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Part I of this two-part investigation presents a volume-averaging multiphase solidification model that
accounts for mixed columnar-equiaxed solidification, non-dendritic and dendritic crystal growth, nucle-
ation of equiaxed grains, columnar primary dendrite tip tracking, melt flow, sedimentation of equiaxed
crystals, and their influence on macrostructure and macrosegregation. Five distinct thermodynamic
phases (phase regions) are defined: solid dendrites in equiaxed grains, the interdendritic melt between
equiaxed dendrites, solid dendrites in columnar trunks, the interdendritic melt between trunk dendrites,
and the extradendritic melt. These five phase regions are quantified by their volume fractions and char-
acterized by their solute concentrations. The five phase regions are grouped into three hydrodynamic
phases: equiaxed grains consisting of solid dendrites and interdendritic melt, columnar trunks consisting
of solid dendrites and interdendritic melt, and extradendritic melt. The extradendritic melt is separated
from the interdendritic melt with a grain envelope, whose profile connects the primary, secondary or ter-
tiary dendrite tips to form a ‘natural’ enclosure of the equiaxed grains or columnar trunks. The envelope is
further simplified as a volume-equivalent sphere for equiaxed grains, or as volume-equivalent cylinder
for columnar trunks by use of morphological shape factors. Expansion of the envelopes during solidifica-
tion is determined by dendrite growth kinetics, using the Kurz–Giovanola–Trivedi model for growth of
columnar primary dendrite tips and the Lipton–Glicksman–Kurz model for growth of columnar second-
ary dendrite tips (radial growth of the columnar trunk) and equiaxed primary dendrite tips. The solidifi-
cation of the interdendritic melt is driven by the supersaturation of the interdendritic melt and governed
by the diffusion in the interdendritic melt region. Illustrative process simulations and model verifications
are presented in Part II.

� 2010 Elsevier B.V. All rights reserved.
1. Introduction

Although significant progress has been made in the last century
with respect to understanding mixed columnar-equiaxed solidifi-
cation, accurately modelling such solidification at the process scale
remains a significant challenge. Demand in industry for such a
model is high with the assumption that the ability to control and
dictate as-cast macrostructure would be improved. The complex
interactions of multiphase flow, multiple grain morphologies, and
multiscale phenomena contribute to the following four points that
a successful model with predictive capabilities must address:

(1) Solidification phenomenon spans a wide range of length
scales with global transport phenomena occurring at the
process scale (�m) and crystal growth kinetics, governed
mainly by the chemical diffusion, occurring at the micro-
scopic scale (�lm).
ll rights reserved.

u).
(2) Different grain morphologies must be properly incorporated
into the macro model. An equiaxed grain may initially grow
with a globular morphology followed by dendritic morphol-
ogy while a columnar trunk may grow with cellular or den-
dritic morphology. The transition between non-dendritic
and dendritic growth has significant impact on the micro-
structure evolution.

(3) For the solidification of most metal alloys both columnar and
equiaxed structures (morphologies) co-exist. Competition
between them often occurs during solidification process,
causing the columnar-to-equiaxed transition (CET).

(4) The solidification process is always accompanied with mul-
tiphase transport phenomena of the bulk and interdendritic
flow, flotation and sedimentation of free crystals.

In the previous decades numerous models have been proposed
to address the above difficulties. Wang and Beckermann are the
leading authors among those who have used a multiphase, vol-
ume-averaged approach to bridge the length scales between global
transport phenomena and microscopic crystal growth kinetics

http://dx.doi.org/10.1016/j.commatsci.2010.07.005
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http://dx.doi.org/10.1016/j.commatsci.2010.07.005
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Nomenclature

c‘, ce, cc concentration of hydrodynamic ‘-, e-, or c-phase (wt.%)
�cc

env average concentration at columnar tree-trunk envelope
(wt.%)

�ce
env average concentration at equiaxed grain envelope

(wt.%)
cc

d; c
c
s concentrations of interdendritic melt and solid den-

drites in columnar tree trunk (wt.%)
ce

d; c
e
s concentrations of interdendritic melt and solid den-

drites in equiaxed dendritic grain (wt.%)
c�‘ ; c

�
s equilibrium concentration at liquid–solid interface

(wt.%)
Cec total species exchange between equiaxed grain and

columnar trunk (kg�m�3�s�1)
C‘c total species exchange between extradendritic liquid

and columnar trunk (kg�m�3�s�1)
C‘e total species exchange between extradendritic liquid

and equiaxed grain (kg�m�3�s�1)
Cc

ds species transfer from d-phase to s-phase in columnar
trunk (kg�m�3�s�1)

Ce
ds species transfer from d-phase to s-phase in equiaxed

grain (kg�m�3�s�1)
CD
‘c diffusive species exchange between extradendritic li-

quid and columnar trunk envelope (kg�m�3�s�1)
CM
‘c species exchange at ‘–e interface due to growth of

columnar trunk envelope (kg�m�3�s�1)
CD
‘e diffusive species exchange between extradendritic li-

quid and equiaxed grains (kg�m�3�s�1)
CM
‘e species exchange at ‘–e interface due to growth of equi-

axed grain envelope (kg�m�3�s�1)
D‘, Ds diffusion coefficient in liquid or solid phase (m2�s�1)
dc average diameter of columnar tree trunk (m)
de average diameter of equiaxed grain diameter (m)
d2 diameter of second dendrite arm (m)
f‘, fe, fc volume fraction of hydrodynamic ‘-, e-, or c-phases (l)
f c
s ; f

c
d volume fraction of solid dendrites or interdendritic melt

in columnar tree trunk (as fraction of total volume) (l)
f e
s ; f

e
d volume fraction of solid dendrites or interdendritic melt

in equiaxed grain (as a fraction of total volume) (l)
f free
c critical volume fraction of columnar phase for entrap-

ment of equiaxed grains (l)
fe,CET hard blocking criterion (Hunt model) (l)
f extra
Eu extradendritic eutectic phase (l)

f intern
Eu;e ; f intern

Eu;c interdendritic eutectic phases in equiaxed or
columnar phase (l)

f total
Eu total eutectic phase (l)

h‘, he, hc enthalpies of hydrodynamic ‘-, e-, or c-phases (J�kg�1)
ic status index for columnar tip tracking (l)
Jc
‘ species diffusive flux from columnar trunk envelope

into extradendritic melt (m�s�1)
Je
‘ species diffusive flux from equiaxed grain envelope into

extradendritic melt (m�s�1)
k solute partitioning coefficient at the liquid–solid inter-

face (l)
k1 growth parameter in KGT model (m�s�1�K�2)
k2 growth parameter in KGT model (m�s�1�K�3)
l length of the columnar trunk in the tip volume element

