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A volume-averaging multiphase solidification model was introduced in Part I. In Part II, illustrative
simulations are made for two benchmarks, a unidirectional solidification benchmark and a cylindrical
ingot casting, using a binary Al–Cu alloy. For the case of unidirectional solidification the competing
growth of columnar and equiaxed structures, evolution of different phase regions, solute redistribution,
and the influence of grain sedimentation and melt convection are analyzed in detail. The columnar-to-
equiaxed transition (CET) is investigated, with important insights derived from the CET prediction. The
new features of the model and its applicability to industrial-type castings are demonstrated with simu-
lations of a cylindrical ingot casting. This is done in both a 2D axisymmetric and a full 3D geometric
domain to demonstrate the ability of the model to produce consistent results. The main features of the
model that are verified include tracking of the columnar primary dendrite tip, nucleation of equiaxed
grains ahead of the columnar tip front, hydrodynamic and solutal interactions between the equiaxed
and columnar structures, the columnar-to-equiaxed transition (CET), melt convection and grain sedimen-
tation, and macrosegregation and the final macrostructure. With appropriate modelling parameters the
typical columnar-equiaxed macrostructure observed in experiments can be reproduced. Uncertainties
due to model parameters and assumptions are addressed and discussed.

� 2010 Elsevier B.V. All rights reserved.
1. Introduction

In the last century significant progress has been made in
describing the formation of the mixed columnar-equiaxed macro-
structure, however the ability to control and dictate the as-cast
macrostructure in a casting or ingot remains a challenge for metal-
lurgists and foundrymen. Modelling efforts of the previous decades
[1–4] have elucidated many aspects of the interdependent phe-
nomena in columnar-equiaxed solidification, but due to the com-
plex interaction of the multiphase flow and grain sedimentation
during solidification and constraint of computing resources, mod-
elling mixed columnar-equiaxed solidification at the process scale
has not been fully realized and remains a problem under much cur-
rent investigation.

Significant advances in modelling of dendritic alloys were made
with the contributions of Rappaz and Thevoz [5,6] who proposed a
micro–macro solute diffusion model for equiaxed dendritic solidi-
fication. Following this work Wang and Beckermann [7,8] sug-
gested a multiphase approach encompassing either equiaxed or
columnar solidification, in which a volume averaging method is
used to model global multiphase transport phenomena including
ll rights reserved.
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flow and grain sedimentation. Recently, Ciobanas and Fautrelle
[9,10] proposed an ensemble-averaged multiphase Eulerian model
for mixed columnar-equiaxed solidification, although convection
and grain sedimentation were not taken into account. Building
upon the major features of these works, an expanded model, which
encompasses mixed equiaxed-columnar solidification, convection
and grain sedimentation, and tracks the evolution of dendritic
morphologies has been presented by the current authors and is
demonstrated here.

As stated in Part I, a model for mixed columnar-equiaxed solid-
ification should bridge the macro and micro length scales, encom-
pass both dendritic and non-dendritic morphologies, track the
columnar primary dendrite tip front (which separates the pure
equiaxed solidification zone from the mixed columnar-equiaxed
solidification zone), and simulate multiphase flow and grain sedi-
mentation. To incorporate these phenomena into a single model
a volume-averaging multiphase solidification model with five ther-
modynamic phase regions is proposed. These five phase regions in-
clude the solid dendrites and the interdendritic melt in equiaxed
grains, the solid dendrites and the interdendritic melt in columnar
trunks, and the extradendritic melt. For melt flow and grain sedi-
mentation, three hydrodynamic phases are defined: equiaxed
grains, composed of solid dendrites and interdendritic melt;
columnar dendrite trunks, composed of solid dendrites and
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mailto:menghuai.wu@mu-leoben.at
http://dx.doi.org/10.1016/j.commatsci.2010.07.006
http://www.sciencedirect.com/science/journal/09270256
http://www.elsevier.com/locate/commatsci


Nomenclature

c0 initial (nominal) concentrations of alloy (wt.%)
cE eutectic concentration (wt.%)
c‘, ce, cc concentrations of hydrodynamic ‘-, e-, or c-phases

(wt.%)
�cc

env average concentration at columnar tree trunk envelope
(wt.%)

�ce
env average concentration at equiaxed grain envelope

(wt.%)
cc

d; cc
s concentrations of interdendritic melt and solid den-

drites in columnar tree trunk (wt.%)
ce

d; ce
s concentrations of interdendritic melt and solid den-

drites in equiaxed dendritic grain (wt.%)
cmix mix concentration (wt.%)
c�‘ ; c

�
s equilibrium concentration at liquid–solid interface

(wt.%)
cp;‘; cp;s specific heat of liquid and solid (J kg�1 K�1)
D‘;Ds diffusion coefficient in liquid or solid phase (m2 s�1)
dc average diameter of columnar tree trunk (m)
de average diameter of equiaxed grain diameter (m)
f‘, fe, fc volume fraction of hydrodynamic ‘-, e-, or c-phases (1)
f c
s ; f

c
d volume fraction of solid dendrites or interdendritic melt

in columnar tree trunk referring to total volume (1)
f e
s ; f

e
d volume fraction of solid dendrites or interdendritic melt

in equiaxed grain referring to total volume (1)
f free
c critical volume fraction of columnar phase for entrap-

ment of equiaxed grains (1)
fe;CET hard blocking criterion (Hunt model) (1)
f extra
Eu extradendritic eutectic phase (1)

f intern
Eu;e , f intern

Eu;c interdendritic eutectic phases in equiaxed or colum-
nar phase (1)

f total
Eu total eutectic phase (1)
g
*

gravity (m s�2)
G temperature gradient at the columnar primary dendrite

tip (K cm�1)
Hw heat transfer coefficient at casting-chill interface

(W m�2 K�1)
k solute partitioning coefficient at the liquid–solid inter-

face (1)
k1 growth parameter in KGT model (m s�1 K�2)
k2 growth parameter in KGT model (m s�1 K�3)
k‘, ke, kc thermal conductivity (W m�1 K�1)
L latent heat (J kg�1)
l‘ diffusion length around grain/trunk envelope (m)
m‘ liquidus slope of binary phase diagram (K)
M‘e(=�Me‘) liquid-equiaxed net mass transfer rate (kg m�3 s�1)
M‘c(=�Mc‘) liquid-columnar net mass transfer rate (kg m�3 s�1)

Mc
ds interdendritic solidification rate in columnar trunk

(kg m�3 s�1)
Me

ds interdendritic solidification rate in equiaxed grain
(kg m�3 s�1)

nmax maximum equiaxed grain density, or maximum avail-
able nucleation sites in heterogeneous nucleation law
(m�3)

T0 initial temperature (K)
Tf melting point of pure metal (Al) (K)
TL liquidus temperature (K)
T‘, Te, Tc temperatures of hydrodynamic ‘-, e-, or c-phases (K)
TE temperature of eutectic reaction (K)
Tw mould temperature (K)
DT undercooling (K)
DTc undercooling at the columnar primary dendrite tip (K)
DTN undercooling for maximum grain production rate (K)
DTr Gaussian distribution width of nucleation law (K)
u
*

‘; u
*

e; u
*

c velocity vector of hydrodynamic ‘-, e- or c-phase
(m s�1)

venv growth velocity of the volume-equivalent envelope
(m s�1)

vc
tip0 growth velocity of columnar primary dendrite tip

(m s�1)
ac

d;a
c
s volume fraction of interdendritic melt, solid dendrites

inside the columnar tree trunks (ac
d þ ac

s=1) (1)
ae

d volume fraction of interdendritic melt inside equiaxed
grains (1)

ae
s volume fraction of solid inside equiaxed grains

(ae
d þ ae

s =1)
bT thermal expansion coefficient (K�1)
bc solutal expansion coefficient (1)
bs solidification volume shrinkage (1)
Uc

circ circularity of the envelope of the columnar dendritic
trunk (1)

Uc
env shape factor of columnar dendrite trunk (1)

Ue
env shape factor of equiaxed dendritic grain (1)

Ue
sph sphericity of equiaxed grain envelope (1)

C Gibbs–Thomson coefficient (m K)
k1 primary dendrite arm space of columnar tree trunk (m)
k2 secondary dendrite arm space (m)
l‘ viscosity (kg m�1 s�1)
q‘, qe, qc average densities of hydrodynamic ‘-, e-, or c-phases

(kg m�3)
qref
‘ ;qref

e reference densities of extradendritic melt and equiaxed
phase (kg m�3)

qs density of pure solid dendrite (kg m�3)
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interdendritic melt; and the extradendritic melt. As the columnar
dendrite trunks generally move with a predefined velocity, only
two set of momentum conservation equations are solved for the
flow of the extradendritic melt and the movement of the equiaxed
grains. The interdendritic melt inside the equiaxed grains is as-
sumed to move with the equiaxed grains, and the interdendritic
melt inside the columnar trunks moves with the columnar den-
drite trunks.

