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Abstract

A three-phase Eulerian approach is developed to model the columnar-to-equiaxed transition (CET) during solidification. The three phases are the
parent melt, the solidifying columnar dendrites and the solidifying equiaxed grains. They are considered as spatially interpenetrating and interacting
continua. We solve the conservation equations of mass, momentum, species and enthalpy for all three phases. Additionally we define and solve an
additional transport equation for the number density of equiaxed grains which also accounts for grain nucleation. Diffusion controlled growth for
both columnar and equiaxed phases, drag forces, species partitioning at the solid/liquid interface, heat of fusion, etc. are taken into account with
t l potentials.
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he corresponding closure laws. A binary “steel” (Fe–0.34 wt.% C) ingot casting as benchmark was simulated to demonstrate the mode
reliminary results of the mixed columnar and equiaxed solidification including the motion of the columnar tip front, the occurrence of

he formation of macrosegregations, and the resulting melt convection and grain sedimentation and their influence on the final macros
istribution are presented.
2005 Elsevier B.V. All rights reserved.
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. Introduction

In recent years, the authors developed two two-phase models,
ne for equiaxed solidification[1–4] and another for hyper-
onotectic solidification[5–7]. Both models are based on an
ulerian–Eulerian approach. This paper reports about the exten-
ion of the two-phase equiaxed solidification model to a three-
hase model for a mixed columnar and equiaxed solidification
ith consideration of the so-called columnar-to-equiaxed tran-
ition (CET).

With an additional (columnar) phase, one more set of con-
ervation equations for mass, enthalpy and species must be
olved. No additional momentum equation is solved, as the
olumnar phase is considered to be stationary. The most chal-
enging point is the appropriate definition of the closure laws
or the phase exchanges and interactions: e.g. the competitive
rowth of both solid phases, and the mechanical interaction
etween them. The equiaxed phase which is allowed to nucleate
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everywhere in bulk melt, grows and moves freely. The sta
ary columnar phase is regarded to start from the mold
and grows thus preferentially along the heat flow direc
During solidification, both phases grow competitively. A
called columnar-to-equiaxed transition (CET) occurs at the
of solidification when the growing columnar dendrite tips
blocked by equiaxed grains. Early studies reported two ‘bl
ing’ mechanisms: one is by ‘mechanical blocking’ when
local volume fraction of equiaxed grain envelopes excee
certain limit [8], the other is by ‘soft-blocking’ when the loc
constitutional undercooling disappears[9,10]. The presente
three-phase model tracks the columnar tip front explicitly,
includes both of the above-mentioned CET mechanisms. H
ever, in our work the impact of the melt convection and equia
grain transport on the occurrence of CET is also considere

2. Model

2.1. General assumptions

(1) Three phases are defined: primary liquid phase (l), equ
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volume fractionsfl , fe and fc are subject tofl + fe + fc = 1.
Both, the primary liquid phase and the equiaxed phase are
allowed to move. The columnar phase is assumed to stick
to the wall, and solidify from the wall towards the bulk melt
along the heat flow direction. No momentum equation for
the columnar phase is solved.

(2) Ideal morphologies for both solid phases are assumed:
spherical for the equiaxed (globular) grains and cylindrical
for the columnar (cellular) primary dendrites.

(3) The grain size of the equiaxed grains is explicitly calculated,
while a constant value for the primary dendrite arm spacing
is assumed for the columnar phase.

(4) The Boussinesq approach is used to model thermo-solutal
convection, grain sedimentation and sedimentation-induced
melt convection. The volume shrinkage is ignored.

(5) Grains created or brought into the mold during filling, and
fragmentation (or segmentation) of the dendrites are not
modeled.

2.2. Nucleation of equiaxed grains and grain transport

The number density of equiaxed grains (m−3), n, is calculated
with

∂

∂t
n + ∇ · (�uen) = Ne (1)
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Here,c∗
l andc∗

s (c∗
s = kc∗

l ) are the equilibrium concentrations
adjacent to the solid/liquid interface, and from the phase dia-
gramc∗

l = (T − Tf )/m yields.Dl is the diffusion coefficient in
the liquid andRe = de/2 the radius of the grain. With Eq.(5),
we can define the volume averaged mass transfer rate for globu-
lar equiaxed solidification by considering the total surface area
of the spherical grains and the influence of pingement by an
Avrami-factorfl

