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Abstract During solidification of castings, equiaxed
crystals that is formed sink downwards, sediment and form
a packed bed. The behavior of separated moving crystals
can be described by a submerged object approach, whereas
the viscoplastic behavior of a semi-solid slurry follows a
volume-averaged viscoplastic constitutive equation. In this
work, a two-phase Eulerian—Eulerian volume-averaging
approach is used to combine both flow regimes. The tran-
sition happens at a certain solid volume fraction, the so-
called coherency limit. Starting with a uniform distribution
of crystals at rest, sedimentation and packing of crystals are
described. In addition, the material density of the crystal is
assumed to increase on cooling and thus the domain
shrinks which is also accounted for in this report. It is
demonstrated how sensitive the model is, on the considered
crystal diameters and on the assumed value for the coher-
ency limits.

Keywords Equiaxed solidification - Visco-plasticity -
Mushy zone - Sedimentation - Packed bed

List of symbols

o, B Rheological function taken from [9]
Cpu» Cps  Specific heat (J/kg/K)

C, Settling ratio (-)

d Average crystal diameter (m)
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ety CrossMark
80s 8 Volume fraction (-)
ghack Packing limit for hard spheres (-)
geohe Coherency limit (-)
he, hy Volume averaged enthalpy (J/kg)
H* Volume heat transfer coefficient (W/m3/K)
Hy Enthalpy exchange (J/m3/s)
1 Identity tensor (—)
ky, kg Heat conductivity (J/m*/K)
K Permeability (mz)
K, Viscoplastic consistency (kg s */m)
Ky Drag coefficient (kg/mS/s)
m Strain rate sensitivity coefficient (—)
My, Mass transfer (kg/m3/s)
Do Ps Pressure (N/mz)
Ty, T, Volume average temperature (K)
Vo, Vs Flow velocity (m/s)
&, & Strain rate tensor (—)
éjq Equivalent strain rate (-)
Les U Viscosity (kg/m/s)
Do Ps Density (kg/m3)
Gy, O Stress tensor (N/mz)
Ty, Ty Deviatoric stress tensor (N/m?)

1 Introduction

From 1936, researchers, such as Verd [1] and Bishop et al.
[2] started to develop tensile testing equipments for testing
mechanical properties of partially solidified alloys. Since
the pioneering work of Flemings and colleagues [3, 4] it is
well known that during solidification when the solid vol-
ume fraction exceeds a certain limit, the semi-solid metal
slurry shows viscoplastic flow behavior. This behavior is
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generally expressed by a stress—strain rate relation of
Norton—Hoff type that is often used to describe the hot
deformation of alloys in the fully solid-state [5] as

o = V3K, (V34) . (1)

where o represents the stress tensor, & the strain-rate tensor,
K, the viscoplastic consistency and m the strain-rate sen-
sitivity. Dahle et al. [6—8] reported results of measurements
of the development of shear strength during solidification
of some common aluminum alloys as a function of mor-
phology and fraction solid. Suéry et al. further investigated
the behavior of semi-solid metal slurries and suggested
several macroscopic approaches for modelling its rheo-
logical behavior [9-13]. Their models are based on con-
tinuum mechanics and mixture theory, and suggest
constitutive equations for the compressible viscoplastic
solid phase. The semi-solid material is assimilated as
porous media saturated with liquid, which has been char-
acterized by the supplementary internal parameters which
represent the phase volume fractions. Therefore, the vis-
coplastic deformation of the solid skeleton is no longer
incompressible, but induces volume variations, and con-
sequently liquid flow through the solid skeleton. The stress
field in this case is then composed of the solid phase stress
in the solid matrix and the interstitial pressure in the liquid.

Although some asymmetry between tension and com-
pression was reported [11, 12], in the present paper we
refer to the symmetrical model by Nguyen—Favier—Suéry
(herein called as NFS-approach) alone, [9] in which the
effective macroscopic solid stress tensor ¢° is related to the
volume averaged strain-rate tensor & by

¢ =21 (ac & —f- %tr(s'_QI), (2)

where o and f§ are empirical functions of the solid volume
fraction and PP is the apparent solid viscosity given by

. O, i, m—1
Hw =1 =3K, <\/§seq> , (3)

eq

with o,, being the von Mises equivalent stress scalar and
&,, the von Mises equivalent strain-rate scalar. It is to be
noted that Eq. (3) include the Norton—-Hoff law, Eq. (1). It
is to be noted further that when « = 1 and § = 1, Eq. (2)
is reduced to the general relation between the strain-rate
and the deviatoric stress tensor. According to [9] the two
empirical rheological functions are defined for g; > 0.55
as

