. Especially, concerning the centrifugal casting, to the best of
our knowledge, not a single match was found in the
literature survey.
Radial and tangential stresses, rr and rt, are coupled
through the equilibrium equation:
drr rr  rt
þ
þ qX2 r ¼ 0;
dr
r

½6

where q, X, and r are the density, the rotation rate,
and the radial coordinate, respectively. When only
elastic deformations are considered, stresses are coupled with strains via the Hooke’s law with the thermoelastic term. Such a relationship takes the following
form:
et ¼ E1 ½rt  mrr  þ aT;
er ¼ E1 ½rr  mrt  þ aT;

½7

where m, E, a, and T are Poisson’s ratio, Young’s modulus, the thermal expansion coeﬃcient, and the temperature, respectively. Strains and total radial
displacements are related through the following laws:
u
du
:
et ¼ ; er ¼
r
dr

½8

It would, however, be incorrect to only consider
elastic strains. Since the casting in a semisolid state can
easily yield under strong centrifugal forces, plastic
deformations also must be taken into account. Then,
total strains can be conveniently expressed as a sum of
elastic and plastic strains as follows:
et ¼ E1 ½rt  mrr  þ aT þ ept ;
er ¼ E1 ½rr  mrt  þ aT þ epr ;

½9

where ept and epr represent plastic strains in corresponding directions. In addition, it is also physically meaningful to consider a temperature-dependent Young’s
modulus. Substituting total strains in Eq. [9] with displacements from Eq. [8], and by combining the
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Fig. 2—Uniaxial stress-strain curves of elastic-perfectly plastic
material used in the present study.

Fig. 1—Schematic of the conﬁguration at the cast-mold interface. In
the case of perfect contact, the air gap disappears.

resulting equations with Eq. [6], we can arrive at the
following ordinary diﬀerential equation for the total
displacement u in the casting:




d2 u 1 du
1 dE
u
1 dE
1þr
þ
 2 1  rm
dr2 r dr
E dr
r
E dr



dT
1 dE
1
þT
¼ að1 þ mÞ
 qrX2 1  m2
dr
E dr
E

1 dE  p
dep
dep
þF ept ; epr withF ¼
er þ mept þ r þ m t
E dr
dr
dr
1m p 1m p
e 
e :
þ
r r
r t
½10
In the mold, Eq. [10] is considerably simpliﬁed
because one assumes a constant Young’s modulus and
pure elastic deformations. The diﬀerential equation for
the total displacement u in the mold becomes

d2 u 1 du u
dT
1
 2 ¼ að1 þ mÞ
 qrX2 1  m2 : ½11
þ
2
dr
r dr r
dr
E
Note that in Eqs. [10] and [11], subscripts […]S and
[…]M denoting the mold and the casting are omitted for
the sake of brevity. Equations [10] and [11] can be solved
provided that plastic strains epr and ept are known. In
order to determine them, a universal stress-strain curve,
usually assumed to be equivalent to the stress-strain
curve obtained from the uniaxial loading test, must be
known in advance. The universal stress-strain curve
relates two scalar quantities: the eﬀective stress r and
the eﬀective plastic strain ep . Several models of the
eﬀective stress r exist. Here, the von Mises stress,
METALLURGICAL AND MATERIALS TRANSACTIONS B

calculated by assuming a principal stress loading, was
used in the following form:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
r ¼ pﬃﬃﬃ ðrr  rt Þ2 þr2r þ r2t :
½12
2
The von Mises stress r is coupled with the increment
of the eﬀective plastic strain dep by the Prandtl–Reuss
(Levy–Mises) ﬂow rule as follows:
depr ¼