A major focus area of research in mixed columnar-equiaxed
solidification is the columnar-to-equiaxed transition (CET).
Numerous previous investigations of the CET were carried out un-
der a relatively simple condition/assumption, i.e. the unidirectional
solidification. Hunt [11] based on a 1D analytical model has sug-
gested that CET might occur when the volume fraction of equiaxed
grains ahead of the columnar primary dendrite tip front exceeds a
critical value of fe;CET ¼ 0.49, known as hard blocking mechanism.
Based on this assumption he successfully established a CET map:
a correlation of the columnar primary dendrite tip growth velocity
vc

tip0 with the local temperature gradient G at the moment when
CET occurs. This CET map was later confirmed and further im-
proved by including nucleation effects [12] and more precise
growth kinetics and by incorporation of a multi-field system taking
into account hard- and soft-blocking mechanisms [9,10,13–17].
Subsequent phase field and stochastic models have also confirmed
the CET phenomenon in a unidirectional solidification configura-
tion [18–20]. Indeed, phase field methods can provide almost all
the necessary physical details of CET, though they are limited to
domain scales at the microscopic level. In the mean time unidirec-
tional solidification experiments were often accompanied to verify
the above models or to help exploring new models. From the
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experimental results people tried to abstract some more practical/
empirical correlations, which can be used as indirect criteria to
predict the CET in engineering castings [21–25]. Some successes
were made, although most of them are limited to selected alloy
system or special process conditions. As part of the verification of
the current model, the classic unidirectional solidification is here
simulated. The newly proposed 5-phase model would provide
most of the necessary information for CET at the process scale.

Finally, a full 3D simulation and a 2D axis symmetric simulation
of a cylindrical casting are presented. Consistency of both simula-
tions will be proven. The predicted macrostructure, i.e. the distinct
equiaxed zone and columnar zone separated by CET, can be com-
pared with the experimentally observed as-cast macrostructure
[3,26]. The purpose of presenting this preliminary calculation is
to demonstrate the features of the current model. Further verifica-
tions by comparison with the experiments will be made in future.
Table 1
Parameters used for the process simulations.

Thermo-physical properties:
l‘ = 1.3 � 10�2 kg m�1 s�1

cp,‘ (cp,s) = 1179 J kg�1 K�1

D‘ = 3 � 10�9 m2 s�1

Ds = 8 � 10�13 m2 s�1

L = 3.97 � 105 J kg�1

k‘ = 77 W m�1 K�1

ke(kc) = 153 W m�1 K�1

q‘(qe, qc) = 2606 kg m�3

Boussinesq parameters:
bT = 10�4 K�1

bc = 9.2 � 10�3 wt.%�1

b ¼ ðq � q Þ=qref ¼ 0:0526
2. Unidirectional solidification

2.1. Benchmark description

The transient unidirectional solidification process under consid-
eration is shown in Fig. 1. The geometry is 2D, however 1D heat
transfer is enforced with a constant heat transfer coefficient (Hw)
at the metal-chill interface (left wall) and adiabatic boundary con-
ditions for the three remaining walls. Non-slip boundary condition
for momentum equations and non-flux boundary condition for
species transport equations are applied for all walls. This configu-
ration allows for effective analysis of model results and model
assumptions as well as verification from the extensive previous
experimental and theoretical research on unidirectional solidifica-
tion. The casting is filled with liquid melt of initial temperature T0

before solidification begins. Solidification of columnar dendrites
grow from the chilled surface, against the direction of heat flow
while nucleation of equiaxed grains occurs in front of the columnar
primary dendrite tip front when the necessary undercooling is
achieved. Simulations are carried out with and without melt con-
vection and grain sedimentation to study the effects of these phe-
nomena. As CET analysis is one of the main objectives of this
investigation, Al–4.7 wt.% Cu is chosen as the model alloy, for
Fig. 1. Configuration of the unidirectional solidification benchmark. The calculation
domain (100 � 10 mm2) is meshed into 1000 rectangular volume elements of
1 � 1 mm2. Calculation with a finer mesh (0.5 � 0.5 mm2) has been repeated to
verify the mesh independence of the numerical result.
which substantial previous research on CET phenomenon in unidi-
rectional solidification is available [16–19,25–27]. Well-defined
thermo-physical and thermodynamic data are also widely avail-
able for this system.

Thermo-physical and thermodynamic properties, growth kinet-
ics and dendritic morphological shape factors, together with the
process conditions and nucleation parameters used for the current
calculations are listed in Table 1. Sensitivity of the model to various
process and model parameters is investigated by varying the heat
transfer coefficient, nucleation parameters, and morphological
shape factors. The influence of these parameters on solidification
phenomena is discussed in detail in the following sections.

As a part of model verification, grid sensitivity studies are car-
ried out under the casting conditions shown in Fig. 1 and Table 1
using a 1 � 1 mm2 and a 0.5 � 0.5 mm2 grid. In each case the time
step is dynamically adapted to ensure that the convergent criteria
mentioned in Part I are fulfilled at each time step. For the two mesh
sizes all transport fields and solution variables are found to be in
agreement and the predicted CET position is in very close agree-
ment, with a CET at 44.5 mm from the chilled surface for the coarse
grid and 43.25 mm for the fine grid. Thus, at these mesh sizes the
results can be considered grid independent.
2.2. Evolution of phase regions

The distribution of columnar and equiaxed phases at t = 115 s is
shown in Figs. 2 and 3, with the corresponding solute concentrations
s s ‘ e

qref
‘ ðqref

e Þ ¼ 2606 kg m�3

qs = 2743 kg m�3

Growth kinetics parameters in KGT model [28,29]:

k1 ¼ 1:16633� 10�4 � ð100 � c‘Þ�1:24319

k2 ¼ 5:39996� 10�4 � ð100 � c‘Þ�2:13518

Thermodynamic parameters:
k = 0.145
m‘ = �344.0 K
Tf = 933.5 K
TE = 821.4 K
cE = 32.6 wt.%

C ¼ 2:4� 10�7 m K

Nucleation parametersa:
nmax = 1 � 109 m�3

DTN = 5 K
DTr = 2 K

Process conditionsa:
c0 = 4.7 wt.%
T0 = 932 K
Hw = 100 W m�2 K�1

Tw = 290 K

Morphological shape factorsa:
Ue

env ¼ 0:6827 Ue
sph ¼ 0:283

Uc
env ¼ 0:7979 Uc

circ ¼ 0:5
k1 = 500 lm k2 = 100 lm

a Those parameters are varied for parameter study.



Fig. 2. Predicted distribution of columnar and equiaxed phases at 115 s (a) graphical depiction of the mixed columnar-equiaxed solidification, (b) volume fraction of
hydrodynamic equiaxed phase, fe, and the internal volume fraction of solid dendrites within the equiaxed phase ae

s , (c) hydrodynamic columnar phase, fc, and the internal
volume fraction of solid dendrites within columnar phase, ac

s , (d) close up view of GDT from b). The position of the liquidus isotherm, TL, the start of globular grain growth
(s.g.g.), the globular-to-dendritic transition (GDT), and the columnar primary dendrite tip position are indicated.