Mle = vRe(nπd2
e)ρefl (6)

For columnar solidification two different cases are distin-
guished: (i) tip regions and (ii) growing columnar trunks behind
the tip region. We trace the tip front of the columnar grains by
a method described in Section2.8. For the volume elements
which have already been pasted by the tip front a diffusion con-
trolled growth model around cylindrical dendrite trunks is used.
With the similar analytical method of[11], the growth velocity
in radial direction of such a cylindrical trunk is approximated by

vRc = dRc

dt
= Dl

Rc

c∗
l − cl

c∗
l − c∗

s
ln−1

(
Rf

Rc

)
, (7)

where nowRc = dc/2 is the average radius of a cylindrical den-
drite trunk andRf =λ1/2 is half of the primary dendrite spacing
λ1. So we can define the volume averaged mass transfer rate
for those volume elements by considering the total surface area
o
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ere,�ue is the (volume averaged) velocity of the equiaxed ph
he nucleation rate (m−3 s−1), Ne, is modeled with a three
arameter heterogeneous nucleation law[1,2].

.3. Mass conservation and grain growth kinetics

Mass conservation equations are

∂

∂t
(flρl ) + ∇ · (flρl �ul ) = Mel + Mcl, (2)

∂

∂t
(feρe) + ∇ · (feρe�ue) = Mle + Mce, (3)

∂

∂t
(fcρc) + ∇ · (fcρc�uc) = Mlc + Mec, (4)

hereρl , ρe, ρc, are the densities and�ul, �ue, �uc the velocities o
he different phases. The source termsMlc (=−Mcl) is the mas
ransfer rate (kg/m3/s) from liquid to columnar phase, andMle
=−Mce) from liquid to equiaxed phase by solidification (po
ive) or melting (negative), andMce (=−Mec) from columnar to
quiaxed phase by the mechanism of fragmentation (pos
r by attaching (negative). The fragmentation is ignored, s
hoseMce= 0.

Diffusion controlled grain growth kinetics at the micro sc
s considered. For equiaxed solidification an ideal spherical
hology is considered so that the grain growth velocity in
adius direction can be solved analytically[11]

Re = dRe

dt
= Dl

Re

c∗
l − cl

c∗
l − c∗

s
= Dl

Re(1 − k)

(
1 − cl

c∗
l

)
(5)
.
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f columnar dendrite trunks per volumeSA = πdc/λ
2
l and an

vrami-factorfl

lc = vRc

(
πdc

λ2
l

)
ρcfl (8)

For the elements containing the growing columnar tips
ass transfer rateMlc for columnar solidification is written b

onsidering both the tip growth velocity,vtip, and radial growt
elocity,vRc

lc = vRcnc(πdcl)ρlfl + vtipnc(πR2
tip)ρlfl (9)

he first term on the left hand side of Eq.(9) denotes the ma
ransfer rate due to the growth in radial direction and the se
erm that of the growth in tip direction.nc = 4fc/(πd2

c l) is the
umber density of the columnar trunks. The dendrite tip velo
tip and the tip radiusRtip are calculated according to[11,12].

.4. Momentum conservation

The momentum equations for the parent melt and the mo
quiaxed phase are

∂

∂t
(flρl �ul ) + ∇ · (flρl �ul ⊗ �ul )

= −fl∇p + ∇ · ¯̄τ l + �FBl + �Ucl + �Uel, (10)

∂

∂t
(feρe�ue) + ∇ · (feρe�ue ⊗ �ue)

= −fe∇p + ∇ · ¯̄τe + �FBe + �Ule + �Uce, (11)
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where¯̄τ l and¯̄τeare the stress–strain tensors. With the Boussenisq
approximation, the thermal-solutal buoyancy force�FBl acting
on the liquid and the buoyancy force�FBe acting on the free
moving equiaxed grains are applied[4]. Each of the momentum
exchange terms�Ule, �Ulc and �Uce includes two parts: the part
due to phase transformation and the part due to drag force, for
example,�Ule = �Up

le + �Ud
le and �Ulc = �Up

lc + �Ud
lc. Details to treat

these momentum exchange term between the liquid phase and
the equiaxed phases are described in[1,2]. The same idea is used
for the momentum exchange between the liquid and the colum-
nar phase. However, we calculated the liquid-columnar drag
force by considering a mushy zone permeability as proposed
in [13]. For the momentum exchange between the columnar and
the equiaxed phase a simple approach is used. We assumed that
when the local volume fraction of the columnar phase is more
than a critical value off free

c = 0.2, an infinite drag force coef-
ficient between both solid phases applies and thus the equiaxed
grains are captured. When the volume fraction of the columnar
phase is smaller than this critical value, no drag force between
both solid phases exists and thus the motion of the equiaxed
grains is not affected by the columnar front. The choice of the
critical value forf free

c = 0.2 is here arbitrary. Therefore, further
parameter study on the influence of this value on the final result
is necessary.
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∂