(m)
lref reference length of volume element (columnar tip track-

ing) (m)
lcd; l

e
d diffusion length of interdendritic melt in columnar

trunk or equiaxed grain (m)
lc‘ diffusion length in extradendritic melt around columnar

trunk envelope (m)
le‘ diffusion length in extradendritic melt around equiaxed

grain envelope (m)

m‘ liquidus slope of binary phase diagram (K)
Mc

tip0 net mass transfer rate swept by the columnar primary
dendrite tips (kg�m�3�s�1)

Mce(=�Mec) columnar-equiaxed net mass transfer rate
(kg�m�3�s�1)

M‘e(=�Me‘) liquid-equiaxed net mass transfer rate (kg�m�3�s�1)
M‘c(=�Mc‘) liquid-columnar net mass transfer rate (kg�m�3�s�1)
Mc

ds interdendritic solidification rate in columnar trunk
(kg�m�3�s�1)

Me
ds interdendritic solidification rate in equiaxed grain

(kg�m�3�s�1)
ne equiaxed grain number density (m�3)
nc number density of columnar dendrites in the tip ele-

ment (m�3)
p pressure shared by all phases (N�m�2)
Rc radius of columnar tree trunk (volume-equivalent cylin-

der) (m)
Re radius of equiaxed grain (volume-equivalent sphere)

(m)
Rc

f maximum radius of a columnar trunk envelope (m)
Re

f maximum radius of an equiaxed grain envelope (m)
Rc

tip0 radius of columnar primary dendrite tip (m)
Sc

env;D diffusion surface concentration of the columnar tree-
trunk envelope considering dendritic morphology (m�1)

Sc
env;M surface concentration of columnar tree trunk (volume-

equivalent sphere for dendrite envelope) (m�1)
Se

env;D diffusion surface concentration of the equiaxed grain
envelope considering dendritic morphology (m�1)

Se
env;M surface concentration of equiaxed grain (volume-equiv-

alent sphere for dendrite envelope) (m�1)
Sparab surface area of paraboloid (columnar dendrite tip) (m2)
Sc

s ; S
e
s s–d interface concentration in columnar or equiaxed

phase (m�1)
DS area of element size (2D mesh) (m2)
Dt calculation time step (s)
T‘; Te; Tc temperatures of hydrodynamic ‘-, e-, or c-phases (K)
TE temperature of eutectic reaction (K)
DT undercooling (K)
u‘
*
;ue
*
;uc
*

velocity vector of hydrodynamic ‘-, e- or c-phase
(m�s�1)

vc
cell growth velocity of cellular trunk (m�s�1)

vc
env growth velocity of columnar trunk (m�s�1)

vc
env;M growth velocity of columnar trunk (volume-equivalent

cylinder for dendrite envelope) (m�s�1)
vc

tip0 growth velocity of columnar primary dendrite tip
(m�s�1)

vc
tip00 growth velocity of columnar secondary dendrite tip

(m�s�1)
ve

glob growth velocity of equiaxed grain (globular) (m�s�1)
ve

env growth velocity of equiaxed grain (m�s�1)
ve

env;M growth velocity of equiaxed grain (volume-equivalent
sphere for dendrite envelope) (m�s�1)

ve
tip0 growth velocity of equiaxed dendrite tip (m�s�1)

ve
sd;v

c
sd growth velocity of s–d interface in the equiaxed or

columnar phase (m�s�1)
Vparab volume of paraboloid (columnar dendrite tip) (m3)
DV volume of volume element (3D mesh) (m3)
x, y, z coordinate (m)
ac

d;a
c
s volume fraction of interdendritic melt or solid dendrites

inside the columnar tree trunk ðac
d þ ac

s ¼ 1Þ (1)
ae

d;a
e
s volume fraction of interdendritic melt or solid dendrites

inside the equiaxed dendritic grain ðae
d þ ae

s ¼ 1Þ (1)
b2 a constant (�1) in Eq. (17) (1)
Uc

circ circularity of the envelope of the columnar dendritic
trunk (1)
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Uc
env shape factor of columnar dendrite trunk (1)

Uc
Imp impingement factor for growth of columnar trunk (1)

Ue
env shape factor of equiaxed dendritic grain (1)

Ue
Imp impingement factor for equiaxed grain growth (1)

Ue
sph sphericity of equiaxed grain envelope (1)

Us
Imp impingement factor for interdendritic melt solidifica-

tion (1)
C Gibbs–Thomson coefficient (m�K)
k1 primary dendrite arm space of columnar tree trunk (m)

k2 secondary dendrite arm space (m)
qc

d; qe
d density of interdendritic melt in columnar trunk or

equiaxed grain (kg�m�3)
qc

s ; qe
s density of solid dendrites in columnar or equiaxed

phase (kg�m�3)
q‘, qe, qc average densities of hydrodynamic ‘-, e-, or c-phases

(kg�m�3)
X supersaturation (l)
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(points 1 and 4) [1–4]. In their work, the exchange and interaction
phenomena between the solidifying structures and the liquid
phase, which occur at the microscopic scale, are volume-averaged
and incorporated into the macroscopic model for the transport
phenomena occurring at the process scale. Rappaz and Thévoz pro-
posed a micro–macro model or solute diffusion model to incorpo-
rate the dendritic crystal morphology into the global transport
system (point 2) [5–7] and the interdendritic melt is treated as a
separate phase (more precisely, phase region) from the extraden-
dritic melt, separated by a fictitious grain boundary envelope. For
the case of pure equiaxed solidification the globular-to-dendritic
transition was subsequently included in this model by Appolaire
and co-workers [8,9]. Some ideas to treat the columnar-to-equi-
axed transition were proposed (point 3) [2,10–13], but the growth
of the columnar dendrites were over-simplified in those previous
models. The columnar primary dendrite tip front was not explicitly
tracked. Great efforts were made to deal with the melt flow and
transport of free crystals (point 4) [3,4,14–18], but no aforemen-
tioned model treats both columnar and equiaxed solidification
simultaneously. The most sophisticated model dealing with mixed
(3-phase) columnar-equiaxed solidification considering points 1, 3
and 4 was proposed by the current authors [19–21], where it was
demonstrated that the 3-phase model can account for melt convec-
tion and grain sedimentation, macrosegregation, columnar-
to-equiaxed-transition (CET), and macrostructure. The major
drawback of the authors’ 3-phase model is that the dendritic
morphology is not addressed.