Fig. 3. Volume fraction distribution of solid phase and temperature field at 115 s
showing (a) the total amount of solid fs, equal to the sum of the solid dendrites
within both the columnar trunks f c

s and the equiaxed grains f e
s and (b) the fs � T

correlation obtained from the current model compared with the Scheil-model.
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for each phase shown in Fig. 4. The phase and concentration
distributions are taken along the middle line of the unidirectional
solidification benchmark, which can represent distributions along
any line parallel to the direction of heat transfer. Figs. 2 and 4 show
the positions of the liquidus isotherm, the start of globular equi-
axed grain growth (s.g.g.), the globular-to-dendritic transition
(GDT), and the columnar primary dendrite tip front. Equiaxed
nucleation is computed with a continuous 3-parameter nucleation
law, in which nucleation can occur immediately below the liquidus
temperature, but the nucleation rate is dependent on the local con-
stitutional undercooling. For discussion purposes, however, the
s.g.g. corresponds to a statistically significant number of grains
which can be visually identified as fe > 0 in Fig. 2d.

The columnar phase fc begins to grow from the chilled surface
with cellular morphology, i.e. solid fraction within the columnar
phase, ac

s, is 1, as soon as undercooling is achieved. In Fig. 2c ac
s de-

creases sharply from 1 to 0.2 indicating an immediate transition
from cellular to dendritic growth (CDT) at the columnar front.
The position of the columnar primary dendrite tip front advances
according to KGT growth kinetics (Part I) [28,29]. In the snapshot
of Fig. 2 the columnar tip front is located 16.2 mm from the chilled
surface, 8.5 mm behind the liquidus isotherm. Between the liqui-
dus isotherm and the columnar tip front, equiaxed grains nucleate
and grow as globular grains (ae

s ¼ 1), 1.1 mm behind the liquidus
isotherm. After a short interval of globular growth, GDT occurs at
21.4 mm from the chilled surface. Between the GDT position and
the columnar dendrite tip front the volume fraction of the solid



Fig. 4. Distribution of solute concentration in each liquid phase region near the
primary dendrite tip at t = 115 s for (a) equiaxed phase and (b) columnar phase,
where c‘ is the extradendritic melt concentration, cc

d and ce
d are solute concentra-

tions of the interdendritic melts in the columnar trunks and equiaxed grains, �cc
env

and �ce
env are average solute concentrations at the respective grain boundary

envelopes, and c�‘ is the liquid equilibrium concentration. The positions of TL, s.g.g.,
GDT and columnar primary dendrite tip are indicated.
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dendrites inside the grain envelope, ae
s , drops rapidly from 1.0 to

about 0.1, indicating that the equiaxed grains become highly den-
dritic. The volume fraction of equiaxed grains fe at the columnar
dendrite tip front, 0.025, is still quite low. In the inter-columnar
space the equiaxed grains can continue to grow, although the
growth velocity is very small. Accompanying above grain envelope
growth processes, equiaxed interdendritic melt solidifies as well
and the volume fraction of solid dendrites in the equiaxed grains
ae

s gradually increases.
At the mould wall the volume fractions of columnar and equi-

axed phases are 0.64 and 0.04 respectively. Since the columnar pri-
mary dendrite tips grow from the mould wall, the small amount of
equiaxed phase is assumed to form in the inter-columnar space. As
shown in Fig. 3a, most of the solid formed near the mould wall con-
sists of solid dendrites from the columnar trunks, while the equi-
axed grains have only a small contribution to the total solid
phase. Thus, the model is in agreement with the well-established
pattern of dominant columnar dendritic growth near the casting
surface. Further model validation is shown in the agreement of
the predicted fs � T curve with the Scheil model in Fig. 3b. As is ex-
pected, the fs � T curve deviates from the Scheil model in the initial
stage of solidification, where the Scheil model assumes complete
mixing of the solute element in the liquid phase. This assumption
has been shown to be a poor one in numerous previous investiga-
tions [5,6,27]; likewise the current model shows that the assump-
tion of the complete solute mixing in the liquid phase is valid in
general during solidification, but not in the initial stage.

Fig. 4 shows concentrations of the interdendritic and extraden-
dritic melts at 115 s. The liquid equilibrium concentration, c�‘ ,
which applies at the interface between the interdendritic melt
and the solid dendrites, is determined by the local temperature
according to the thermodynamic information of the phase dia-
gram. The difference between c�‘ and c‘ serves as the driving force
(supersaturation) for nucleation and growth of equiaxed grains as
well as the driving force for growth of the columnar primary den-
drite tips and for growth of columnar dendrite trunks in radial
direction. The average concentration of the interdendritic melt is
shown by ce

d for equiaxed, and cc
d for columnar. The difference be-

tween c�‘ and ce
d (or cc

d) serves as the driving force for interdendritic
melt solidification. �ce

env and �cc
env are average envelope concentra-

tions, and they are important quantities for calculating the solute
exchange between interdendritic melt and extradendritic melt.
As the current model does not include melting and back diffusion,
the solute concentration of solid dendrites is not discussed. With-
out resolving the microscopic details of each dendrite or dendritic
grain, the above concentrations, together with quantities like aver-
age grain size de (or dc), provide sufficient information to ‘recon-
struct’ the characteristic solute distribution profile across the grain.

The modelling result (Fig. 4) shows that the supersaturation
(c�‘ � c‘) is established as soon as the local temperature drops be-
low the liquidus temperature. c�‘ increases with the decrease of
temperature, while c‘ remains constant (�c0) until the columnar
primary dendrite tip front is reached. During globular equiaxed
growth, there is no distinction among c�‘ , ce

d and �ce
env, and enrich-

ment of c‘ is minimal since the volume fraction of the globular
grains is negligible. Following GDT the grain becomes dendritic,
the growing envelope encloses extradendritic melt of average con-
centration of �ce

env into grain envelope, thus having an effect of
decreasing the interdendritic solute concentration. In contrast, sol-
ute partitioning at the solid dendrite–interdendritic liquid inter-
face during solidification increases the solute concentration of
the interdendritic melt. The interdendritic melt concentration, ce

d,
is actually a result of these two competing phenomena. At the
grain envelope two species exchange mechanisms exist in opposi-
tion, species diffusion from the interdendritic melt into the extra-
dendritic melt and species transfer due to growth of the grain
envelop, which encloses extradendritic melt with lower solute
concentration into the interdendritic melt region. When the former
one is dominant, the extradendritic melt becomes gradually en-
riched with solute element. When the later is dominant, the aver-
age concentration of the extradendritic melt may remain constant.
The constant c‘ during pure equiaxed growth ahead of the colum-
nar tip (Fig. 4) indicates that the later mechanism, i.e. species
transfer due to growth of the grain envelop, dominates.

For the mixed columnar-equiaxed zone, the situation becomes
more sophisticated. As mentioned previously (Fig. 2c), CDT occurs
almost at the columnar tip front. Therefore, enclosure of the extra-
dendritic melt of average concentration of �cc

env into the columnar
trunk leads to immediate decrease of cc

d from c�‘ . In the deep mixed
columnar-equiaxed zone, with the increasing distance from the
columnar dendrite tip front the difference between �cc

env, cc
d and c�‘

becomes smaller and smaller, because the growth of columnar
trunk envelope is suppressed due to the impingement while the
solidification of the interdendritic melt continues. The same situa-
tion happens to the equiaxed growth, where �ce

env, ce
d and c�‘ get clo-

ser and closer. As the extradendritic melt is shared by the equiaxed
and the columnar phases, the enrichment of the extradendritic
melt is significant.

Martorano et al. [14] suggested that solute enrichment in the
extradendritic melt due to growth of equiaxed grains ahead of
the columnar tip front would exhaust the driving force (supersat-
uration) for columnar dendrite tip growth. The results in Fig. 4
show that this is not the case in the initial stages of solidification,
because the small amount of equiaxed phase ahead of the colum-
nar front is not sufficient to influence the extradendritic melt con-
centration. However, in the later stages of solidification, the effects
of solutal impingement become more evident, as shown in Fig. 5 at
t = 275 s. At the columnar tip front, c�‘ ¼ 0:0526 and c‘ ¼ 0:0486,
the extradendritic melt is significantly enriched in comparison
with the initial concentration of 0.047. If the enrichment of c‘ is ne-
glected, the driving force for the columnar primary dendrite tip



Fig. 5. Distribution of solute concentration in each liquid phase region near the
columnar primary dendrite tip at t = 275 s. The columnar primary dendrite tip
position is located at approx. 36.5 mm from the chilled surface.

Fig. 6. Evolution of the columnar and equiaxed phases. The CET occurs at 428 s,
approximately 44.5 mm from the mould wall.