∂t
(feρehe) + ∇ · (feρe�uehe)

= ∇ · (feke∇ · Te) + Qle + Qce, (16)

∂

∂t
(fcρchc) + ∇ · (fcρc�uchc)

= ∇ · (fckc∇ · Tc) + Qlc + Qec, (17)

where the enthalpies are defined viahl = ∫ Tl
Tref

cp(l) dT + href
l

andhe = hc = ∫ Te
Tref

cp(s) dT + href
e with specific heat of the liq-

uid cp(l) and the solid phasecp(s). Tref andhref
e are defined so that

the enthalpy difference between liquid and any solid,hl − he
andhl − hc, is equal to the latent heat of fusion. Further details
to treat the latent heat can be found in previous publications
[1,2]. By solving Eqs.(15)–(17), three different temperatures
are obtained,Tl , Te andTc. The thermal equilibrium condition
(Tl ≈ Te≈ Tc) is satisfied by applying a quite large volumet-
ric heat transfer coefficient of 108 (W m−3 K−1) between the
phases.

2.7. Auxiliary quantities

A mixture concentration for the description of macrosegre-
gations,cmix, is defined by
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.5. Species conservations

The volume averaged concentrationcl in the liquid phase,ce
n the equiaxed phase andcc in the columnar phase are obtain
y solving the species concentration equations:

∂

∂t
(flρlcl ) + ∇ · (flρl �ulcl )

= ∇ · (flρlDl∇cl ) + Ccl + Cel, (12)

∂

∂t
(feρece) + ∇ · (feρe�uece)

= ∇ · (feρeDe∇ce) + Cle + Cce, (13)

∂

∂t
(fcρccc) + ∇ · (fcρc�uccc)

= ∇ · (fcρcDc∇cc) + Clc + Cec, (14)

hereDl , De, Dc are the diffusion coefficients. The diffusi
pecies exchange at the phase interface is ignored, b
pecies partitioning at the phase interface during solidifica
and melting) is taken into account[1,2]. As we ignore an
hase exchange between equiaxed and columnar phases
ce≡ 0.

.6. Enthalpy conservation

We solve the enthalpy conservation equation for each p

∂

∂t
(flρlhl ) + ∇ · (flρl �ulhl )

= ∇ · (flkl∇ · Tl ) + Qcl + Qel, (15)
e

set

mix = clρlfl + ceρefe + ccρcfc

ρlfl + ρefe + ρcfc
. (18)

he average diameter of the equiaxed grains,de, is calculated
rom the following relation

e = n
4π

3

(
de

2

)3

. (19)

he average diameter of the columnar dendrite trunks,dc, is
alculated by relating the cross section area of a single colu
runk, π(dc/2)2, to the maximal available area of each tru
hen the dendrites are ranked in hexagon. Thus, we get

c = 3

4

d2
c

λ2
l

. (20)

n the case the dendrites are ranked in square, the prefac
q. (20) would beπ/4 instead of 3/4. In this paper, the aver
endrite arms spacing,λl , is assumed to be constant and giv
or the results presented in this paper we tookλl = 1 mm.

.8. Columnar tip front tracking and tip front ‘blocking’
echanism

The columnar tip front tracking is based on the assump
hat columnar dendrite trunks grow from the wall into the b
elt. However, no growth-preferred crystalline orientatio

onsidered.

1) Each control volume is indexed with a columnar st
marker,ic, which indicates whether a control volume c
tains the columnar tip front (ic = 1); columnar dendrit
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trunks (ic = 2); or no trunks or tips (ic = 0). All control vol-
umes are initialized withic = 0, except the boundary (wall)
elements whereic = 1.