The current work extends the authors’ previous 3-phase mixed
columnar-equiaxed solidification model [19–21] by incorporating
the dendritic morphologies. Based on the original models of Rap-
paz and Thévoz [5,6] and Wang and Beckermann [2,4], the authors
have proposed a modified equiaxed solidification model to treat
the dendritic morphology [22,23]. Improvements in the authors
model include the globular-to-dendritic transition (GDT); the
non-uniform solute distribution in the interdendritic melt region
during dendritic growth; the diffusion-governed solidification of
the interdendritic melt; and use of a hydrodynamic phase for equi-
axed grains consisting of solid dendrites and interdendritic melt. In
order to establish a mixed columnar-equiaxed solidification model
considering these four aspects, a five-phase model is proposed. The
current paper gives a detailed description of the model, including
phase definitions, treatment of equiaxed and columnar dendrite
morphologies and growth kinetics, and subsequent implementa-
tion in global transport equations. Illustrative process simulations
and model verifications are made in Part II.
2. Phase definition

As schematically shown in Fig. 1, two types of crystal morphol-
ogies co-exist in conventional solidification processes: equiaxed
and columnar. Immediately following the formation of fine equi-
axed crystals near the casting surface (chill zone), columnar den-
drites begin to grow from the mould surface towards the hot
casting centre while freely moving equiaxed grains continue to
nucleate in the vicinity of the primary dendrite tips and in the bulk
melt region. To describe the hydrodynamic behaviour of the equi-
axed grains, the columnar trunks and surrounding melt, three
hydrodynamic phases are defined respectively as e-, c- and
‘-phases. They are quantified with their volume fractions fe, fc, f‘
and they move with corresponding velocity ue

*
;uc
*

, and u‘
*

. The
velocity of the c-phase, uc

*
, is predefined (zero in this case).

If the equiaxed grains and columnar trunks are dendritic, two
distinct phase regions exist within an equiaxed grain or a columnar
trunk: the solid dendrites and interdendritic melt. It is assumed
that the interdendritic melt is transported with the solid dendrites
and is generally more enriched with solute element than the extra-
dendritic melt surrounding the grains. In this sense, a fictitious
grain boundary envelope must be constructed to separate the
interdendritic melt from the extradendritic melt. Therefore, during
the mixed columnar-equiaxed solidification five thermodynamic
phase regions can be defined: the solid dendrites in the equiaxed
grain, the interdendritic melt in the equiaxed grain, the solid den-
drites in the columnar dendrite trunk, the interdendritic melt in
the columnar dendrite trunk, and the extradendritic melt. They
are quantified with volume fractions (f e

s ; f e
d ; f c

s ; f c
d ; f ‘), and char-

acterized by their corresponding solute concentrations
(ce

s ; ce
d; cc

s ; cc
d; c‘).

The two thermodynamic phases of an equiaxed grain, the solid
dendrites and interdendritic melt, combine to form a single hydro-
dynamic phase, e-phase, moving with the velocity ue

*
, similarly, the

thermodynamic phases in a columnar trunk, the solid dendrites
and interdendritic melt, form a second hydrodynamic phase,
c-phase, moving with a predefined velocity uc

*
. The remaining ther-

modynamic phase, the extradendritic melt, ‘-phase, singly forms
the third hydrodynamic phase. The volume fraction of each phase
region inside the grain envelope is denoted as ae

d;ae
s ;ac

d;ac
s with

subscripts d for interdendritic liquid and s for dendritic solid. For
example, inside an equiaxed grain, volume fractions of interden-
dritic liquid and dendritic solid are quantified respectively with
ae

d;a
e
s , hence f e

d ¼ ae
d � fe and f e

s ¼ ae
s � fe. For a globular equiaxed

grain, ae
d ¼ 0, hence f e

s ¼ fe. Inside a columnar dendrite trunk, vol-
ume fractions of two-phase regions are quantified with ac

d;a
c
s ,

hence f c
d ¼ ac

d � fc and f c
s ¼ ac

s � fc. For a cellular trunk, ac
d ¼ 0, hence

f c
s ¼ fc.

The velocity and temperature fields are solved for all hydrody-
namic phases. The transport of mass and species of each thermody-
namic phase is calculated according to the velocity of the
corresponding hydrodynamic phase. As shown in Fig. 1, the colum-
nar primary dendrite tip front is explicitly tracked. The columnar
primary dendrite tip front divides the calculation domain into
two. In front of the columnar dendrite tip front, the maximum
number of hydrodynamic phases is two, i.e. ‘-phase and e-phase,
and the maximum number of thermodynamic phases is three.



Fig. 1. Schematic of the mixed columnar-equiaxed solidification.
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However, behind the columnar dendrite tip front, all three hydro-
dynamic phases and all five thermodynamic phases are involved.
3. Growth kinetics

3.1. Equiaxed growth

3.1.1. Equiaxed grain morphology
Immediately after nucleation an equiaxed grain begins to grow

with globular morphology, which can be simplified as sphere. The
growth of a spherical grain was described in detail in a previous
publication [17,18]. Following the globular-to-dendritic transition
[22], the grain growth becomes dendritic. As shown in Fig. 2, the
grain envelope (dashed line) of the equiaxed grain is defined as a
fictitious surface contour connecting the primary and secondary
dendrite tips. The interdendritic melt has an average concentration
ce

d, while the extradendritic melt has concentration c‘. Species ex-
change between the inter- and extradendritic melts due to both
grain growth and species diffusion across the grain envelope are
computed. Continuity solute distribution across the grain envelope
must be satisfied and the average concentration at the grain enve-
lope �ce

env is neither equal to ce
d nor to c‘. Solidification occurs at the

liquid–solid interface, i.e. the interface between the interdendritic
melt and solid dendrites. The interdendritic melt and solid den-
drites adjacent to the liquid–solid interface have thermodynamic
equilibrium concentrations, c�‘ and c�s ; curvature effects are ne-
glected. In the interdendritic melt, it is the concentration difference
(c�‘ � ce

d) that serves as driving force for the solidification of the
interdendritic melt. Solute partitioning (k ¼ c�s=c�‘ ) occurs at the li-
quid–solid interface.