Fig. 7. Columnar primary dendrite tip growth velocity vc
tip0 and the equiaxed

volume fraction fe at the columnar primary dendrite tip as function of columnar
primary dendrite tip position.
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growth (c�‘ � c‘) would be overestimated by 28.6%. This solutal
impingement effect on the columnar dendrite tip growth becomes
even more important with the continuation of solidification.

The evolution of the interdendritic and extradendritic melt con-
centrations (Figs. 4 and 5) is the result of a series of coupled and
competition phenomena which include solidification of the inter-
dendritic melt and growth of the grain envelopes; solute partition-
ing at the solid–liquid interface and solute exchanges at the grain
envelope; and competing growth between equiaxed grains and
columnar trunks. These complex interactions are included in the
current model, which is described in detail in Part I.

2.3. CET phenomenon

Fig. 6 shows the dynamic evolution of the hydrodynamic colum-
nar phase, fc, and equiaxed phase, fe. As solidification proceeds, the
volume fraction of equiaxed grains ahead of the columnar primary
dendrite tip front continually increases. At t = 428 s, the equiaxed
volume fraction at the columnar dendrite tip front reaches the crit-
ical value of fe,CET = 0.49 and the columnar primary dendrite tips are
blocked by the equiaxed grains, i.e. the hard blocking mechanism
takes effect and the growth velocity of the columnar primary den-
drite tips is forced to zero. For the process conditions of the current
investigation, the CET position is predicted approximately 44.5 mm
from the chilled surface. Although the growth of the columnar pri-
mary dendrite tips is ultimately inhibited by the equiaxed grains
as fe, CET limit is exceeded, the CET is induced due to both hard and
soft-blocking mechanisms. As discussed previously (Fig. 5), in the
later stages of solidification columnar tip growth velocity is signifi-
cantly reduced due to solute enrichment ahead of the columnar tip
front, as the solidifying equiaxed dendrites reject solute directly
into the interdendritic melt which is further transported to the
extradendritic melt. Additional evidence of the influence of equi-
axed grains on columnar tip growth is shown in Fig. 7. As the volume
fraction of equiaxed grains ahead of the columnar tip increases, the
influence of solutal impingement and thermal impingement (re-
lease of equiaxed latent heat) increases, and the columnar tip
growth velocity, vc

tip0 , decreases. The thermal hindrance, or reduc-
tion of the cooling rate, at the columnar tip comes from the growing
distance of the tip from the mould wall.
To further explore the CET phenomenon, 30 simulations with
varying process parameters are analyzed (superheat: 5, 15, 30,
50, 75, 100 K, and heat transfer coefficient: 50, 100, 200, 500,
1000, 2000, 4000 W m�2 K�1). Each simulation is run until CET oc-
curs. Fig. 8 charts the log of columnar tip growth velocity, vc

tip0 , and
log of temperature gradient, G, for each of these simulations at the
moment when CET occurs. Independent of the chosen process
parameters, all the CET points fall within a narrow band in this
log(vc

tip0 )-log(G) plot. These gray bands divide the plot area into
columnar-equiaxed growth in the lower-right and pure equiaxed
growth in the upper-left. This result agrees well with previous
studies [1,11,17]. With an increasing maximum number density
of equiaxed nuclei, nmax, from 1 � 109 m�3 to 5 � 1010 m�3, our
model predicts a shift of the CET band towards the lower-right cor-
ner of the plot, again in agreement with the Hunt’s model [11,17].
Note that many analytical studies on CET are based on a quasi stea-
dy state condition with an imposed growth velocity, vc

tip0 , and an
imposed temperature gradient, G. In the present model only the
process parameters are imposed, whereas vc

tip0 and G are obtained
as modelling results of a transient simulation. In the current range
of the process parameters, vc

tip0 and G are found to fall into a rela-
tively narrow range in comparison to previous analytical studies
that specified vc

tip0 and G [1,11,12].
2.4. Columnar growth vs. mixed columnar-equiaxed growth

As an alternative to specifying a blockage criterion for CET pre-
diction, methods have been proposed which use indirect criteria
based on a columnar-front-tracking model [21–24]. However,



Fig. 8. Predicted CET map for an Al–4.7 wt.% Cu alloy. The columnar primary
dendrite tip growth velocity, vc

tip0 (cm s�1), and the temperature gradient, G
(K cm�1), are taken at the columnar primary dendrite tip at the moment when CET
occurs. A heterogeneous, 3-parameter Gaussian nucleation law is used with
parameters, DTN = 5 K, DTr = 2 K, and nmax, are shown in the diagram.
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these models do not account for equiaxed growth. For instance,
Gandin [21] found that the CET coincided with the point at which
the local maximum dendrite growth velocity and the constrained-
to-unconstrained (positive temperature gradient to negative tem-
perature) transition occurred. Browne et al. [23] have combined
the columnar-front-tracking model with a peak equiaxed index cri-
terion with CET prediction results which show some agreement
with experiments. Those studies, however, have also pointed out
that neglect of equiaxed solidification might preclude the use of
such models in cases with melt inoculation which is often used
to enhance heterogeneous nucleation or in similar equiaxed-
favoured casting situations [21,23]. To better quantify the
influence of the equiaxed growth on the CET, here simulations
neglecting equiaxed solidification are run and compared with
mixed columnar-equiaxed simulations. With no direct blocking
criterion imposed, the columnar tips would grow throughout the
length of the 1-D casting sample for the case neglecting equiaxed
solidification.

The liquidus isotherm and the columnar tip front as function of
the square root of time are plotted in Fig. 9 for the cases of pure
columnar growth and mixed columnar-equiaxed growth. The re-
sults show that the liquidus isotherms for the two cases are almost
identical. The position of the columnar tip front progress almost
with the same speed at the initial stage for both cases, but begins
to deviate gradually as the columnar tip front approaches the posi-
tion of CET. The large gap between the liquidus isotherm and the
Fig. 9. Numerical result of the liquidus isotherm and the columnar primary
dendrite tip position as function of the square root of time. The case of pure
columnar growth is compared with the case of mixed columnar-equiaxed growth.
columnar tip front indicates the importance of columnar tip
tracking.

The columnar tip growth velocity and cooling rate at the den-
drite tip for pure columnar and mixed columnar-equiaxed solidifi-
cation as function of the columnar tip position are shown in Fig. 10.
The CET does not appear to be correlated with any critical colum-
nar tip growth velocity or critical cooling rate. The two simulations
show significantly different results with regard to the columnar tip
growth velocity and the critical cooling rate at the position of CET
(mixed columnar-equiaxed growth).

2.5. Grain sedimentation

To investigate the influence of grain sedimentation on the CET,
grain sedimentation and melt convection are included in the calcu-
lation. The same geometry configuration, boundary and initial
conditions as Fig. 1 are applied. As shown in Fig. 11a, gravity acts
in the direction parallel to the heat transfer direction, thus grains
fall towards the dendrite tips and into the inter-columnar space.
Boussinesq approximation is used to model grain sedimentation
by adding a buoyancy force source term, fe � Dq � g

*
�ae

s , to the
momentum equation of the hydrodynamic equiaxed phase, where
Dq is set at 137 kg m�3. Grains are permitted to move within the
inter-columnar space if the volume fraction of the columnar phase,
fc, is less than 0.2 [16,17]. Above this critical value the grains are
captured between the columnar dendrite trunks and the motion
of the equiaxed grains is stopped. Convection due to thermal–sol-
utal buoyancy is neglected but melt convection due to drag from
the sinking grains is included. Further details of this grain sedi-
mentation and melt convection model, including interaction of
equiaxed grains and growing columnar trunks, can be found else-
where [16,17].

In Fig. 11b the volume fraction of columnar phase and the
velocity vector field of the extradendritic melt are shown, and in
Fig. 11c the fraction of equiaxed phase and the equiaxed grain
velocity vector field are shown. During solidification the relatively
dense equiaxed grains sink and gather near the columnar tip front,
displacing the melt in this region and forcing an upward flow of
extradendritic melt. As the melt in the inter-columnar space, en-
riched with solute element, is transported upwards the concentra-
tion field is modified, influencing the equiaxed grain nucleation
and growth kinetics as well as the growth of the columnar primary
dendrite tips. Thus, grain sedimentation impacts not only the equi-
axed phase distribution, but also enhances solute and energy
transport in the extradendritic melt near the columnar primary
dendrite tips. In Fig. 11d the phase and concentration distributions
Fig. 10. Comparison of columnar primary dendrite tip growth velocity and
corresponding cooling rate at the dendrite tip for pure columnar and mixed
columnar-equiaxed growth.