dep
ðrr  0:5rt Þ
r

½13

dept ¼

dep
ðrt  0:5rr Þ:
r

½14

and

Knowing or assuming dep , the plastic strains depr and
can be easily calculated and then used in Eq. [10] to
extrapolate the total displacement u. In Eqs. [13] and
[14], the increment of the eﬀective plastic strain dep is
used and not the eﬀective plastic strain ep , which means
that the plastic strain history (or the loading path) is
very important. Correspondingly, a progressive load
must be also applied in the simulation. Here, such
loading is automatically realized by a time-dependent
temperature ﬁeld and a gradual progress of
solidiﬁcation.
In the present study, a temperature-dependent, perfectly elastic-plastic material is used, as shown in
Figure 2. At a given temperature, the material deforms
elastically until a certain threshold of the eﬀective stress,
known as the yield strength, is reached, at which point
the material starts yielding with no further increase of
the eﬀective stress. Instead of the elastic-perfectly plastic
material, any kind of other material could be used such
as a strain-hardening or a strain-softening material.
In the following text, we summarize all the facts,
assumptions, and solution strategy necessary to run a
successful numerical simulation and obtain a reasonable
air gap.
dept
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Facts:
(1) The mold constantly expands during the entire
casting process.
(2) The casting also expands but only during the early
stage of casting. Later, the strength of the solidiﬁed
part of the casting is suﬃcient to withstand centrifugal forces; therefore, the casting contracts.
Consequently, the air gap forms.
Assumptions:
(1) The mold undergoes purely elastic deformations. (In
reality, it may not be true, especially in the vicinity
of the cast-mold interface. At the initial stage of
casting, extreme stresses may occur, causing a type
of damage known as ‘‘ﬁre cracks,’’ to the inner part
of the mold.)
(2) Mechanical properties of the mold material are
constant. Thermophysical properties may vary with
the temperature.
(3) The casting may deform both elastically and plastically. A temperature-dependent, perfectly elastic-plastic material is assumed (Figure 2).
(4) Mechanical properties (Young’s modulus E and
yield strength Y) of the casting material are temperature dependent. Thermophysical properties may
also vary with the temperature.
(5) Only the radiative and the conductive heat transfer
mechanisms are expected within the air gap. The
convective mechanism is neglected due to the small
size of the air gap.
In addition to Eqs. [10] and [11], we also need to solve
the heat conduction for the temperature T. In the
cylindrical coordinate system, it takes this form in the
mold:


@T 1 @
@T
¼
kM
;
½15
qM cpM
@t
r @r
@r
where qM, cpM, and kM are the density, speciﬁc heat,
and thermal conductivity of the mold material, respectively. Similarly, in the casting, it can be written as


@T 1 @
@T
@gs
¼
kS
;
½16
þ qS Lf
qS cpS
@t
r @r
@r
@t
where qS, cpS, and kS are density, speciﬁc heat, and
thermal conductivity of the casting material, respectively. The last term is a latent heat source term due to
the phase change, in which Lf and gs represent the
latent heat and the solid fraction, respectively. In the
present study, a simple linear relationship is considered
between the solid fraction gs and the temperature T.
Other relationships, however, could also be considered
(e.g., the lever rule or the Gulliver–Scheil equation).
The heat conduction equations, Eqs. [15] and [16], are
coupled via the heat ﬂux at the cast-mold interface. A
thin-wall model, also known as a zero-capacity model,
was used to numerically simplify the situation at the
interface by considering only a thermal resistance,
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exerted by the coating and possibly the air gap. Then,
the heat ﬂux at the interface reads as
q ¼ kifc

kifc ¼

TS  TM
;
drM þ drS

½17

kS kM kC ka ðdrM þ drS Þ
;
ðkC ka ðdrM kS þ drS kM Þ þ kS kM ðdC ka þ da kC ÞÞ
½18

where kifc, kC, and ka denote the eﬀective thermal conductivity, the thermal conductivity of the coating, and
the air gap, respectively. Other quantities are explained
in Figure 1. The air gap thermal conductivity ka is, in
fact, the sum of the thermal conductivity of air ka,phys
and a thermal conductivity, which is equivalent to the
radiative heat transfer through the air gap, given by


2
ka ¼ ka;phys þ rda T0S þ T T02
;
½19
S þT
where
r
is
the
Stefan–Boltzman
constant
(5.67 9 108 W m2 K4). The temperatures T’S and
T* must be given in Kelvin. Note that without the air
gap (da = 0), Eq. [18] is still valid and represents the
eﬀective thermal conductivity only in the presence of
the coating. The reader should be reminded that in this
study, the black body radiation model has been taken
for its simplicity and convenience. However, when targeting more accurate results, considering gray bodies is
better justiﬁed and Eq. [19] would then become