Due to the geometrically complex shape of the grain envelope
(dashed line in Fig. 2) the growth rate of the grain cannot be easily
quantified, however the primary dendrite tip growth velocity, ve

tip0 ,
Fig. 2. The shape of the equiaxed dendritic grain envelope is simplified as a sphere
that has a volume equivalent to the grain envelope (dashed line) connecting the
primary and secondary dendrite tips.
according to, for example, Lipton–Glicksman–Kurz (LGK) model
[24,25] can be determined. Therefore, the profile of the grain enve-
lope is further simplified as a volume-equivalent sphere, with vol-
ume equal to that of the grain envelope. The correlation between
the growth velocity of the equivalent sphere and the primary den-
drite tip is made by introducing a shape factor Ue

env; [22,23] where

ve
env;M ¼ Ue

env � ve
tip0 : ð1Þ

In order to calculate the species diffusive flux across the grain
envelope from the interdendritic melt to the extradendritic melt,
however, the real surface area of the envelope Se

env;D is required.
This area Se

env;D is correlated to the surface area of the equivalent
sphere (Se

env;M) via a sphericity shape factor Ue
sph,

Se
env;D ¼ Se

env;M=U
e
sph: ð2Þ

Both Ue
env and Ue

sph are morphological shape factors, dependent
purely on the shape of the grain envelope. If the shape of the enve-
lope is known and preserved during solidification, both factors
should be constant and can be predefined [5,6,8,9,26,27]. Examples
of some equiaxed dendrites and their morphological shape factors
are collected in Table 1. The accuracy and sensitivity of these shape
factors will be addressed with model parameter studies. For solid-
ification of globular grains both Ue

env and Ue
sph are equal to one.

Knowing the number density of the equiaxed grains ne by solv-
ing the nucleation law and grain transport equation [17,18], the
diameter of the volume-equivalent sphere de (=2Re) is calculated
from

fe ¼ ne �
4
3
p de

2

� �3

: ð3Þ

The growth surface area concentration, Se
env;M, of the equivalent

spheres is

Se
env;M ¼ Ue

Imp � ð36p � neÞ
1
3 � f

2
3
e ; ð4Þ

where Ue
Imp is an impingement factor, which is here approximated

as f‘.

3.1.2. Growth of equiaxed grains
For the globular growth the morphology of the grain is simpli-

fied as a sphere and solute partitioning occurs at the liquid–solid
interface, which is identical to the grain envelope. The growth of
the grain is governed by diffusion around the growing sphere,
and its growth velocity, ve

glob, can be modelled analytically.

ve
glob ¼

D‘

Re �X; ð5Þ

where X is supersaturation ðc�‘ � c‘Þ=ðc�‘ � c�sÞ .



Table 1
Morphological shape factors for envelopes of selected dendritic structures.

Equiaxeda Columnar (cross section)

Sphere Ue
env ¼ 1; Ue

sph ¼ 1 Cylinder Uc
env ¼ 1; Uc

circ ¼ 1

Octahedral Ue
env ¼ 1=

ffiffiffiffi
p3
p

; Ue
sph ¼

ffiffiffiffi
p3
p

=
ffiffiffi
3
p

Square rod Uc
env ¼

ffiffiffi
2
p

=
ffiffiffiffi
p
p

; Uc
circ ¼

ffiffiffiffi
p
p

=2

OSP6b Ue
env ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
11=32p3

p
; Ue

sph ¼
ffiffiffiffiffiffiffiffiffi
484p3p

12þ
ffiffi
3
p OSW4c Uc

env ¼ 1=
ffiffiffiffi
p
p

; Uc
circ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
p=10

p

a Equiaxed images taken from [28].
b 6 Orthogonal square pyramids (OSP6) [27] with pyramid angle 18.43�.
c 4 Orthogonal square wedges (OSW4) with wedge angle 60�.
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For the dendritic growth, the growth velocity of the primary
dendrite tips can be determined according to the LGK model
[24,25].

ve
tip0 ¼

D‘ �m‘ � c�‘ � ðk� 1Þ
C � p2 ðIv�1ðXÞÞ2: ð6Þ

Solving Eqs. (1) and (6) the growth velocity of the volume-equiva-
lent sphere of dendritic grain, ve

env;M, is obtained. The globular-to-
dendritic transition (GDT) is determined by comparing the two
growth velocities: ve

glob and ve
env;M. Therefore, the general formula-

tion for the growth velocity of the equiaxed grain is

ve
env ¼ maxðve

glob;ve
env;MÞ ð7Þ

A straightforward approach is used to determine the globular-to-
dendritic transition (GDT) by making a direct comparison of two
growth velocities, ve

glob and ve
env;M. The validity of this approach

was previously discussed [22,23]. It was verified that the grains
start to grow with globular morphology at the initial stage. Once
ve

env;M surpasses ve
glob, GDT occurs and ‘‘free” dendritic growth com-

mences. With the above ve
env and Se

env;M, the volume-averaged mass
transfer rate M‘e from ‘-phase to e-phase can be calculated.
Fig. 3. The shape of the columnar trunk envelope is simplified as a step-wise
cylinder with cross sectional area equivalent to the tree-trunk envelope (dashed
line), which connects the secondary and tertiary dendrite tips. The contour of the
columnar envelope near the primary dendrite tip (dashed line connecting the
primary and secondary dendrite tips) is simplified as a paraboloid.
3.2. Columnar growth

3.2.1. Columnar morphology
A columnar trunk may grow with cellular or dendritic morphol-

ogy. The cellular morphology can be simplified as a step-wise cyl-
inder. The diffusion-governed growth of a cylinder is detailed
elsewhere [19–21]. After cellular-to-dendritic transition (CDT),
the morphology of the trunk becomes dendritic. To model the
columnar dendritic growth, two zones must be considered: the
zone containing only columnar trunks, and the zone containing
columnar primary dendrite tips. In Fig. 3 the dendrite trunk is
drawn within a fictitious grain envelope. Near the primary den-
drite tip, the envelope borders the tips of primary and secondary
dendrite, while in the zone far away from the primary dendrite
tip the envelope borders the tips of secondary and tertiary den-
drites. The longitudinal section of the envelope near the primary
dendrite tip is similar to a paraboloid. The cross section of the den-
drite trunk away from the primary dendrite tip can be described by
a cylinder, square rod or four orthogonal square wedges connect-
ing the secondary and tertiary dendrite tips (Table 1).
As in the equiaxed case, the complex geometry of the columnar
trunk envelope necessitates a geometrical simplification of the
envelope, in this case into a step-wise cylinder. The cross sectional
area of the cylinder is equivalent to the area enclosed by the grain
envelope. The term ‘stepwise’ indicates that the dendrite trunks,
simplified as cylinders in a volume element, have an averaged
diameter different from that in the neighbour volume element.
The radial growth velocity of the equivalent cylinder can be calcu-
lated from the growth velocity of the secondary dendrite tip vc

tip00 ,

vc
env;M ¼ Uc

env � vc
tip00 ð8Þ

where Uc
env is a shape factor. The diffusion area of the columnar

envelope (Sc
env;D) is estimated according to the surface area of the

equivalent cylinder (Sc
env;M) by considering a circularity factor Uc

circ,

Sc
env;D ¼ Sc

env;M=U
c
circ ð9Þ



Fig. 4. Schematic of the interdendritic melt solidification.
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Examples of some columnar trunk envelopes (cross section) and
their morphological shape factors are collected in Table 1. The accu-
racy and sensitivity of these shape factors will be addressed with
model parameter studies. For solidification of cellular trunk, both
Uc

env and Uc
circ are equal to one.