Fig. 11. Unidirectional solidification with grain sedimentation at t = 240 s: (a) schematic of the mixed columnar-equiaxed solidification; (b) columnar fraction, fc, in gray scale
and liquid velocity vectors, c

*

‘; (c) equiaxed fraction, fe, and equiaxed velocity vectors, u
*

e; (d) distribution of fc, fe, c�‘ and c‘ . All parameters used in this simulation are listed in
Table 1; heterogeneous nucleation parameters are: DTN = 5 K, DTr = 2 K, and nmax = 5 � 1010 m�3.
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of columnar and equiaxed phases, fc, fe, c�‘ , and c‘ at t = 240 s are
shown. In comparison to simulation without sedimentation,
Fig. 6, the fraction of equiaxed phase in the inter-columnar region
is larger indicating a build-up of falling grains in this region. Addi-
tionally, the fc and fe curves show small fluctuations due to the flow
instabilities induced by sedimentation.

It is surprising to find that, with the inclusion of grain sedimen-
tation and melt convection, using the same solidification condi-
tions of Table 1 with nmax equal to 109 m�3, the CET is not
predicted. Sedimentation of grains, in this case, suppresses the
CET as the grains fall into the inter-columnar space, where the
equiaxed grain growth is hindered due to spatial constraints. Un-
der the influence of gravity, the falling grains are unable to remain
ahead of the columnar tip front long enough to grow to a size in
which the hard blocking limit, fe, CET = 0.49, is reached, thus the pri-
mary columnar tip growth is not constrained by these falling
grains. Additionally, solutal impingement by the growing equiaxed
grains in front of the columnar tip front is not sufficiently strong to
reduce the growth velocity of the columnar tips. As a result, the
CET does not occur in this case. However, when the nucleation
parameter, nmax, is increased from 109 to 5 � 1010 m�3, keeping
other model inputs unchanged, a larger number of grains nucleate
and are able to effectively block the columnar tips through both
mechanical and solutal impingement. The CET strongly depends
on the number of grains nucleating and growing [11] and this
should be further investigated, however such sensitivity studies
are not within the scope of the current work.

To examine the effect of sedimentation on the CET two simula-
tions are compared, with and without grain sedimentation. In each
case the equiaxed nucleation parameter nmax is 5 � 1010 m�3 such
that CET will occur in the sedimentation case. The evolution of the
columnar and equiaxed volume fractions for each case is plotted in
Fig. 12. When grain sedimentation is included the CET event occurs
earlier (255 s) and with a longer columnar zone (29.8 mm). With-
out grain sedimentation the CET event occurs later (621 s) and
with a shorter columnar zone (18.8 mm). It might be anticipated
that the equiaxed grains falling towards the columnar dendrite
tip front would enhance mechanical blocking of the columnar den-
drite tips and be the primary cause of CET. The current modelling
results, however, show that the phase redistribution and enhanced
solute mixing caused by grain sedimentation and melt convection
significantly promote the growth of the primary dendrite tips, and
hence retard the CET. In the case without grain sedimentation, the
stationary grains grow in front of the columnar dendrite tip,
impeding the growth of primary dendrite tips and decreasing den-
drite growth velocity via solutal impingement.

In Fig. 13 the effect of grain sedimentation on the dendritic
morphology of the columnar trunks, ac

s , and equiaxed grains, ae
s ,

is shown at t = 300 s. Fig. 13a and b respectively indicate that grain
sedimentation has little effect on the dendritic morphology of the



Fig. 12. Comparison of transient columnar, fc, and equiaxed, fe, volume fractions
over the course of solidification for the cases (a) with grain sedimentation and (b)
without grain sedimentation. Nucleation parameters are nmax = 5 � 1010 m�3,
DTN = 5 K, DTr = 2 K. All other boundary and initial conditions for both cases are
same.

Fig. 13. Solid volume fraction of: (a) columnar trunks, ac
s and (b) equiaxed grains,

ae
s , at 300 s. Nucleation parameters are nmax = 5 � 1010 m�3 , DTN = 5 K, DTr = 2 K.
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columnar phase while it significantly influences the dendritic mor-
phology of the equiaxed grains. The sinking grains are predicted to
be more dendritic, i.e. ae

s is smaller, than the globular ‘stationary’
grains, implying that sedimentation favours dendritic growth in
equiaxed grains.

The difference in equiaxed grain dendritic morphology impacts
the solutal impingement felt by the growing columnar dendrite
tips and is the underlying reason for the difference in columnar
dendrite tip velocity. When the equiaxed grains are more globular
(no sedimentation) the solute rejected from the solid dendrites
into the interdendritic melt is readily transported to the extraden-
dritic melt resulting in significant enrichment of the extradendritic
melt. The solute-enriched extradendritic melt decreases the driv-
ing force for growth of the columnar primary dendrite tips and
the growth velocity of the columnar primary dendrite tips becomes
very small as indicated in Fig. 12b. Although the growth of the
columnar primary dendrite tips remains active until 621 s, the
growth velocity of the columnar primary dendrite tips is so small
that the total length the columnar zone grows to only 18.8 mm.
In the sedimentation case, the sinking equiaxed grains are more
dendritic (Fig. 13b) and most of the solute rejected at the solid–li-
quid interface during solidification remains enclosed within the
interdendritic melt and is not rejected into the extradendritic melt.
Thus, solute enrichment in the extradendritic region is much
slower and the columnar primary dendrite tip growth is not hin-
dered by solute impingement from the growing equiaxed crystals
ahead of the dendrite tip.

Fig. 14 compares the total dendritic solid, fs ¼ ae
s fe þ ac

sfc, that
forms during solidification for the cases with and without grain
sedimentation. The thermal boundary conditions for both cases
are identical. Given that the heat extraction rate by the casting
mould is roughly the same for both cases, the total dendritic so-
lid in each case should also be similar, since the total amount of
heat released (the majority coming from solidification latent
heat) is balanced with the heat extraction by the casting mould.
The total amount of latent heat released is directly correlated to
the total dendritic solid, fs. At 300 s the total solid fraction for
each case is roughly equal over the length of the domain. At
�30 mm from the mould wall the total solid volume fraction in
the sedimentation case increases slightly in comparison to the
case without sedimentation. At 600 s the solid fraction is similar
up to 30 mm. At this position, which is the CET in the sedimen-
tation case, the total solid fraction in the sedimentation case
jumps in comparison to the case without sedimentation. This
could be due to the sedimentation-induced solid phase transport
and the enhanced solidification of equiaxed phase caused by the
sedimentation-induced mixing.

2.6. Morphological shape factors

Examples of selected dendritic structures and their morpholog-
ical shape factors are collected in Table 1 of Part I. Here seven cases
with different combinations of the morphological shape factors for
the columnar trunk and equiaxed grain envelopes are studied, and
the predictions of the CET position for each simulation are listed in
Table 2. For this parameter study grain sedimentation is not
simulated.

When the morphological shape factors of the equiaxed grains
are varied, while those of the columnar trunks are constant, as in
Cases 1–3, the predicted CET occurs from 42.5 to 58.5 mm from
the chilled surface. When the morphological shape factors of the
columnar trunks are varied, keeping those of the equiaxed grains
constant, as in Cases 4–7, the predicted CET occurs in the range



Fig. 14. Predicted solid volume fraction (sum of total dendritic solid: fs ¼ ae
s fe þ ac

s fc) during solidification for simulations with and without sedimentation. Nucleation
parameters are nmax = 5 � 1010 m�3 , DTN = 5 K, DTr = 2 K.