2
ka ¼ ka;phys þ rda T0S þ T T02
ð1=eS þ 1=eC  1Þ1 ;
S þT

½20
where eS and eC are emissivity coeﬃcients of both surfaces enclosing the air gap, which belong to the casting
and the coating, respectively. Using Eq. [20]. instead
of Eq. [19] will naturally reduce the radiative heat
transfer. In reality, the air between the casting and the
shell may, as a participating gas, further reduce the
radiative heat transfer. A description of the corresponding mathematical model can be found, e.g., in
Reference 52.
Concerning thermal boundary conditions, both the
free surface of the casting and the outer surface of the
mold are considered to be adiabatic:
dT ðr Þ ¼ 0;
dr i
dT ðr Þ ¼ 0:
dr o

½21

In simulations focused on a comparison with experimental data, thermal boundary conditions, however,
should be speciﬁed more precisely, e.g., with the help of
existing empirical formulas for the Nusselt number[53,54]
in rotating geometries.
In addition to Eq. [21], boundary conditions have to
be speciﬁed also for Eqs. [10] and [11]. Here, we have to
distinguish between two cases: a perfect contact or an air
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gap. In the case of the contact, appropriate boundary
conditions take the following form:
rrS ðri Þ ¼ 0
uS ðRÞ ¼ uM ðRÞ
rrM ðro Þ ¼ 0:

½22

Otherwise (the air gap),
rrS ðri Þ ¼ 0
rrS ðRÞ ¼ 0
rrM ðRÞ ¼ 0
rrM ðro Þ ¼ 0:

½23

Diﬀerential equations for total displacements,
Eqs. [10] and [11], and temperature, Eqs. [15] and [16],
were all solved using the ﬁnite diﬀerence method with
second-order accurate central diﬀerence schemes for
derivatives (including points at the boundaries). In the
radial direction, the casting and the mold were divided
into NS and NM uniformly spaced grid points with the
dimensions drS and drM of 1 mm (Figure 1). The same
grids with uniform spacing were used for both quantities
u and T. For Eqs. [15] and [16], the implicit backward
Euler method was used for time-stepping. In addition,
an iterative approach was necessary for heat conduction
equations due to temperature-dependent thermophysical properties, the nonlinear heat ﬂux q at the cast-mold
interface (Eq. [17]), and especially the stiﬀ, latent heat
source term. Treatment of the latent heat source term
was realized by using a semi-implicit method proposed
by Voller and Swaminathan.[55] A detailed description of
the discretization can be found in Reference 56.
Although systems of equations are unconditionally
stable, the time-step size should be small enough so
that the loading rate still allows ﬁnding correct and
physically meaningful increments of plastic strains.
Here, the time-step of 0.1 seconds was found to be
reasonable.
Solution strategy:
(1) Initialize ﬁelds of temperature, solid fraction, plastic
strains, stresses, and air gap thickness.
(2) For time tn+1, solve heat conduction equations,
Eqs. [15] and [16], coupled by the heat ﬂux at the
interface (Eq. [17]), with the air gap thickness da
from the previous time tn and obtain new temperature T and solid fraction gs ﬁelds. In our numerical
tests, usually between two and ﬁve iterations were
necessary to drop scaled residuals below 10 9 108
for the latent heat source term and the nonlinear
heat ﬂux q, respectively. The residuals were calculated according to the following formula:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
P
2
N i Ti  Told
i
P old
res ¼
T
i i

½24

where N is the total number of cells (NS + NM). Ti
and Told
are the current temperature and the
i
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temperature from the previous iteration both taken at
the grid point with the index i
(3) Use Figures 3 and 4 to ﬁnd new values of yield
strength Y and Young’s modulus E of the casting
material.
(4) Assume an air gap. For time tn+1, solve Eq. [11] for
total displacements u of mold with the boundary
conditions for the radial stress rrM in Eq. [23].
Similarly, for time tn+1, solve Eq. [10] for total
displacements u of the casting with the boundary
conditions for the radial stress rrS in Eq. [23] and
the plastic strains epr and ept from the previous time tn.
(5) If the total displacement of the casting at the interface is greater than that of the mold, the casting and
the mold are in perfect contact, i.e., no air gap is
formed. Otherwise, the cast-mold contact is lost and
the air gap is formed. If the earlier is true (perfect
contact), recalculate Eqs. [10] and [11] with the
boundary conditions given in Eq. [22]. Otherwise,
evaluate the air gap thickness as
da ¼ uM ðRÞ  uS ðRÞ