Given a constant primary dendrite arm spacing k1, the volume-
equivalent cylinder has an average diameter of dc (=2Rc), and they
are correlated to the fraction of columnar phase by

fc ¼ pðdc
=2Þ2=k2

1: ð10Þ

The surface concentration Sc
env;M of the volume-equivalent cylinder

is calculated with

Sc
env;M ¼ Uc

Imp �
pdc

k2
1

; ð11Þ

where Uc
Imp is an impingement factor, which is approximated as f‘.

Eqs. (10) and (11) apply for both cellular growth and dendritic
growth. Eq. (11) is based on the assumption that the array of the
columnar dendrite trunks is aligned. For the staggered array of
the columnar dendrite trunks, the pdc

=k2
1 is replaced by

ð2=
ffiffiffi
3
p
Þ � pdc

=k2
1 [21].

Special consideration is made for the zone containing primary
dendrite tips. A fictitious grain envelope (dashed line) enclosing
the primary and secondary dendrite tips is shown in Fig. 3. This
envelope is further simplified as a volume-equivalent paraboloid,
described in Appendix A (Fig. A-2). In a volume element that con-
tains primary dendrite tips, a paraboloid with a diameter of dc and
a length of l is used to represent the contour of the primary den-
drite tip. The length of the paraboloid is explicitly tracked with a
method that is described in Section 3.4. Within the volume-equiv-
alent paraboloid two phases exist, i.e. solid dendrite and interden-
dritic melt. The same shape factor Uc

env and circularity Uc
circ are

employed to simplify the shape of the parabolic envelope. The
diameter dc and surface concentration Sc

env;M of the volume-equiv-
alent paraboloid in the volume element containing primary den-
drite tips are calculated as

fc ¼
pdc2

8
� l � nc; ð12Þ

Sc
env;M ¼ Uc

Imp � Sparab � nc; ð13Þ

where Sparab is surface area of the paraboloid and nc is ‘‘number den-
sity” of the columnar dendrites in the volume element containing
primary dendrite tips, see Appendix A. Note that these expressions
differ from Eqs. (10) and (11) for columnar trunk growth.

3.2.2. Growth of columnar dendrites
In the case of cellular, non-dendritic growth, the trunk is simpli-

fied to a cylinder and the radial growth velocity, vc
cell, is governed

by diffusion around the cylinder,

vc
cell ¼

D‘

Rc �X � ln
�1 k1ffiffiffi

3
p

Rc

� �
ð14Þ

A staggered array of the cellular trunks is assumed. The diameter of
the cellular trunk is 2Rc, with a maximum diameter of 2k1=

ffiffiffi
3
p

.
For the dendritic growth, the growth velocity of the secondary

dendrite tip is determined by the LGK model [24,25], i.e.
vc

tip00 ¼ ve
tip0 . With Eq. (8) the growth velocity of the volume-equiv-

alent cylinder, vc
env;M, is obtained. The cellular-to-dendritic transi-

tion (CDT) is determined by comparison of the two growth
velocities, thus, the general formulation for the growth velocity
of the columnar trunk is:

vc
env ¼maxðvc

cell;v
c
env;MÞ ð15Þ

Similar to the approach used for determining GDT of equiaxed
growth, the CDT is determined by making a direct comparison of
two growth velocities, vc
cell and vc

env;M. With the above vc
env and

Sc
env;M, the volume-averaged mass transfer rate, M‘c, from ‘-phase

to c-phase can be calculated. Note that special consideration must
be made for the volume element containing columnar dendrite tips.
Additional contribution of the growth of the primary dendrite tips
(vc

tip0 � pRc
tip0

2) to the total volume-averaged mass transfer within a
volume element must be taken into account as well. The tip radius
Rc

tip0 is calculated according to Kurz and Fisher [25], and the primary
dendrite tip growth velocity, vc

tip0 , according to the Kurz–Giovanola–
Trivedi (KGT) model [29],

vc
tip0 ¼ k1 � DT2 þ k2 � DT3 ð16Þ

where k1 and k2 are empirical growth parameters [30], and DT is
undercooling.

3.3. Solidification of interdendritic melt

In both equiaxed and columnar growth, solidification of the
interdendritic melt is driven by supersaturation and governed by
diffusion in the interdendritic melt. The following model descrip-
tion applies to both equiaxed and columnar growth and is dis-
cussed in terms of equiaxed solidification (Fig. 4). The
solidification rate of interdendritic melt is determined by d/s inter-
face growth velocity ve

sd and d/s interface area concentration Se
s .

The driving force for ve
sd is c�‘ � ce

d, but it is governed by diffusion
at the length scale le

d, which is related to the secondary arm spacing
k2 [2,22] by

le
d ¼ b2 �

ðk2 � d2Þ
2

; ð17Þ

where b2 is a constant on the order of unity and d2 is the diameter of
the secondary dendrite arms. It is assumed that d2 is correlated to k2

by k2 � d2 ¼ k2 � ae
d, thus

ve
sd ¼

2 � D‘

b2 � k2 � ae
d

� c
�
‘ � ce

d

c�‘ � c�s
: ð18Þ

The d/s interface area in an enclosed grain envelope is also related
to the secondary arm spacing (/ 2=k2). Considering an impinge-
ment factor Us

Impð¼ ae
dÞ for the growing interfacial surface, the d/s

interfacial surface concentration, in reference to the total volume,
can be calculated as

Se
s ¼

2 �Us
Imp

k2
� fe: ð19Þ

For globular growth, the above equation does not apply, Se
s must be

equal to Se
env;M as calculated by Eq. (4).
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3.4. Columnar tip tracking

The columnar trunks are assumed to grow from the mould wall.
The chill zone, a layer of fine equiaxed crystals formed near the
mould wall upon initial liquid contact, and the equiaxed-to-colum-
nar transition (ECT) are ignored. The columnar primary dendrite
tip front advances with the tip velocity vc

tip0 . No specific growth-
preferred crystalline orientation is imposed. The columnar tip front
is assumed to advance in the preferred direction that is closest to
the temperature gradient due to the fact that the global solidifica-
tion sequence is governed by the heat extraction of the mould. The
position of the columnar tip front is explicitly tracked. The algo-
rithm to track the columnar tip front is described below and shown
schematically in Fig. 5. In this schematic example, the calculation
domain is meshed with triangular elements. The following colum-
nar tip front tracking algorithm applies to both structured and
unstructured meshes, in both 2D and 3D.