Table 2
Numerical studies of the morphological shape factors.a

Equiaxed grain Columnar trunk CET position (mm)

Shape of envelope Ue
env Ue

sph Shape of envelope Uc
env Uc

circ

Case 1 Sphere 1 1 OSW4 0.56 0.56 42.5
Case 2 Octah. 0.68 0.85 OSW4 0.56 0.56 49.5
Case 3 OSP6b 0.48 0.84 OSW4 0.56 0.56 58.5
Case 4 Mod. octah. 0.68 0.28 Cylinder 1 1 48.5
Case 5 Mod. octah. 0.68 0.28 Square rod 0.80 0.89 47.5
Case 6 Mod. octah. 0.68 0.28 OSW4c 0.56 0.56 45.5
Case 7 mod. octah. 0.68 0.28 Mod. quad. 0.80 0.5 44.5

a The following boundary conditions and nucleation parameters are kept constant: T0 = 932 K, Hw = 100 W m�2 K�1, Tw = 290 K, nmax = 1 � 109 m�3, DTN = 5 K, DTr = 2 K.
b OSP6: 6 orthogonal square pyramids with pyramid angle 18.43�.
c OSW4: 4 orthogonal square wedges with wedge angle 60�.
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of 44.5–48.5 mm. These results indicate that the shape of the
equiaxed grain envelope has greater influence on the CET than
the shape of the columnar trunk envelope. It is also found that
the more spherical the equiaxed grain envelope (both Ue

env and
Fig. 15. Schematic of the cylindrical casting and boundary conditions. A 2D axisymmetr
mesh, average mesh size 1.87 mm, number of cells 30,090 and (b) 2D mesh, average m
Ue
sph closer to 1), the shorter the columnar zone that is predicted.

This corroborates earlier arguments that equiaxed grains which
are more globular reject more solute into the extradendritic melt
inducing an earlier CET.
ic calculation and a full 3D calculation for the same casting are carried out: (a) 3D
esh size 1.96 mm, number of cells 650.



Table 3
Modelling parameters for the cylindrical casting.

Nucleation parameters Morphological factors

nmax = 5 � 1010 m�3 Ue
env ¼ 0:68; Ue

sph ¼ 0:28
DTN = 10 K Uc

env ¼ 0:80; Uc
circ ¼ 0:30

DTr = 0.5 K k1 ¼ 500 lm; k2 ¼ 30 lm
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3. Solidification of a cylindrical casting

3.1. Benchmark description

The applicability of the model to a small ingot casting is demon-
strated with a benchmark simulation of a cylindrical casting, u
50 mm � 100 mm, shown in Fig. 15. To verify the consistency of
the numerical model, results from a 2D axisymmetric and a full
Fig. 16. Snapshot of solidification in 2D axis symmetric simulation at 12.7 s. Each scalar q
range shown in parenthesis. Velocity vectors are linearly scaled from 0 to the maximum v
black line on: (a) fe and (b) fc.

Fig. 17. Phase distributions and velocity fields for the 3D ingot simulation at 12.7 s. Pha
blue indicating the maximum value, the velocity fields u

*

e and u
*

‘ are shown with vector
3D calculation are discussed and compared. As in the 1D bench-
mark case, an Al–4.7 wt.% Cu binary alloy is used with the same
material properties given in Table 1. The simulation is initialized
with 100% liquid at an initial temperature of 922 K. Mould filling
is not simulated. Both the mould temperature and the heat transfer
coefficient at the mould-casting interface are constant. Growth of
columnar primary dendrite trunks is initiated from the bottom
and side walls. Grain sedimentation and thermo-solutal convection
are modelled with a Boussinesq approximation. Morphological fac-
tors and equiaxed grain nucleation parameters are listed Table 3.
3.2. Transient solidification results

Solidification results for the 2D calculation at t = 12.7 s are
shown in Fig. 16. The equiaxed and columnar phase distributions
and the columnar primary dendrite tip front (overlain in black)
uantity is color scaled with red for the lowest value and blue for the highest with the
alue shown in parenthesis. The columnar primary dendrite tip front is marked with a

se volume fractions, fe and fc, are shown in color scale with red indicating zero and
s. The columnar primary dendrite tip front is marked with a black line.
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are shown in Fig. 16a and b along with equiaxed and melt velocity
vectors. At this early stage of solidification the columnar and equi-
axed phases, growing in competition, are found in higher volume
fractions near the wall, where the melt is coolest and nucleation
initially takes place. The convection patterns, induced by grain sed-
imentation and thermal–solutal effects, are evident; the growing
grains in front of the dendrite tip front sink, dragging liquid melt
downwards while inducing a corresponding upward movement
of liquid in the centre. Due in part to the small dimension of the
casting, the flow is slow, stable, and laminar. Sinking grains that
move into the inter-columnar region are trapped if the columnar
phase volume fraction is greater than 0.2. This entrapment phe-
nomenon is most prominently observed in the bottom region of
Fig. 16a where the equiaxed grains settle.

M‘c, the mass transfer rate from the extradendritic liquid into
the columnar phase, and Mc

ds, the columnar interdendritic solidifi-
cation rate, are shown in Fig. 16c and d. These mass transfer rates
provide information on the competition between the growth rate
of the columnar trunk envelope and the solidification rate of the
interdendritic melt. When the growth rate of the envelope is larger
than the interdendritic melt solidification rate, the trunk (or grain)
becomes more dendritic. Similarly, Fig. 16e and f show M‘e and Me

ds

for the equiaxed growth and the interdendritic melt solidification.
The results of the volume fraction of the phases inside the grain
envelope (ac

s , ac
d, ae

s , ae
d) are also available, but not shown here.

The validity of using a 2D axisymmetric model is demonstrated
by comparison with results from full 3D simulation shown in
Fig. 17a and b. The phase distributions and velocity fields at
t = 12.7 s are in quantitative agreement with the 2D results; in par-
ticular the slow, stable, laminar and axisymmetric nature of the
flow indicates that a 2D axisymmetric model geometry is suitable
for this size of casting. This consistency applies to all other quanti-
ties and remains until the end of solidification.
Fig. 18. Predicted grain structure for the 2D axisymmetric simulation. All quantities ar
isolines. The position of columnar-to-equiaxed transition is indicated with CET line. (a)
(c) average diameter of the columnar trunks; and (d) average diameter of the equiaxed
3.3. Predicted grain structure and macrosegregation

The predicted grain structure and macrosegregation are shown
in Figs. 18–20. The model is able to predict important structural
information, including volume fraction of columnar and equiaxed
phases; the corresponding CET line; the average equiaxed grain
size, de, and diameter of the columnar trunks, dc; the eutectic
phases formed in the interdendritic region, f intern

Eu , and extradendrit-
ic region, f extra

Eu , including those inside the equiaxed grain envelope
and inside the columnar trunk envelope; the total eutectic phase,
f total
Eu ; and the final macrosegregation pattern expressed as cmix.

Although model refinements and quantitative validation of the
modelling parameters are still required, these numerical predic-
tions agree qualitatively with experimental results often observed
in aluminium ingots [3,26]. Systematic quantitative verifications of
the model, which include the comparison of the as-cast structures
with the numerical predictions, are currently underway. Those ver-
ifications together with detailed explanation of the formation of
the grain structure will be presented in a subsequent publication.

4. Discussion

The purpose of this work is to propose a mixed columnar-equi-
axed solidification model in Part I and to justify the modelling ap-
proach and demonstrate model features in Part II. A central
objective has been to reproduce the characteristic features of
mixed columnar-equiaxed solidification that have been previously
verified. To achieve this objective, the current work places signifi-
cant emphasis on a 1D unidirectional solidification benchmark,
which has been intensively studied and is well described in the lit-
erature. In a previous study [30] results from the authors’ pure
equiaxed solidification model results were shown to be in very
good agreement with the experiments of Nielsen and co-workers
e shown using gray scale (dark for the highest and light for the lowest value) and
Volume fraction of the columnar phase; (b) volume fraction of the equiaxed phase;
grains.



Fig. 19. Predicted eutectic phases: (a) volume fraction of the total equiaxed and columnar interdendritic eutectic phase, (b) volume fraction of the extradendritic grain
eutectic phase, and (c) volume fraction of the total eutectic phase. All quantities are shown using gray scale (dark for the highest and light for the lowest value) and isolines.
The position of columnar-to-equiaxed transition is indicated with CET line.

Fig. 20. Final macrosegregation pattern cmix (wt.%) shown using gray scale and
isolines.