1
Ag) =580 )

@ Springer

o) =t o 1] 5

8 =38 T0.054 g6 '

Bellet et al. [14, 15] used the above NFS-approach for
the volume-averaged version of the effective macroscopic
stress tensor of the solid phase in the mushy zone of a
continuous casting of steel. In this paper, they solved the
volume-averaged mass and momentum conservation
equations for the liquid and the solid phases assuming a
solid volume fraction of more than 0.55. At this point it is
important to note that the effective macroscopic solid stress
tensor ¢° and the volume-averaged deviatoric solid stress
tensor T, are related by

¢’ = gTy, (6)

(see Eq. (11) in [9]) and that Eq. (2) is the sum of the
deviatoric solid stress tensor and the solid pressure [14, 15]
(which is in fact assumed to be approximately the liquid
pressure at the solid/liquid interface).

Below the solid fraction of the coherency limit, where
the equiaxed crystals are relatively free to move, their
motion can be described by either the equation of motion
for a single grain or by a volume-averaged momentum
conservation equation for the solid phase. In [16-18], a
single-phase, one-domain macroscopic model has been
used to study binary alloy solidification with moving
equiaxed solid phase. Herein, the equation of motion of
single grain is solved using an effective viscosity for the
solid/liquid mixture. The presence of the equiaxed crystals
is accounted for in the momentum conservation equation of
the mixture. In [19-36], the volume-averaged momentum
conservation equation for the liquid and the solid phase is
solved describing the viscosity of the solid/liquid mixture
[37],

B . g5 —2.5-g; .
Honix = Hp - - ) ( )

with g¢ representing a critical solid volume fraction above
which the equiaxed crystals are supposed to merge to form
arigid solid structure. For the larger solid volume fractions,
Eq. (7) predicts an increasing viscosity of the solid/liquid
mixture till it approaches infinity for g, — g¢. Assuming
the validity of a mixing rule for viscosity [38], tmix = &1
W+ gstts, Eq. (7) can be used to derive an expression for
the effective viscosity of the solid phase as

In [19-36], the classical packing limit for equal diameter
hard spheres, g?‘“’k = 0.637, was taken for g:.
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So, for small solid volume fraction the motion of
equiaxed crystals can be described by volume-averaged
momentum conservation equation for the solid phase
assuming an effective solid viscosity according to Eq. (8)
and for large solid volume fraction the viscoplastic
behavior of the semi-solid slurry can be described by a
volume-averaged momentum conservation equation for the
solid phase using the NFS-approach, Eq. (2). It is obvious
that a combination of both approaches can be used to
describe the motion of the solid phase over the whole range
of solid volume fraction from few equiaxed grains floating
in the liquid to a dense coherent dendritic network which is
deforming and allowing the residual melt to flow through.

In the present paper, we have combined the two
approaches and discussed especially assumptions necessary
for the transition from the effective solid viscosity to the
viscoplastic regime. In order to focus on these details we
did not consider neither any nucleation nor solidification.
We rather investigated the sedimentation of (globular)
equiaxed crystals till they form a coherent backed bed,
which then continue to deform by further draining of liquid
and thermal shrinkage of the solid phase. The present
report is the second paper of the authors on that topic [39].

2 Model Description

The volume-averaged approach used in this paper assumes
that at any point in space and time the amount of the two
phases, liquid and solid, can be represented by the corre-
sponding volume fractions, g, and g,, whereby the sum
adds up to one. For both phases the volume-averaged mass,
momentum and enthalpy conservation equations according
to Table 1 are solved. As mentioned before, nucleation and
solidification are not considered. We rather assume that a
certain volume fraction of solid with a given crystal
diameter is initially equally distributed within the domain
and that the material density of these crystals is larger than
that of the liquid. As we consider gravity action, the
crystals start to sediment downwards. This sedimentation
motion is described by solving the volume-averaged
momentum conservation equation for the solid, Eq. (13),
assuming an effective solid viscosity according to Eq. (8)
and that the solid and the liquid phase share the same
pressure field, p. In this flow regime, the momentum
exchange between liquid and solid due to drag is described
by the so-called submerged object approach [40] according
to the first equation in Eq. (22).

If sedimentation continues, the amount of crystals in the
lower part of the domain increases and thus the limit of the
validity range of the effective solid viscosity and the sub-
merged object approach is reached. On further increasing
solid volume fraction, the crystals form a coherent solid

network which may allow the residual liquid to flow
through. For this regime, the model for the momentum
exchange between solid and liquid due to drag is changed
to the porous medium approach where the coherent net-
work reveals a certain flow permeability. In this paper we
have used a Kozeny—Carman-type permeability according
to the second equation of Eq. (22). For the divergence of
the effective macroscopic solid stress tensor we have used
the NFS-approach according to Eq. (17).