(1) Each control volume element is indexed with a columnar
status, ic, which indicates whether the control volume ele-
ment contains the columnar tips (ic = 1), or the control vol-
ume has been passed by the columnar tips (ic = 2), or the
control volume is still in the bulk region where columnar
tips do not yet reach (ic = 0). All control volume elements
are initialized with ic = 0, except for the boundary (wall) ele-
ments, which are initialized with ic = 1. The status marker
with ic = 1 indicates that the columnar trunks will start from
these boundary elements.

(2) A reference length, lref, is assigned to each volume element to
represent the element size. When a columnar tip enters a
volume element, it must grow over the length of lref to be
able to pass through the considered volume element. lref is
calculated as the diameter of a sphere (3D) which has the
equivalent volume of the element: 4p

3 � ðlref=2Þ3 ¼ DV (Appen-
dix A). In case of 2D, lref is calculated as the diameter of an
area-equivalent circle: p�(lref/2)2 = DS. One may argue that
depending on mesh topology and growth direction of the
columnar tips, alternative methods should be used to deter-
mine lref, however, parameter studies have shown that alter-
native methods for estimating lref have a minor influence on
modelling results [21].
Fig. 5. Schematic diagram of the advancing columnar tip front, and the algorithm of
the columnar front tracking during mixed columnar-equiaxed solidification. The
equiaxed and columnar dendrites are shown to illustrate the two zones, they are
not to scale relative to the grid.
(3) The columnar tip front is assumed to grow in the direction
closest to the temperature gradient. The growth velocity,
vc

tip0 , is determined by the KGT model [29]. The length of
the columnar trunks belonging to the tip volume element
(ic = 1) is calculated by the integral l ¼

R
t vc

tip0dt, starting from
the moment when the columnar tip front enters the consid-
ered volume element.

(4) As soon as l exceeds lref, the columnar tip front grows out of
the considered volume element and into the neighbouring
control volume element, indexed with ic = 0. The columnar
status of the neighbouring element is converted into ic = 1
and the status of the first volume element, which has just
been passed by the columnar front, is set to ic = 2.

(5) Mass transfer from the extradendritic melt (‘-phase) to the
columnar trunk (c-phase) is only taken into consideration
for those elements where ic – 0. Mass transfer from the
extradendritic melt (‘-phase) to the equiaxed grain (e-
phase) can occur in all types of volume elements when a cer-
tain undercooling for nucleation and growth occurs.

(6) For the mechanical interaction between the e-phase and c-
phase a simple approach is used. Both c- and e-phases are
allowed to co-exist in the same volume element, even
behind the columnar tip front. When the local volume frac-
tion of c-phase, fc, reaches a critical value, f free

c (e.g. 0.2), an
infinite drag force coefficient is applied between the phases
in the corresponding momentum equations, and in effect the
equiaxed grains are ‘captured’ by the columnar trunks.
When fc is smaller than f free

c , no drag force is applied between
e- and c-phases, and thus the motion of the equiaxed grains
are free to move, unhindered by the columnar dendrites. The
validation of the critical value f free

c ¼ 0:2 was discussed in a
previous paper [21].

(7) The columnar tip blocking mechanism described by Hunt
[31] is implemented to model the CET. In the columnar tip
elements, the tip growth velocity, vc

tip0 , is forced to zero as
soon as the local volume fraction of e-phase, fe, exceeds
the critical threshold of fe;CET ¼ 0:49. The so-called soft block-
ing mechanism for establishing the CET, proposed by Mar-
torano et al. [11], is included, which reduces vc

tip0 to zero
when the local supersaturation vanishes due to the
enhanced solute enrichment by the growing equiaxed grains
ahead of the columnar dendrite tip front.

4. Implementation of growth kinetics into transport equations

4.1. Transport equations

Sixteen independent transport quantities, ne; f e; f c; f e
s ; f c

s ; p;
u‘
*
; ue

*
; c‘; ce; cc; ce

s ; cc
s; h‘; he; hc, are computed through solution

of the conservation equations described below. Note that a velocity
vector, e.g. u‘

*
, is here counted as a single transport quantity,

although its components (u‘, v‘, w‘) are necessarily solved by indi-
vidual momentum conservation equation. Other intermediate vari-
ables can be derived from the above transport quantities. For
example,

f‘ þ fe þ fc ¼ 1 ) f‘ ¼ 1� fe � fc;

f e
s ¼ ae

s � fe ) ae
s ¼ f e

s =fe;ae
d ¼ 1� ae

s ; f
e
d ¼ ae

d � fe;

f c
s ¼ ac

s � fc ) ac
s ¼ f c

s =fc;ac
d ¼ 1� ac

s ; f
c
d ¼ ac

d � fc;

ce ¼ ae
d � ce

d þ ae
s � ce

s ) ce
d ¼ ðce � ae

s � ce
sÞ=ae

d;

cc ¼ ac
d � cc

d þ ac
s � cc

s ) cc
d ¼ ðcc � ac

s � cc
sÞ=ac

d:

Temperatures, T‘; Te; Tc, are derived directly from the enthalpies,
h‘;he;hc. All hydrodynamic phases share a single pressure field p.
The pressure correction equation is obtained from the sum of the
normalized mass conservation equations using the phase coupled
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SIMPLE (PC-SIMPLE) algorithm [32]. The velocity of the columnar
phase uc

*
is predefined.

The above transport quantities are solved using an Eulerian–
Eulerian approach based on the three hydrodynamic phases. The
formulations of the conservation equations for the three hydrody-
namic phases are quite similar to those used in a previous three-
phase mixed columnar-equiaxed (non-dendritic) solidification
model [20]. Therefore, only the mass conservation and species con-
servation equations are described in detail.

The current model does not consider change of density due to
thermo-solute expansion/shrinkage and solidification shrinkage.
Although each phase density is indexed with q‘; qc; qe;

qc
d; qc

s ;qe
d; qe

s (reserved for future use), in the current model they
are constant and equal and the following equalities apply:
qc ¼ ac

sqc
s þ ac

dq
c
d, and qe ¼ ae

sqe
s þ ae

dq
e
d. In order to account the

thermo-solutal convection and grain sedimentation the Boussinesq
approximation is used [33].