M. Wu et al. / Computational Materials Science 50 (2010) 43–58 55
[31] and the current 2D and 3D calculations of a cylindrical casting
show qualitative agreement with classical experiments [26].
4.1. Model potential

The benchmark simulations show that a series of key phenom-
ena accompanying the mixed columnar-equiaxed solidification can
be reproduced: the progress of the columnar primary dendrite tip
front; the growth of the columnar trunks including the cellular to
dendritic growth transition (CDT); the nucleation of the equiaxed
grains ahead of the columnar tip front; the growth of the equiaxed
grains including the globular-to-dendritic growth transition (GDT);
the competition and interaction between the growing equiaxed
grains and the columnar dendrites including the columnar-to-
equiaxed transition (CET); the grain sedimentation and melt flow,
and corresponding influence on global mass, species, energy and
momentum transport phenomena; the formation of the interden-
dritic and extradendritic phases (eutectic); the final macrostruc-
ture under the influence of the transport of the phases; and the
formation of macrosegregation. The four main difficulties encoun-
tered by the previous solidification models as mentioned in Part I
have been tackled: (1) bridging the length scales between the glo-
bal transport phenomena at the process scale with the solidifica-
tion kinetics governed by the chemical diffusion at the
microscopic scale; (2) incorporating different solidification mor-
phologies (globular, cellular, dendritic) into the macro model; (3)
including the competition between columnar growth and equiaxed
growth and identification of the CET; (4) capturing multiphase
transport phenomena including bulk and extradendritic flow and
sedimentation of free crystals. As discussed in Part I and here,
development of the current model is based on numerous previous
works [5–10,13,14]. While treatments for dealing with the above
difficulties have been to some extent previously laid out by differ-
ent authors, the current work integrates them into one model for
the first time.
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The major contributions of the current work can be summarized
as five distinct aspects of the model. (1) Morphological shape fac-
tors of the growing crystals are proposed to simplify the dendritic
morphology. This simplification makes it possible to implement
the complicated dendritic structure of the crystals into the macro
model. (2) Independent models for the growth kinetics of the den-
dritic tips and the solidification of interdendritic melt are incorpo-
rated. (3) For columnar solidification, the growth of the primary
dendrite tips is modelled with the KGT model [28] and the growth
of the secondary dendrite tips are modelled with the LGK model
[32]. (4) The columnar tip position is explicitly tracked. (5) The
non-uniform solute distribution in the interdendritic melt region
is resolved, significantly improving model accuracy and calculation
stability [27].

4.2. Model uncertainties and future improvements

The proposed morphological shape factors (Ue
env, Ue

sph, Uc
env,

Uc
circ) have facilitated the coupling of the macro and micro pro-

cesses, however accurately determining or verifying these factors
poses a challenge, particularly because grain morphology is likely
to vary with time during solidification. The best way to quantify
these factors is to employ numerical methods specialized for
microstructural resolution such as phase field [33] or to extract
morphological information directly from experimental observa-
tions [34]. The current parameter studies shows the sensitivity of
the CET position to these factors; based on the unidirectional
benchmark (Fig. 1), for the range morphologic configurations sim-
ulated (Table 2) the predicted CET position varies from 42.5 mm to
58.5 mm. If the equiaxed grain morphology is kept constant, vary-
ing only the columnar trunk morphology, the range in predicted
CET position is even smaller (44.5–48.5 mm), indicating the CET re-
sults appears to be more sensitive to the equiaxed grain shape fac-
tors than the columnar trunk factors. This discrepancy is relatively
minor, when compared with the variation in CET due to a change in
the nucleation parameter or variation in the heat transfer coeffi-
cient at the casting-chill interface or a change in the pouring tem-
perature (superheat). This suggests that the error in CET prediction
due to possible erroneous grain morphology assumptions might be
smaller than the error resulting from poorly estimated nucleation
or thermal parameters.

The diffusion length (thickness of the diffusion layer), l‘, neces-
sary for calculation of the solute diffusion flux around the grain
boundary/envelope is an additional factor influencing model accu-
racy. Assuming that l‘ is underestimated, the solute diffusion flux
from the interdendritic melt to the extradendritic melt would be
overestimated resulting in an underestimation of interdendritic
solute enrichment and overestimation of extradendritic enrich-
ment. Consequently the interdendritic solidification rate would
be enhanced, and the growth of the grain envelope would be sup-
pressed resulting in more globular grains. Conversely, if the diffu-
sion length around the equiaxed grain envelope is overestimated,
the grains would be more dendritic (porous). As the dendritic mor-
phology of the grains is the result of the competition between
interdendritic solidification and dendrite tip growth, the estima-
tion of l‘ plays an important role in the calculation of the grain den-
dritic morphology. Numerous formulations for l‘ have been
suggested by WB [7] and MBG [14] and many other authors
[5,6,9,10] with varying degrees of complexity; here the simple for-
mulation of D‘=venv is used to estimate l‘ [30] and corrections are
made to include the spatial impingement of the grain structures
(Part I). Recently, Badillo and co-authors [35,36] have experimen-
tally studied the influence of sedimentation (flow surrounding
equiaxed crystal) on the thickness of the diffusion layer in organic
materials. Implementation of the results from these studies could
improve the current model in this respect.
The hydrodynamic interaction between the equiaxed grains and
the columnar trunks is simplified based on an assumption that the
equiaxed grains are trapped within the columnar trunks when the
local columnar fc exceeds f free

c ¼ 0:2. As discussed previously in the
literature [16,17], a suitable physical model has not been found to
describe the interaction between the two solid structures in the
mixed columnar-equiaxed region. What is certain is that there
are the two extremes: when fc is sufficiently high, the entrapped
equiaxed phase cannot move; when fc is sufficiently low, the equi-
axed grains are free to move. There exists a range of fc, in which a
complicated columnar-equiaxed interaction, depending on the
dendritic morphology, could operate. In the current model only
the two extremes are accounted for and they are assumed to be
separated by a critical point f free

c ; when fc is smaller than f free
c the

equiaxed grains are free to move, otherwise they are captured. This
simple idea has been partially evaluated [17] although further ver-
ification is still needed.

Additional model uncertainties and concerns include parame-
ters related to flow-influenced dendritic tip growth and general
verification of the model. The influence of flow on the dendritic
tip growth kinetics has been found to be significant [33,36], and
should be addressed in future model improvements. The prelimin-
ary 2D and 3D simulations are not yet sufficient to fully verify the
proposed model and complimentary experimental investigations
of a cylindrical ingot are currently underway.

4.3. Mixed columnar-equiaxed solidification

Despite the aforementioned uncertainties the current study has
demonstrated the potential of the model to accurately describe
mixed columnar-equiaxed solidification. Model results allow the
subtle details of solidification to be examined, including the com-
petitive aspects of columnar vs. equiaxed growth and tip vs. inter-
dendritic melt solidification; CET predictions; sedimentation and
melt convection; and intimate interaction of these phenomena.
These are discussed below.

Mixed columnar-equiaxed solidification is characterized by the
competing growth of the equiaxed and columnar structures. The
growing structures are volume-coupled (fe þ fc þ f‘ ¼ 1), meaning
there is spatial impingement as the space being taken by one struc-
ture suppresses the growth of the other. In addition there is solutal
impingement as the solute diffusion from the envelope of one
structure into the shared extradendritic melt suppresses the
growth rate of the other structure. As shown in Fig. 5, in the later
stages of solidification, the solute enrichment from the growing
equiaxed grains will significantly influence the growth of the
columnar primary dendrite tips. Mechanical impingement arises
when the equiaxed grains ahead of the columnar dendrite tips
block the growth of the columnar dendrite tips when the local fe

exceeds a limit of fe,CET, as originally implemented by Hunt [11].
A secondary competitive growth phenomenon occurs at the

grain level between dendrite tip growth and interdendritic melt
solidification. This competition influences the dendritic morphol-
ogy of the growing structures which in turn can dictate the domi-
nance of either columnar or equiaxed growth. If solidification of
the interdendritic melt is favoured and/or the dendrite tip growth
is less favoured, the grain structure becomes more globular/cellu-
lar. As seen in Fig. 12, highly developed equiaxed dendrites have
a larger envelope or ‘footprint’, suppressing the growth of the
columnar dendrites through spatial impingement. Globular grains
reject more solute into the extradendritic melt, suppressing colum-
nar growth through solutal impingement.