(2) For each control volume an “equivalence” cylinder is con-
sidered with a radius oflref and a height oflref. The volume of
the cylinder is chosen to be equal to that of the correspond-
ing control volume:πl3ref = �V . As no preferred crystal
growth orientation is predefined, the “equivalence” cylin-
der is thought to be orientated parallel to the local heat flow
direction.

(3) The columnar front grows parallel to the “equivalence”
cylinder with a growth velocity,vtip, which is determined
from the LGT model[11,12]. The actual position of the front
is tracked by evaluating the integrall = ∫

t
vtip dt, starting as

soon as the front first enters the control volume.
(4) For l > lref the columnar tip front has grown out of the

“equivalence” cylinder. In this case all neighboring control
volumes which are still “empty” (ic = 0) will be “reached”
by the front. Thus, the columnar status markers of these vol-
umes are set toic = 1, whereas the marker of the considered
volume is set toic = 2.

(5) A mass transfer from the liquid to the columnar phase is
only considered for those control volumesic �= 0.

(6) In order to model the ‘mechanical blocking’ mechanism by
Hunt [8] the tip growth velocity is set to zero,vtip ≡ 0, as
soon as the local volume fraction of equiaxed,f , increases
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Fig. 1. Schematic of the simulated benchmark (average grid size 2.5 mm×
2.5 mm).

of 1785 K. All properties and parameters used for the simulation
are listed inTable 1andFig. 1.

Fig. 2shows the solidification sequence of the ingot casting.
Solidification starts as soon as the temperature drops down below
liquidus (1782.3 K). At 5 s, the equiaxed grains start to sink,
and induce melt convection. The melt is dragged by the sinking
grains downwards along the wall and then rises again in the mid-
dle of the casting. Two symmetrical vortices form. In addition to
the grain-sedimentation-induced melt convection, thermal and
solute buoyancy also drives melt convection. The melt near the

Table 1
Properties and parameters used in simulation

Thermal physical Thermal dynamics Process parameters

cp(l) = cp(s) = 808.25 J kg−1 K−1 k = 0.2894 nmax= 5× 109 m−3

Dl = 2× 10−8 m2 s−1 m =−8453.0 K �TN = 5 K
De = Dc = 5.6× 10−10 m2 s−1 Tf = 1811 K �T� = 2 K
�hf = href

l − href
e = 256 476 J kg−1 Γ = 2.9× 10−7 mK

kl = ke = kc = 33.94 W m−1 K−1

βT = 0.0002 K−1

βc = 0.011 wt.%−1

ρl =ρe =ρc = 7027 kg m−3

�ρ = 294 kg m−3
e
over the critical threshold offe,CET= 0.49. This event define
what is known in the literature as CET. The above descr
procedure for the CET automatically leads to the so-c
‘soft-blocking’ mechanism proposed by Martorano et
[10], asvtip vanishes when the local constitutional und
cooling disappears.

.9. Numerical implementation

The conservation equations are numerically solved with
ontrol-volume based finite difference CFD software FLUE
.1. The closure laws are implemented as user defined

ions. The FLUENT formulation is fully implicit, hence the
s no stability criterion for the time step,�t. However, the tim
teps used in practice impact on the accuracy of the ca
ion, thus the reliability of the numerical result. The�t must
e determined empirically by test simulations. For the be
ark simulation in Section3 a time step of�t = 10−4 s was
sed to start the simulation, and later change to 10−3 s. For eac

ime step, up to 60 iterations were necessarily to decreas
ormalized residual ofcl , ce, cc, fe, fc, �ul, �ue, p andn below

he convergence limit of 10−4, andhl , he, andhc below tha
f 10−7.

. Benchmark

The solidification of a binary “steel” (Fe–0.34 wt.% C) ing
ith a relatively small size (diameter: 66 mm, height: 170 m
as simulated (seeFig. 1). An axis-symmetrical simulation
ade. The grid used consists of 690 elements with a mea
f 6 mm2. The ingot is filled instantaneously with temperat
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Fig. 2. Solidification sequences. Bothfc andfe are shown with 60 gray levels. The maximum and minimum values of them are given. The arrows of both velocities
are linearly scaled starting from zero to the maximum value. The columnar tip front with solid line overlaps the quantitiesfc andfe.

wall revealed a lower temperature and is thus heavier than the
bulk melt (βT > 0) and enhance the flow. On the contrary, the
effect of solute buoyancy is reverse compared with thermal buoy-
ancy. The melt near the mold is enriched with solute, thus is
less dense (βc > 0) and so tends to rise. From the flow pattern
of Fig. 2, it becomes obvious that the joint effect of thermal
buoyancy and grain-sedimentation-induced flow dominates the
overall convection pattern. Sedimentation, of course, influences
the distribution of equiaxed grains. The equiaxed grains sink
down, and settle at the bottom region, where the volume frac-
tion of the equiaxed phase reaches a quite high level, i.e. 39% at
t = 5 s.