½25

(6) In the casting, evaluate radial and tangential stresses
by using the following explicit formulas, which can
be obtained by straightforward manipulations of
Eqs. [8] and [9]:
h
i

E
du  ep þ mu  ep  aE 1 T;
rrS ¼ 1m
2
t
r
1v
h dr
 r
i
½26
p
E
u
du  ep  aE 1 T:
þ
m

e
rtS ¼ 1m
2
t
r
r
1v
dr
(7) Using Eq. [26] in Eq. [12], calculate von Mises
stresses r in the casting and compare them with yield
stresses Y obtained from the stress-strain curve
(Figure 3). Then, identify only the points P that
yield ðP ¼ r  YÞ.
(8) For the points P, new increments dep of the eﬀective
plastic strain ep must be calculated so that
rY¼0

½27

This is realized through an optimization loop, in which
Eq. [27] is the objective function and dep is constrained
to values greater than zero. Then, one iteration
sequence could have the following form: Estimate
increments dep ; using Eqs. [13] and [14], calculate
increments
depr and dept and update the plastic strains
p p
p
er andet er ¼ epr þ depr ; ept ¼ ept þ dept ; solve Eq. [10] for
new displacements u in the casting and get new stresses
(Eq. [26]); and recalculate von Mises stresses r and
repeat until the convergence of Eq. [27] is attained. In
the present article, a nonlinear least-squares optimization algorithm, known as the trust-region-reﬂective
algorithm,[57,58] was applied. In order to reduce dispersive errors of dep appearing due to complex loading
and, consequently, yielding on a discrete grid, the Savitzky–Golay ﬁlter[59] was applied on a temporally overlaid dep signal.
(9) Proceed to the next time-step.
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Table II.

2000

Properties of Materials Used in the Simulations

Yield strength [MPa]

Material
1500

1000

500

Tsol
0
0

200

400

600

800

1000

1200

Temperature [°C]
Fig. 3—Temperature-dependent yield strength of the casting
material.[60] The dashed line represents data reconstructed using the
extrapolation until the temperature of solidus Tsol.

Property

Casting[…]S a
q
cp
m
E
gs
k
Lf
Tliq
Tsol
Y
Mold […]M a
m
q
cp
E
k
Coating
kC
Air
ka,phys

Value

Unit

6

1

5 9 10
K
7860
kg m3
500
J kg1 K1
0.5
—
Fig. 4
Pa
linear between Tliq and Tsol —
22
W m1 K1
280
kJ kg1
1593 (1320)
K (C)
1438 (1165)
K (C)
Fig. 3
Pa
5 9 106
K1
0.5
—
7850
kg m3
490
J kg1 K1
9
200 9 10
Pa
58.6
W m1 K1
2
W m1 K1
0.02
W m1 K1

250

Table III.

Young's modulus [MPa]

200

Geometry, Initial Conditions, and Other Casting
Parameters

Property

150

X
d
dC
L
R
Tﬁll
Tmold

100

50

Value

Unit

71
65
2
165
400
1623 (1350)
433 (160)

rad s1
mm
mm
mm
mm
K (C)
K (C)

Tsol

0
0

200

400

600

800

1000

1200
0.3

Temperature [°C]

III.