2.1 Transition Between Flow Regimes

As in nature the submerged object flow regime changes
continuously into the porous medium flow regimes, the two
governing momentum conservation equations for the solid
phase should merge when the transition occurs. Mathe-
matically the two regimes differ by (i) the momentum
exchange term between liquid and solid [Eq. (22)] and (ii)
the expression of the effective macroscopic solid stress
tensor [Egs. (15) and (17)]. Due to two different underlying
physics, both differences should merge at the transition
separately.

In order to ensure a smooth transition for the momentum
exchange term between liquid and solid, we have chosen a
prefactor for the flow permeability of the solid network
such that the drag terms for the submerged object and the
porous medium approaches are equal at the transition point
[Eqg. (22)]. Although this choice might be artificial, it is
justified by the fact that the exact value of the permeability
of a dendritic networks is seldom known precisely. As
discussed in [41], literature values of mushy zone perme-
abilities especially at high solid volume fraction can easily
vary by one—two orders of magnitude or even more. On the
other hand, it is also conceivable that the settling ratio, C,,
might change when the amount of crystals become so
dense that collective flow phenomenon occur. Here,
detailed knowledge about the physics involved, is missing.
In the present paper, we assume that the transition from the
submerged object to the porous medium flow regime
happens at the coherency limit, g&he.

Merging the expressions of the effective macroscopic
solid stress tensor is even more difficult. The effective
viscosity approach considers a case where the solid/liquid
mixture might reveal an infinite viscosity for g, — g¢. This
is in principle not consistent with the NFS-approach, where
the solid/liquid mixture reveals viscoplastic flow behavior
as it does in reality. We thus assume that in the transition
region the NFS-approach describes the reality better and so
in this region the effective viscosity approach must be seen
only as rough approximation. It is to be noted that in the
present work we use for the infinite limit of the effective
viscosity of the solid, the packing limit for equal diameter
hard spheres, g¢= gh* =0.637, whereas for the
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Table 1 List of conservation equations

Table 2 Exchange terms as used in Egs. (11)—(20)

Mass conservation

G (gp) +V - (gpwe) =0 ©)

S(gp,) + V- (gpyvs) =0 (11)
Momentum conservation

S(gepve) +V - (gepvve) = —&Vp +V - gt (12

+8e08 — Kes(ve — vy)

%(gxps"S) + V- (gspsvs¥s) = —&Vp + V - g7y (13)
+85ps8 + Kis(ve — vy)
0 = 24, (8¢ — Ste(é)I); & = 5 (Vv + (Vw)"); (14)
tr(é[) =V Vy
For g, < geo
7y = 24, (& — Ltr(8)1); & = L (Vv + (Vvy)"); (15)
tr(é) = V-, ,
—2.5¢
With g1, = & ((1 —;L) —(1 —gs)> (16)
For g; > gf"he
85Ty = 20PP (oc & —f- 1tr(éx)l) 17)
With 1@ = 3K, (/38 )m_] and F;; =203, s (18)

3
—6f - (3tr(&,))
Enthalpy conservation
?, (gepehe) +V - (gepevehe) =

V- (gckNVT,) — H* (T, — T;)  (19)

& (gsﬂ )+ V- (gspvshs) =V . (gsk VT,) +H (T, —T,)  (20)
f pedT + 1 and hy = f CpsdT + ' and @1
fz’?f el Ty

Symbols are defined in the List of Symbols

coherency limit we looked at two different cases.
Neglecting the strain-rate dependence at the coherency
limit by setting the strain rate sensitivity coefficient equal
to one, m = 1, we ensure a smooth transition at the
coherency limit g®°™ by estimating the viscoplastic con-
sistency, K, from equalizing the prefactors of the strain-
rate terms in Egs. (15) and (17) as

3 OCEOhe Kv cohe 'ufohe (10)

The strain rate sensitivity is switched on by changing
m within a solid volume fraction interval of 2 % from 1 to
its assumed value of m = 0.139.