In the course of further cooling, the volume fraction of the
columnar phase at the mold wall increases. In addition, the
equiaxed grains continue to nucleate, sink and grow. They set-
tle and pile up in the lower region of the ingot. Att = 20 s, the
volume fraction of columnar phase near the wall reaches 97%
and the volume fraction of equiaxed phase in the lower part of
the ingot reaches 78%. In the mean time the columnar tip front
moves inwards. As described in Section2.4, it is assumed that
the equiaxed grains can freely move until the volume fraction of

columnar dendrite trunks reaches 20%, when they are blocked
and incorporated in the columnar front.

At t = 60 s, the columnar tip front in the middle of the casting
meets. Therefore, two closed columnar tip front lines are seen:
one in the upper region where the solid fraction is still low, and
a second in the lower part of the casting, where the solidification
is nearly completed by equiaxed grains (fe≥ 0.99). Here the
columnar tip front has already been ‘blocked’ by the presence
of many equiaxed grains. The columnar tip front line in the upper
part is still able to move.

At t = 90 s the solidification of the whole casting is almost
finished. The columnar tip front in the upper part of the casting
has disappeared. However, in the lower part of the casting the
columnar tip front still remains. This remaining columnar tip
front line indicates the position of the CET. Within the CET line
only equiaxed grains exist, while out of the line both columnar
phase and equiaxed phases coexist.

The macrosegregation is shown inFig. 3. A cone shaped
negative segregation is predicted in the lower part of the ingot,
where high sedimentation rate occurs. It is numerically ‘evi-
denced’ that the mechanism of the sedimentation of equiaxed
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Fig. 3. Predicted macrosegregationcmix. The quantity ofcmix is shown with
both isolines and gray scale: light for negative segregation and dark for positive
segregation. The values accompanyingcmix isolines are in unit of percentage.
The CET (black line) is also drawn together withcmix.

grains is responsible for the negative segregation. The solut
poor equiaxed grains pile up at the bottom of the ingot, and the
solute rich residual melt rises. Thecmix distribution profiles are
approximately similar to the CET profile.

The positive segregation zone which forms at the top par
of the ingot is mainly due to melt convection. The solute rich
melt rises as the equiaxed grains sink. The solute redistributio
in the melt is strongly dependent on the melt convection pat-
tern. As shown inFig. 2, two symmetrical melt vortices occur
in the ingot. In the casting center the flow current transport
solute rich melt from the bottom region towards the top. As
the melt hits the casting top, it diverges into two side streams
resulting in a left- and a right-hand side region enriched with
solute elements. Obviously, the positive segregated zones a
not stationary during solidification, they move with the flow

current until the whole casting had solidified and the melt flow
disappeared.

The modeling results described above reproduce the sense,
which was described by Campbell[14] based on the understand-
ing to classical experiments. The positive segregation at the top
region of the ingot can be explained by the convection of the
segregated melt in bulk region. This kind of positive segregation
coincides with the early experimental results of Campbell[14]
and Nakagawa and Momose[15]. Finally, it must be mentioned
that channel segregations, which are frequently found in steel
ingots, are not predicted with the recent model. The reason for
that is that melting was not taken into account in this simulation
and that the used numerical grid is too coarse.

4. Summary

A three-phase Eulerian solidification model is developed,
and preliminarily used to simulate a reduced ‘steel’ ingot. The
result has shown the potential of the mixed columnar and
equiaxed solidification including CET. The simulated solidi-
fication sequence, the sedimentation of the equiaxed grains,
the movement of the columnar tip front and the final macro-
scopic phase distribution fit to the widely accepted explanations
of experimental findings, as summarized by Campbell[14].
However, no quantitative evaluation was made yet. We rather
suggest that further comprehensive parameter studies are neces-
s eling
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