RESULTS AND DISCUSSION

As the main objective of the present study is to
propose and test a novel approach of calculating an air
gap rather than numerically analyzing a particular
process, material and mechanical properties used in
the simulations only roughly correspond to those of real
materials (Table II). The geometry, initial conditions,
and other casting parameters are given in Table III.
First, numerical tests were performed for diﬀerent
coating thicknesses (0.5, 1, 2, and 4 mm) and all other
parameters were ﬁxed. Total displacements u of the
mold and the casting at the interface are shown as a
function of time t in Figure 5. As one would expect,
initially, the mold and the casting are in contact. At a
certain moment, they detach and their displacements
follow diﬀerent paths. This is clearly shown by bifurcating curves in Figure 5. A diﬀerence between the
casting and the mold displacement corresponds to the
1428—VOLUME 49B, JUNE 2018

0.25

Total displacement [mm]

Fig. 4—Temperature-dependent Young’s modulus of the casting
material.[60] The dashed line represents data reconstructed by means
of extrapolation until the solidus temperature Tsol.

d C=4.0 mm
2.0
1.0
0.5

0.2

0.15

0.1

0.05

0

0

50

100

150

200

250

300

Time [s]
Fig. 5—Total displacements u at the cast-mold interface for diﬀerent
coating thicknesses of 0.5, 1, 2, and 4 mm. Bifurcation corresponds
to the ﬁrst appearance of the air gap.

air gap thickness da. Obviously, the air gap appears
earlier in the case of a thin coating than that of a thick
one. Consequently, the heat transfer coeﬃcient h at the
METALLURGICAL AND MATERIALS TRANSACTIONS B

h¼

q
kifc
¼
:
TS  TM drM þ drS

½28

For each conﬁguration (dC = 0.5, 1, 2, and 4 mm),
the time evolution of the heat transfer coeﬃcient h is,
therefore, unique. Ultimately, it seems that after
300 seconds, the heat transfer coeﬃcients are almost
identical, close to 200 W m2 K1.
Similar tests with similar outputs were performed for
diﬀerent values of the rotation rate X (50, 71, and 90 rad
s1). Naturally, the higher the centrifugal force, the
better the contact between the casting and the mold.
Concerning the elastic deformations of the mold,
displacements u are larger at higher rotation rates X
(Figure 7). Higher centrifugal forces are also responsible
for stronger and longer yielding of the partly solidiﬁed
casting, which delays a formation of the air gap.
Consequently, at a given instance, the heat transfer
coeﬃcient h is higher in the case of a higher rotation rate
X (Figure 8).
A similar study was carried out for diﬀerent values of
solidus temperature Tsol such that Tliq  Tsol = 10 K,
50 K, 100 K, and 200 K (10 C, 50 C, 100 C, and 200
C). Although it is a somewhat intuitive, one could
conﬁdently state that the smaller the diﬀerence is, the
earlier the air gap occurs. Again, we provide total
displacements and heat transfer coeﬃcients at the
interface in Figures 9 and 10, respectively. Since coating
parameters are ﬁxed this time, initial heat transfer
coeﬃcients are all identical, equal to 1000 W m2 K1.
Later, they signiﬁcantly deviate. While the curves
referring to mold displacements at the interface have a
similar trend, indicating a continuous thermoelastic
expansion of the mold, those corresponding to casting
displacements exhibit more complex scenarios due to the
combination of plastic and elastic deformations. In

Figure 9, e.g., the dash-dot line representing Tliq  Tsol
= 200 K (200 C) indicates the yielding of the casting
material within the entire time span simulated. On the
contrary, the dash line Tliq  Tsol = 50 K (50 C)
displays only slight yielding in the beginning, immediately followed by thermoelastic contraction.
Although the quantities calculated at the interface,
such as the air gap thickness da and the heat transfer
coeﬃcient h, are of primary interest here, the numerical
model also provides other quantities such as stresses and
elastic/plastic strains. In Figure 11, a typical example of
temperature and strains appears at 50 seconds. The gray
zone on the right represents the mold. The rest on the
left belongs to the casting. A temperature drop can be
seen at the interface due to a large thermal resistance. As
the time proceeds, total strains grow quite uniformly
throughout the entire thickness of the mold. The same
applies also to the casting but only at the early stage.
Later, when the casting is partly solidiﬁed and the yield
0.3

0.15

0.1

0

0

50

100

150

200

250

300

Time [s]
Fig. 7—Total displacements u at the cast-mold interface for diﬀerent
values of rotation rate X such that X = 50, 71, 90 rad s1.
1000

d C=4.0 mm
2.0
1.0
0.5

3500
3000

−2 −1
Heat transfer coefficient [Wm K ]