The mass conservation equations are

@

@t
ðf‘q‘Þ þ r � ðf‘q‘ u‘

*
Þ ¼ �M‘e �M‘c ð20Þ

@

@t
ðfeqeÞ þ r � ðfeqe ue

*
Þ ¼ M‘e �Mec ð21Þ

@

@t
ðfcqcÞ þ r � ðfcqc uc

*
Þ ¼ M‘c þMec ð22Þ

@

@t
ðf e

s qeÞ þ r � ðf e
s qe ue

*
Þ ¼ Me

ds ð23Þ

@

@t
ðf c

s qcÞ þ r � ðf c
s qc uc

*
Þ ¼ Mc

ds ð24Þ

For the case of pure globular growth, Me
ds ¼ M‘e. Similarly, for the

case of pure cellular growth, Mc
ds ¼ M‘c. Neglecting crystal segmen-

tation and attachment phenomena, the mass transfer rate between
the columnar and equiaxed phases Mec is equal to zero.

The species conservation equations are

@

@t
ðf‘q‘c‘Þ þ r � ðf‘q‘ u‘

*
c‘Þ ¼ �C‘e � C‘c ð25Þ

@

@t
ðfeqeceÞ þ r � ðfeqe ue

*
ceÞ ¼ C‘e � Cec ð26Þ

@

@t
ðfcqcccÞ þ r � ðfcqc uc

*
ccÞ ¼ C‘c þ Cec ð27Þ

@

@t
ðf e

s qece
sÞ þ r � ðf e

s qe ue
*

ce
sÞ ¼ Ce

ds ð28Þ

@

@t
ðf c

s qccc
sÞ þ r � ðf c

s qc uc
*

cc
sÞ ¼ Cc

ds ð29Þ

where Cec � 0, when crystal segmentation and attachment are
neglected.
Table 2
Mass transfer rates for equiaxed solidification.

Mass transfer rate For globular growth For dendritic growth

ð‘) eÞM‘e M‘e ¼ ve
env � S

e
env;M � qe (30)

ðd) sÞMe
ds Me

ds ¼ M‘e Me
ds ¼ ve

sd � S
e
s � qe (31)

Table 3
Species transfer rates for equiaxed solidification.

Species transfer rate For globular growth

ð‘) eÞ C‘e ¼ CM
‘e þ CD

‘e CM
‘e CM

‘e ¼ c�s �M‘e (32)

CD
‘e

–

ðd) sÞCe
ds
4.2. Source terms

In order to close the above conservation equations, the corre-
sponding source terms, M‘e;M‘c;M

e
ds;M

c
ds;C‘e;C‘c;C

e
ds, and Cc

ds, must
be defined according to the aforementioned growth kinetics.

4.2.1. Mass and species transfer for equiaxed solidification
The volume-averaged mass and species transfer rates for equi-

axed solidification are summarized in Tables 2 and 3 for globular
growth and dendritic growth. For dendritic growth [22], species
transfer between the extradendritic melt and the equiaxed grain
C‘e includes transport into the grain envelope due to the growth
of the envelope, CM

‘e, and transport due to the diffusive flux from
the interdendritic melt to the extradendritic melt, CD

‘e. Melting
(shrinking of the grain envelope) is not considered in the current
model.

4.2.2. Mass and species transfer for columnar solidification
The volume-averaged mass and species transfer rates for

columnar solidification are summarized in Tables 4 and 5 for cellu-
lar growth and dendritic growth. For dendritic growth [22], the
species transfer between the extradendritic melt and the columnar
dendrite trunks C‘c includes species transport into the dendrite
trunk envelope due to growth of the envelope, CM

‘c , and species
transport due to the diffusive flux from the interdendritic melt to
the extradendritic melt, CD

‘c. Melting (shrinking of the tree-trunk
envelope) is not considered in the current model.

In Tables 4 and 5, the contribution to the mass transfer rate due
to growth of the columnar dendrite tips, Mc

tip0 , is calculated as

Mc
tip0 ¼ nc � pðRc

tip0 Þ
2 � vc

tip0 � qc � f‘: ð47Þ

As shown in Tables 3 and 5, the diffusion length around the grain/
trunk envelope l‘ (le

‘ or lc
‘) is determined by the growth velocity of

the envelope, D‘/venv, where venv represents ve
env or vc

env. A variety
of alternative methods for estimating l‘ have been suggested, vary-
ing in complexity and ease of implementation [2,5,6,11,26,27]. In
the present model the D‘/venv formulation is preferred for its rea-
sonable approximation and numerical simplicity, as discussed in a
previous publication [22]. The physical bounds of diffusion length
l‘ dictate that it should never be larger than half of the inter-grain
spacing. Two extreme cases where l‘ = D‘/venv may lead to overesti-
mation or unrealistic values should be avoided: (1) infinitely small
envelope growth velocity and (2) the late stage of solidification
when growing grains/trunks impinge upon one another. Addition-
ally, it is assumed that l‘ is not smaller than the diffusion length
of the interdendritic melt, le

d or lc
d, therefore, the following correc-

tions to l‘ are made,

l‘ ¼
y1=2 when D‘=venv 6 y1=2
D‘=venv

y2=2 when D‘=venv P y2=2

8><
>: ð48Þ

where y1 is the interdendritic spacing, which can be estimated as 2le
d

for equiaxed grain, 2lc
d for columnar dendrite and y2 is the inter-

grain spacing, which can be estimated as (k1 � dc) for columnar
growth zone and (

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6=pne

3
p

� de) for equiaxed growth zone. Note
For dendritic growth

CM
‘e ¼ �ce

env �M‘e (33)

CD
‘e ¼ �q‘ � S

e
env;D � J

e
‘ with Je

‘ ¼ D‘ � ð�ce
env � c‘Þ=le‘ (34)

Ce
ds ¼ c�s �M

e
ds (35)



Table 4
Mass transfer rates for columnar solidification.

Mass Transfer rate For cellular growth For dendritic growth

Trunk element Tip element Trunk element Tip element

l > Rc
tip0 l 6 Rc

tip0 l > Rc
tip0 l 6 Rc

tip0

ð‘) cÞ M‘c See Eq. (36) See Eq. (37) See Eq. (38) M‘c ¼ vc
env � S

c
env;M � qc (36) M‘c ¼ vc

env � S
c
env;M � qc þMc

tip0 (37) M‘c ¼ Mc
tip0 (38)

ðd) sÞ Mc
ds Mc

ds ¼ M‘c Mc
ds ¼ vc

sd � S
c
s � qc (39) Mc

ds ¼ vc
sd � S

c
s � qc þMc

tip0 (40) Mc
ds ¼ M‘c

Table 5
Species transfer rates for columnar solidification.