One of the original goals of CET investigations was to find a cri-
terion to predict the CET for industrial processes. Despite more
than 20 years of effort since Hunt [11], this criterion has yet to
be established, particularly when grain sedimentation and melt
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convection is present. Many authors have proposed indirect crite-
ria for predicting CET [21–25], with varying degrees of success,
however these could not be verified by the current model. Addi-
tionally the often-used simplification of neglecting equiaxed
growth is questionable and current modelling results demonstrate
that this simplification results in significant discrepancies, as
shown in Figs. 9 and 10. Hunt’s analytical model [11] imposed a
constant growth velocity vc

tip0 and constant temperature gradient
G, again an assumption that is only applicable to the unidirectional
steady-state solidification, but the CET map created by Hunt’s
model has been widely verified, and extended to analyze the CET
phenomenon in more general cases. A similar CET map is repro-
duced by the current model (Fig. 8).

In the presence of grain sedimentation, additional phenomena
make the CET more difficult to predict. One may anticipate that
grain sedimentation in the direction towards columnar tip front
would promote CET, as equiaxed grains moving towards the
columnar tip front would mechanically hinder the growth of the
columnar tips. However, whether this is the case depends on a
number of other factors. For example, the 1D sedimentation case
with a lower nucleation rate (nmax = 109 m�3) has no CET. In com-
parison, the same simulation without sedimentation does predict a
CET. The CET is delayed because the grains near columnar tip sink
before they can grow into a blocking scenario. Relatively large
amounts of equiaxed grains nucleate at the columnar tip front,
due to the large constitutional undercooling. If the grains are sta-
tionary, they grow to a certain size and fe increases. When the local
fe exceeds fe,CET the CET occurs. When sedimentation is included in
the model, the large amount of grains located immediately in front
of the columnar tip front sink into the inter-columnar space. This
process reduces fe at the columnar tip position and the columnar
tip front continues to grow without being blocked, thus CET does
not occur.

When a higher nucleation rate is set, nmax = 5 � 1010 m�3, both
cases with and without sedimentation predict CET. The difference
is that when sedimentation is neglected the CET event occurs later
(621 s) and the columnar zone is shorter (18.8 mm distant from
the chilled surface), while when sedimentation is included the
CET event occurs earlier (255 s) and the columnar zone is larger
(29.8 mm from chilled surface). The columnar tip blocking mecha-
nisms are different for the two cases. In the case with sedimenta-
tion the CET occurs relatively early (in time) and is mainly due to
mechanical blocking with little influence from solutal impinge-
ment. In the case without sedimentation, equiaxed grains located
in front of the columnar tips are more globular, and solute
impingement due to equiaxed growth is significant, gradually
reducing the growth velocity of the columnar tips to zero. In the
case of the 1D simulations it can be said that sedimentation phe-
nomenon delays (distance-wise) the CET. In comparison, the simu-
lation results of the cylindrical casting (Figs. 16–18), representing a
more realistic situation, show how the equiaxed grains sink and
promote the CET in the lower region in comparison to the side
and top regions. Thus, a firm general conclusion cannot be drawn
in regard to whether the sedimentation phenomenon promotes
or suppresses (delays) the CET. As this discussion indicates, the
occurrence of the CET depends on numerous factors including
the nucleation rate, the grain morphology, and the intensity and
direction of the sedimentation.

It is also found that sedimentation influences the dendrite mor-
phology. Fig. 13b demonstrates that the sinking equiaxed grains
are more dendritic/porous (smaller ae

s ) than the stationary grains.
As mentioned previously, if the grains sink to the cool region, the
grain envelope is favoured to grow, however the lower tempera-
ture also provides an increased driving force for interdendritic melt
solidification. The outcome of the competition between interden-
dritic melt solidification and the growth of the envelope deter-
mines the dendritic morphology of the grains, represented by ae
s .

The result of Fig. 13b indicates that the growth of the envelope,
as the grains sink to the cool region, wins the competition over
the interdendritic melt solidification. Badillo et al. [35,36] has also
found this phenomenon in their sedimentation experiments on or-
ganic material (succinonitrile-acetone). Under quasi steady state
sedimentation conditions the growing crystal becomes more den-
dritic with time.

Model consistency is demonstrated among four geometry con-
figurations (0D, 1D, 2D and 3D) and grid studies. The 0D configura-
tion corresponds to a small spherical/cylindrical sample with a
given cooling rate in which there is only equiaxed growth and no
directional heat transfer, flow and or grain sedimentation, Calcula-
tions of this configuration can be verified by comparison with the
DSC experiments [27,31]. The results of the mixed columnar-equi-
axed solidification on 1D, 2D/3D benchmarks are in agreement
with previous modelling results and with the classical experiments
[11,26]. To demonstrate grid-independence, calculations were
made for two grid sizes, 1 � 1 mm2 to 0.5 � 0.5 mm2, for the 1D
benchmark as discussed in Section 2.1. The phase distributions
and transport variables are nearly identical and the difference in
the predicted CET positions between the two grids is only
1.25 mm. In the cylindrical casting the 2D axisymmetric calcula-
tion with mesh size of 1.96 mm and the full 3D calculation with
mesh size of 1.87 mm produced comparable phase distributions
and transport variables.
5. Conclusions

A volume-averaging multiphase model for mixed columnar-
equiaxed solidification was presented and the following features
have been verified:

(1) Key phenomena for the mixed columnar-equiaxed solidifica-
tion can be modelled including tracking of the columnar pri-
mary dendrite tip front; cellular and dendritic growth of
columnar trunks including CDT; nucleation of equiaxed
grains; globular and dendritic growth of equiaxed grains
including GDT; competition and interaction between the
growing equiaxed grains and the growing columnar dendrite
trunks including CET; grain sedimentation and melt convec-
tion and their influence on global mass, species and energy
transport; the formation of inter and extradendritic eutectics;
and the evolution of grain structures and macrosegregation.

(2) The current model bridges macroscopic transport phenom-
ena with microscopic crystal growth kinetics. This is realized
by using a volume-averaging approach and the aforemen-
tioned model assumptions/simplifications for the grain mor-
phology. The newly proposed morphological shape factors
are critical for this approach and can be quantitatively deter-
mined in future work by microstructure modelling tech-
niques, e.g. phase field or experimental investigation.

(3) The ability of the model to deliver consistent results in dif-
ferent geometry configurations (0D, 1D, 2D and 3D) and
grid-independence studies is shown.

Based on the illustrative process simulations and parameter
studies, the following key aspects of mixed columnar-equiaxed
solidification have been demonstrated.

(1) The mixed columnar-equiaxed solidification is characterized
by the competition between equiaxed growth and columnar
growth, which determines the CET. A secondary growth
competition exists between the dendritic tip growth and
interdendritic melt solidification, which dictates dendritic
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morphology (globular, cellular, and dendritic). The direction
in which each of these competitions go, in columnar vs.
equiaxed or dendrite tip vs. interdendritic, influences the
other. If interdendritic melt solidification is favoured, for
instance, the equiaxed grains become more globular,
increasing solute rejection into the extradendritic melt.
The enhanced solute enrichment of the extradendritic melt
by the globular growth suppresses the growth of the colum-
nar tips, which may promote CET.

(2) The CET map created based on the benchmark of unidirec-
tional solidification by varying the process parameters is in
agreement with the map from Hunt’s model [11].

(3) Whether equiaxed grain sedimentation/floatation promotes
or suppresses the CET, depends on the nucleation rate, the
dendritic morphology, and the intensity and direction of
the sedimentation.

(4) The settling equiaxed grains are predicted to be more den-
dritic than the ‘stationary’ grains in agreement with the
experimental observations of Badillo et al. [35,36].

The typical grain structure of an Al–Cu cylindrical casting,
which was observed experimentally [26], was verified to be repro-
ducible by the current model. Nevertheless, further modelling
refinements including verification are still required.

(1) Morphological shape factors will be determined quantita-
tively. The variation of these factors with time and their
influence on the modelling results need further
investigation.

(2) Uncertainty about the diffusion length at the grain envelope,
l‘, needs further exploration. Alternative diffusion length
models [5–10,14,36] could help improve the model in this
respect.

(3) The hydrodynamic interaction between the growing colum-
nar dendrites and the equiaxed grains needs further
refinement.

(4) Dendrite growth kinetics under the influence of flow [36]
should be included in future models.
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