Heat transfer coefficient [Wm-2K-1]

0.2

0.05

4000

2500
2000
1500
1000
500
0

50 rad s-1
71
90

0.25

Total displacement [mm]

interface will drop faster in the case of a thin coating
than that of a thick one, which can be seen in Figure 6.
The heat transfer coeﬃcient h was simply calculated as

0

50

100

150

200

250

300

Time [s]
Fig. 6—Heat transfer coeﬃcients h at the cast-mold interface for
diﬀerent coating thicknesses of 0.5, 1, 2, and 4 mm. Before the air
gap is formed, h is constant deﬁned as kCdC.
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50 rad s-1
71
90

800

600

400

200

0

0

50

100

150

200

250

300

Time [s]
Fig. 8—Heat transfer coeﬃcients h at the cast-mold interface for
diﬀerent values of rotation rate X such that X = 50, 71, and 90 rad
s1.
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Tliq -Tsol =10K (10°C)
50 (50)
100 (100)
200 (200)

Total displacement [mm]

0.25

0.2

0.15

0.1

0.05

0

0

50

100

150

200

250

300

Time [s]

Fig. 11—Distribution of strains and temperature in the radial
direction for the case with the coating thickness dC of 2.0 mm at 50
s. The zones in white and gray stand for the casting and the mold,
respectively.

Fig. 9—Total displacements u at the cast-mold interface for diﬀerent
values of solidus temperature Tsol such that Tliq  Tsol = 10 K, 50
K, 100 K, and 200 K (10 C, 50 C, 100 C, and 200 C).

Tliq -Tsol =10K (10°C)
50 (50)
100 (100)
200 (200)

−1

Heat transfer coefficient [Wm−2K ]

1000

800

600

400

200

0

0

50

100

150

200

250

300

Time [s]
Fig. 10—Heat transfer coeﬃcients h at the cast-mold interface for
diﬀerent values of solidus temperature Tsol such that Tliq  Tsol =
10 K, 50 K, 100 K, and 200 K (10 C, 50 C, 100 C, and 200 C).

strength Y increased, total strains start dropping and the
casting contracts consequently.
In addition to strains (Figure 11), stresses are shown
in Figure 12. A typical distribution of stresses can be
seen in the mold. While the radial stresses are exclusively
compressive, the tangential stresses are compressive
close to the inner surface of the mold and become tensile
as they approach the outer surface of the mold. The
greatest stresses the mold must withstand are naturally
located at the inner surface due to a sudden temperature
loading. In this particular case (Figure 12), they do, in
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Fig. 12—Distribution of radial and tangential stresses for the case
with the coating thickness dC of 2.0 mm at 50 s.

fact, reach the yield strength of the material. After
several casting cycles, a thermal loading would most
likely lead to the formation of ﬁre cracks.[61] Concerning
stresses in the casting, at the early stage of solidiﬁcation,
they are within the temperature-dependent envelope of
the yield strength. The (semi-)solid part of the casting
close to the mold can already hold some stresses,
whereas the liquid part remains stress free. At later
stages of the casting, the stresses in the casting are well
below the yield strength and only the elastic loading is
present. When the casting procedure is ﬁnished and the
temperature ﬁeld becomes uniform, residual stresses
remain in the casting. An analysis of stresses and strains
is, however, beyond the scope of the present article.
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IV.