For Case A, gt is selected to be similar but a little
smaller than g§ = gEaCk = 0.637. We chose, g§°he =g -
10~*. This choice is made to avoid an infinite effective
solid viscosity at the coherency limit, ", which occur
according to Eq. (16). With that, we got K, = 7668 kg/s/
m for the viscoplastic consistency which makes the
apparent viscosity quite high and the packed bed kind of
rigid. For Case B, we assume for the coherency limit the
minimum value used for the evaluation of the measure-
ment in [9] that’s g§°he = 0.57. With that choice and
applying the condition Eq. (10), we got K, = 19 kg/s/m
for the viscoplastic consistency in Case B. This low
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Momentum exchange

_SC s
= 18g; ng * for g, < g with C, = Og—3
o g‘ (22)
1
=g Kfor gs > g% with K = d° 180 10—
Enthalpy exchange
H* =10 W/m*/K (23)

value for K, results in a relatively low apparent viscosity
and so an enhanced fluidity of the packed bed. Please
note that the exact value of K, is alloy dependent and is
often missing. It will be a future task to evaluate
experimental results on semi-solids described in literature
in order to get suitable values for the viscoplastic con-
sistency and so, with the transition conditions Eq. (10)
can be indirectly used to obtain the coherency limit,
g§°he (Table 2).

2.2 Calculation of Domain Deformations

In order to allow the density of the two phases to increase
on cooling, we account for local volume changes. This is
done based on the information of the mass fluxes at the
domain boundaries required to compensate the volume
shrinkage. For that a compressible mixture sub-model is
applied with the opened domain boundaries as opposed to
the closed one for the multiphase model. The boundary
displacements are calculated by interpolating the velocity
at the face centers to the boundary points. After the
boundary points are moved, the internal mesh is smoothed
by solving a Laplace equation for the cell centers to
maintain the mesh quality. This procedure is done for each
time step and the coupling between mesh motion and flow
calculation is repeated until the zero boundary fluxes are
reached. Further details of the shrinkage model and its
implementation can be found in [39].

2.3 Initial and Boundary Conditions

As simple case, we have considered initially a rectangular
domain (Fig. 1) with adiabatic walls except at the bottom
where a certain heat extraction is assumed. As flow
boundary conditions, the nonslip conditions is applied for
the liquid and the slip condition for the solid. An initially
homogenous distribution of a stationary solid/liquid mix-
ture with a given crystal diameter and solid volume fraction
is assumed to fill the domain. As material, we consider a
“binary” steel (Fe—C alloy) with properties as given in
Table 3.
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isolated / nonslip

10 mm

o Initial conditions: =
= 70% liquid %
g 30% solid =&
=] ol a
= T, =1803.44 K e B
3 T, =1803.44 K EN s
g s 8
° no flow Z
2 S|
HTC = 1000 W/m? K, T,,, = 1173.15 K, nonslip

Fig. 1 Domain with the boundary and initial conditions

3 Results and Discussion

First the dependence of the average crystal diameter on the
sedimentation and the formation of a packed bed is
investigated. For Case A we have varied the diameter by
d = 0.125, 0.25, 0.5, 0.75 and 1 mm, respectively. Note
that an increasing crystal size has two effects: first, the drag
between crystals and melt gets smaller with larger diame-
ter, and thus sedimentation happens faster. On the other
hand, according to the chosen transition condition in
Eq. (22), the permeability of the packed bed increases with
the crystal diameter. Therefore, the residual melt can more
easily flow through the sedimented bed. In Fig. 2 the
temporal evolution of the vertical component of the solid
phase velocity averaged of the domain, v, is shown
together with figures that show the distribution of solid
fraction for a few characteristic points with times for all
five selected crystal diameters.

For the smallest diameter investigated (d = 0.125 mm,
Fig. 2a) the settling process is very even and slow. This is
the result of the high drag between the phases. The aver-
aged settling velocity changes smoothly during the whole
settling process. When the crystals are finally packed only
a slightly distorted packed bed is formed that reveals some
minor channels. For crystals with a diameter of
d = 0.125 mm a dense packed bed has already formed
after + = 45 s. At this point in time the averaged settling

Table 3 Thermodynamic and physical properties

velocity reveals a minimum. Figure 2b shows that two
symmetrically localized channels with a higher liquid
fraction has formed. Together with additional smaller
channels the two initial channels become stronger. It is
important to mention that these channels collapse from
time to time, releasing the entrapped liquid. That explains
the increase in the domain-averaged settling velocity after
the occurrence of the minimum and also its slight
oscillation.

In the case of the half-millimeter crystals (d = 0.5 mm,
Fig. 2c) a dense packed bed is observed already at
t = 12 s. Now if compared to the previous cases, instead of
two dominating vertical channels a series of slightly
inclined channels combined with the vertical ones forms.
This tendency continues with the d = 0.75 mm crystals
(Fig. 2d) where the dense packed bed and the minimum in
the settling velocity occurs rather quickly at t = 6 s. Note
that with larger grain diameter, and thus larger mush per-
meability, the liquid can drain more easily so that the
amount of solid fraction in the packed bed at = 190 s is
higher (denser packed bed) whereby the thickness of the
packed bed is smaller.