Species transfer rate For cellular growth For dendritic growth

Trunk element Tip element

l > Rc
tip0 l 6 Rc

tip0

ð‘) cÞC‘c ¼ CM
‘c þ CD

‘c CM
‘c CM

‘c ¼ c�s �M‘c (41) CM
‘c ¼ �cc

env �M‘c (42) CM
‘c ¼ �cc

env � vc
env � S

c
env;M � qc þ c�s �M

c
tip0 (43) See Eq. (41)

CD
‘c

/ CD
‘c ¼ �q‘ � S

c
env;D � J

c
‘ with Jc

‘ ¼ D‘ � ð�cc
env � c‘Þ=lc‘ (44) CD

‘c ¼ �q‘ � S
c
env;D � J

c
‘ (45) /

ðd) sÞCc
ds Cc

ds ¼ c�s �M
c
ds (46)
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that the model presented in Tables 3 and 5 for species transfer is not
suitable for melting, when the envelope shrinks.

4.2.3. End of solidification
The solidification process ends with eutectic reaction, when

both interdendritic melt and the extradendritic melt are converted
into eutectic phases when the local temperature reaches the eutec-
tic point TE. Here a simple model is suggested. If the remaining li-
quid (i.e. eutectic phase) is relatively small, the latent heat released
due to eutectic reaction is neglected and the aforementioned
source terms (M‘e;M‘c;M

e
ds;M

c
ds; C‘e;C‘c;C

e
ds;C

c
ds) are set equal to

zero as soon as the local temperature reaches TE. Correspondingly,
the drag forces that are applied between each pair of hydrody-
namic phases are set ‘infinitely’ high [20], such that relative motion
between the phases is prohibited. The remaining melt (both inter-
dendritic and extradendritic) is recognized as eutectic phase, i.e.
f extra
Eu ¼ f‘; f intern

Eu;e ¼ f e
d ; f

intern
Eu;c ¼ f c

d , and f total
Eu ¼ f extra

Eu þ f intern
Eu;e þ f intern

Eu;c .

4.3. Solution strategy

A variety of computational tools for solving Eulerian multiphase
transport system are available and discussed in the literature, each
having distinct merits and drawbacks [34–37]. The model pre-
sented in the current paper is developed within the framework
of the CFD software package, FLUENT 6.3.26 (Fluent Inc., USA)
[32], which provides a platform for solving the global governing
equations and provides flexibility in defining additional exchange
and source terms within the governing equations, including mod-
ification of the transport quantities. For each time step of the tran-
sient calculation, up to 60 iterations may be necessary to decrease
the normalized residuals of continuity, momentum conservation,
volume fraction, species transport and user-defined scalar conser-
vation equations to a value below the convergence limit of 10�4

and the enthalpy conservation equations below that of 10�7. Due
to the complexity of the multiphase coupling, the time step Dt
should be kept small (10�3–10�4) to ensure the above convergent
criteria are fulfilled. The optimal time step must be determined
by trial simulations or by using dynamic time step control.

5. Summary and discussion

A five-phase volume-averaging solidification model has been
proposed for the mixed columnar-equiaxed solidification with
melt convection and grain sedimentation. The main difficulties
encountered by the previous models have been addressed.

(1) Non-dendritic and dendritic solidification of the equiaxed
and columnar structures are considered. For equiaxed struc-
ture, globular growth and dendritic growth including the
globular-to-dendritic transition (GDT) are modelled. For
columnar structure, cellular growth and dendritic growth
including cellular-to-dendritic transition (CDT) are mod-
elled. Both GDT and CDT are predicted based on comparison
of growth velocities derived from diffusion-governed, non-
dendritic growth kinetics and dendritic tip growth kinetics.

(2) Four morphological shape factors, Ue
env;U

e
sph;U

c
env and Uc

circ,
are proposed to simplify the equiaxed and columnar den-
dritic structures. Previous studies on pure equiaxed solidifi-
cation have justified the relevance of these factors [22,23].
However, these factors may not be constant and conserved
during solidification, thus further studies are necessary to
determine the accuracy of the morphological shape factors.

(3) An algorithm for columnar primary dendrite tip tracking is
presented. This columnar tip front successfully distinguishes
the pure equiaxed solidification zone from the mixed colum-
nar-equiaxed zone. Two columnar primary dendrite tip
blocking mechanisms, ‘hard blocking’ and ‘soft blocking’,
are implemented for the prediction of the columnar-to-equi-
axed transition (CET).

(4) The Boussinesq approximation is used to account for
thermo-solutal convection and grain sedimentation includ-
ing sedimentation-induced melt convection. It is currently
assumed that the densities of all phases and phase regions
are constant and equal. To account for shrinkage flow due
to the density change of each individual phase (or phase
region) further modification to the current model is
required.

The ultimate goal of this model is to predict the as-cast macro-
structure including the distinct equiaxed and mixed columnar-
equiaxed zones separated by CET profile, the volume fraction of
each phase or phase region, grain size, distribution of the eutectic
phase, solute concentration in each phase or phase region, and
macrosegregation. Due to the complex nature of the solidification
process model assumptions or simplifications are necessarily made
with the consequence of potential model uncertainties, which
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must be clarified and resolved. To investigate these assumptions
and simplifications illustrative process simulations, parameter
studies and discussions are presented in Part II of this two-part
investigation.
Fig. A-2. A simplified volume-equivalent paraboloid for the envelope of the
columnar primary dendrite tip.
Appendix A

A.1. Geometric description of the columnar primary dendrite tip

A.1.1. Number density of columnar trunks in a volume element
containing primary dendrite tips

The number density of columnar dendrite trunks in a volume
element containing primary dendrite tips, nc, is estimated. The
columnar array is assumed to be aligned, and the primary dendrite
arm spacing, k1, is constant. As shown in Fig. A-1 , a cubic volume
element (DV = Dx3) contains Dx2=k2

1 columnar dendrite trunks,
therefore,

nc ¼
1

k2
1 � Dx

:

As the shape of each volume element is not consistent, a reference
volume element length lref is used in place of Dx [21]. For a cubic
element, 4p

3 � ðlref=2Þ3 ¼ Dx3. So

nc ¼
1

k2
1 � lref �

ffiffiffiffiffiffiffiffiffi
p=63

p : ðA-1Þ
A.1.2. Volume and surface area of paraboloid tip
A paraboloid is employed to simplify the shape of the envelope

of the columnar primary dendrite tip. The geometry of a paraboloid
(Fig. A-2) is expressed by

z ¼ 4l

dc2 � x2: ðA-2Þ

The volume of the paraboloid, Vparab, is calculated by the integralR l
0 px2dz, with

Vparab ¼
pdc2

8
� l: ðA-3Þ

The surface area of the paraboloid, Sparab, can be calculated by the
integral

R l
0 2px � 1

cos h � dz, hence

Sparab ¼
pdc

96l2 � ð16l2 þ dc2
Þ3=2 � dc3

� �
: ðA-4Þ
Fig. A-1. Aligned array of the columnar prim
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