CONCLUSIONS

In centrifugal casting simulations, exponential functions are generally used to describe the heat transfer
coeﬃcient at the cast-mold interface, varying due to the
air gap formation. Such functions contain empirical
constants, which must be carefully speciﬁed. Unfortunately, this is not an easy task. An experiment alone is
not suﬃcient to determine such constants, and computationally expensive inverse methods should be
employed, which is, however, rarely the case. A literature survey performed here reveals an expansive scatter
of data used in current and previous research. In the
present study, we oﬀer an alternative of calculating an
air gap thickness and the corresponding heat transfer
coeﬃcient at the interface. The heat transfer model is
coupled with a plane stress model, taking into account
thermoelastic stresses, centrifugal forces, plastic deformations, and a temperature-dependent Young’s modulus. Several numerical tests were performed for diﬀerent
coating thicknesses dC, rotation rates X, and solidus
temperatures Tsol. Results were analyzed in the sense of
comparing heat transfer coeﬃcients at the interface and
air gap thicknesses as a function of time. The numerical
model developed here helps demonstrate that the
scenario at the interface is unique for each set of
parameters. Therefore, deploying any of the exponential
functions that explicitly describe the thermal resistance
at the cast-mold interface will always give rise to the
question about the actual value of empirical constants
used in that particular function. Although the material
properties taken for this study do not strictly correspond
to any particular material, they are obviously not far
from material properties of common steels and coatings,
and the results obtained here appear to be entirely
reasonable and meaningful. In the near future, we plan
to verify the current numerical approach against the
results obtained from the inverse task run with the
experimental data. Finally, possible room for improvement of the presented model remains. For example,
some kind of implicit coupling between the heat transfer
model and the plane stress model would be beneﬁcial
and might even be necessary in order to maintain
numerical stability (or suppress unphysical oscillations
of calculated displacements), especially at higher cooling
rates, e.g., when an air gap is being just formed. In
addition, the optimization loop involved in the loading
step, i.e., the process of calculating the plastic strains
could also be further improved.
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NOMENCLATURE
[…]C
[…]M
[…]S
cp
d
da
dC
E
gs
h
h0
hf
ha
k
ka
ka,phys
kC
kifc
L
Lf
N
P
q
q0
r
ri
ro

Subscript referring to the coating
Subscript referring to the mold
Subscript referring to the casting
Speciﬁc heat (J kg1 K1)
Casting thickness (mm)
Air gap thickness (mm)
Coating thickness (mm)
Young’s modulus (Pa)
Solid fraction
Heat transfer coeﬃcient at the interface
(W m2 K1)
Initial heat transfer coeﬃcient at the interface
(W m2 K1)
Final heat transfer coeﬃcient at the interface
(W m2 K1)
Heat transfer coeﬃcient between the casting
and the coating (W m2 K1)
Thermal conductivity (W m1 K1)
Eﬀective thermal conductivity of the air gap
(W m1 K1)
Thermal conductivity of air (W m1 K1)
Thermal conductivity of the coating
(W m1 K1)
Eﬀective thermal conductivity of the control
volume built of the mold, coating, air gap, and
casting (W m1 K1)
Thickness of the mold (m)
Latent heat of solidiﬁcation (J kg1)
Number of grid points
Set of yielding points
Heat ﬂux through the interface (W m2)
Initial heat ﬂux through the interface (only
coating present) (W m2)
Radial distance (mm)
Inner radius of the casting (mm)
Outer radius of the mold (mm)
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R
s
t
t0
T
Tﬁll
Tliq
Tmold
Tsol
T*
T’M
T’S
u
Y

Inner radius of the mold–radius of the
interface (mm)
Solidiﬁed thickness of the casting (mm)
Time (s)
Time of solidiﬁcation initiation (s)
Temperature (K (C))
Initial temperature of the liquid metal-ﬁlling
temperature (K (C))
Liquidus temperature of the casting material
(K (C))
Initial temperature of the mold (K (C))
Solidus temperature of the casting material (K
(C))
Temperature between the coating and the air
gap (Fig. 1) (K (C))
Temperature between the mold and the
coating (K (C))
Temperature between the casting and the air
gap (K (C))
Radial displacement (mm)
Yield strength (Pa)

GREEK SYMBOLS
a
b
c
er
et
epr
ept
ep
e
m
q
rr
rt
r
r
X

Thermal expansion coeﬃcient (K1)
Damping coeﬃcient
Constant exponent
Total strains in radial direction (mm mm1)
Total strains in tangential direction (mm mm1)
Plastic strains in radial direction (mm mm1)
Plastic strains in tangential direction (mm mm1)
Eﬀective plastic strain (mm mm1)
Radiative emissivity
Poisson’s ratio
Density (kg m3)
Radial stress (Pa)
Tangential stress (Pa)
von Mises (eﬀective stress) (Pa)
Stefan–Boltzmann constant (W m2 K4)
Rate of rotation (rad s1)
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