The interesting change is observed for the biggest
diameter investigated in this study (d = 1 mm, Fig. 2e).
The settling velocity decreases due to the fact that the
crystals are packed very fast to the stable structure which
resists to the further settling of the solid phase. The final
stage of the smooth separation of the phases (minimum of
vZ) is postponed to t = 13 s (if compared to t = 6 s in the
previous case). A structure of the packed crystals remains
stable in the center of the domain, whereby the two
inclined channels are formed left and right to it, initiating a
collapse of the packed bed and corresponding drain of
liquid.

In Fig. 3 the time-averaged value of v for the discussed
five cases is shown. The time-averaged settling velocity
increases first with the increasing crystal diameter. This is
in accordance to the drag law, Eq. (22). However, for
crystals with d = 0.5 mm and larger, the increase becomes
minor and even changes into a decrease for d = 1 mm.
This can be explained by the packed crystals structure
formation, which resists a further sinking of the solid

Properties Symbols Units Quantities References
Density (liquid) Pur kg/m® 6990 — 1.07 x 1074 &7 [42]
Density (solid) Pscry kg/m® 7140 — 63 x 107 T [43]
Specific heat of ¢ and s Cpts Cps J/kg/K 500 [42]
Thermal conductivity of ¢ and s ke, ks W/m/K 34 [42]
Liquid viscosity ¢ kg/m/s 42 x 1073 [42]
Strain rate sensitivity coefficient m, - 0.139 [44]
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Fig. 2 Domain-averaged t - »
settling velocity v as function ° ° 45 sec 110} sec 190§ see
of time for different crystal ] <
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b 0.25 mm, ¢ 0.5 mm, E o EXY
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(e)
I In the second part of this study, we have compare the
2 «° two cases, A and B, where the assumed coherency limit is
R N —— - _ changed from g¢°" = 0.637 (Case A) to g = 0.57 (Case
SIS //’. TTe B) both with an average crystal diameter of d = 1 mm.
o % P i Figure 4 shows the solid fraction distribution of both cases
) . e .
) _ i at t = 200 s. Obviously, the solid is much more uniformly
B o Y distributed in Case B. As stated above, a smaller coherency
%” <7 / limit results in a much smaller viscoplastic consistency
:% / (K, = 19 kg/s/m compared to K, = 7668 kg/s/m) and thus
2 < / the apparent solid viscosity of Case B is much smaller.
E <14 That’s why the strain-rate dependent flow of solid is easier
; . : : . in Case B and so an uneven solid fraction distribution
g 1/4 12 34 1 smears out faster.

Average crystal diameter, d (mm)
Fig. 3 Time-averaged value of V% as function of crystal diameter

phase. It should be noticed that a complex channel system
formation and the liquid drainage makes the character of
the process nonlinear.

@ Springer

It is also worth mentioning, that in Case A, areas of
nearly 100 % solid fraction have formed side by side with
channels that reveal only 60 % or less. The higher the solid
fraction the more complicate is it to move the slurry.
Therefore, the solid fraction distribution shown in Fig. 4a
is changing only quite slowly and it will take much longer



Trans Indian Inst Met (2015) 68(6):1087-1094

1093

Fig. 4 Solid fraction gs
distribution at ¢t = 200 s for 1
Case A (g% = 0.637) (left)

s

and for Case B (g°" = 0.57)
(right) both with d = 1 mm
~0.75

0.25

time to finally produce a uniformly distributed packed bed.
In contrast to that, Case B reveals a quite uniform solid
fraction distribution of around 95 %. Here, the packing is
nearly finished.

4 Conclusions

Based on a combined Eulerian—Eulerian volume-averaged
approach the sedimentation of crystals was modelled
with a submerge object approach and the strain-rate
dependent behavior of the packed bed with a volume-
averaged viscoplastic approach. Special emphasis was put
on the transition between two models. The results
showed that the behavior of the forming packed bed
depended strongly on the assumed crystal diameter and
the value of the coherency limit. For a small crystal
diameter and a low coherency limit, packing was smooth
and quite uniform. In contrast, for a larger crystal
diameter and a large coherency limit, packing was
uneven and channels of high liquid fraction formed
within the packed bed, which then tended to collapse and
allowed the residual liquid to drain. Future work will
focus on measured material parameters (like viscoplastic
consistency or the strain-rate sensitivity) and the impli-
cation that these measured parameters might have on
sedimentation and packing. Nucleation and solidification
should also be added.
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