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Abstract. This work is to extend a previous 3-phase mixed columnar-equiaxed solidification 
model to treat the formation of shrinkage cavity by including an additional phase. In the previ-
ous model the mixed columnar and equiaxed solidification with consideration of multiphase 
transport phenomena (mass, momentum, species and enthalpy) is proposed to calculate the as-
cast structure including columnar-to-equiaxed transition (CET) and formation of macrosegre-
gation. In order to incorporate the formation of shrinkage cavity, an additional phase, i.e. gas 
phase or covering liquid slag phase, must be considered in addition to the previously intro-
duced 3 phases (parent melt, solidifying columnar dendrite trunks and equiaxed grains). No 
mass and species transfer between the new and other 3 phases is necessary, but the treatment of 
the momentum and energy exchanges between them is crucially important for the formation of 
free surface and shrinkage cavity, which in turn influences the flow field and formation of seg-
regation. A steel ingot is preliminarily calculated to exam the functionalities of the model.  

1.  Introduction 
Typical steel ingots solidify with a consequence 
of shrinkage cavity in the hot top, microscopic 
shrinkage porosity and macrosegregation located 
somewhere in the cross section [1], as illustrated 
in Fig. 1. Those undesired casting defects result 
from the volume change during solidification, and 
the resulting feeding flow, thermal-solutal con-
vection and crystal sedimentation. The formation 
mechanisms of them are complex, and they inter-
act with each other. People have tried different 
approaches to model or predict the formation of 
them [2-9], but no model is available to calculate 
the shrinkage cavity/porosity together with 
macrosegregation of the art as shown in Fig. 1 in 
a coupled manner. The formation process of the 
above defects is multiphasic in nature.   

This work is to extend a previous 3-phase 
mixed columnar-equiaxed solidification model 
[10] to treat the formation of shrinkage cavity by  

 
Figure 1. Example of the shrinkage cavity 
and macrosegregation (sulphur print) in a steel 
ingot (reproduced from literature [1]).   
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including an additional gas (or covering slag) phase [11]. Four phases are necessarily considered: pri-
mary liquid melt, equiaxed crystals, columnar dendrite trunks, and gas. The final goal is to develop an 
Eulerian multiphase solidification model to calculate the as-cast columnar-equiaxed structure includ-
ing CET (columnar-to-equiaxed transition), shrinkage cavity/porosity, and macrosegregation at the 
process scale for industry castings.  

2.  The numerical model 
2.1 Brief model description 
− Phase definition: primary liquid ( ℓ ), solidifying equiaxed phase (e), columnar phase (c), and gas 

phase (g). Their volume fractions ( ℓf , ef , cf , gf ) sum up to unit. The mass transport equations 
considering the mass transfer due to solidification are solved.  

− There is no mass transfer between gas and other phases, and gas phase (or covering slag) is sup-
posed to be immiscible with other metal phases, and be sucked into the casting domain to feed the 
shrinkage cavity. The interface between gas and other phases is explicitly solved. The microscopic 
porosity forms in the deep inter-dendritic region is treated differently (Section 2.3).  

− The primary liquid, equiaxed and gas phases are moving phases, for which the corresponding Na-
vier-Stokes equations are solved to get ℓ

"u , eu
!  and gu

! , but 0c ≡u! .   
− Enthalpy equations for all 4 phases are solved. Due to the fact of relatively large thermal diffusivity, 

we assume that only one temperature (T) represents each volume element. Therefore, a large inter-
phasic volume heat exchange coefficient is applied to balance the temperatures among the phases. 

− Three volume-averaged concentration fields ( ℓc , ec , cc ) are solved for the three metal phases. 
Thermodynamic equilibrium condition always applies at the liquid-solid interface, and solute parti-
tion occurs during solidification at the liquid-solid interface.  

− A diffusion-governed growth kinetic is considered to calculate the growth of crystals.  
− Ideal morphology for columnar phase is assumed: cylindrical (cellular) tree trunks. A simplified 

dendritic morphology for equiaxed phase is assumed: the growth kinetics is modelled according 
ideal spheres; while for the hydrodynamics a concept of “grain envelope” is employed.  

− The columnar dendrite trunks are assumed to originate from the mould wall. Neither nucleation of 
columnar trunks nor equiaxed-to-columnar transition (ECT) is taken into account. 

− Heterogeneous nucleation and transport of the equiaxed crystals are considered. Grain fragments 
brought into the mould during filling, further fragmentation of dendrites during solidification and 
the attachment of equiaxed grains into columnar tips (as a part of the columnar phase) are ignored.  

− The size ( ed ) and number density ( en ) of equiaxed grains and the diameter ( cd ) of the columnar 
trunks are explicitly calculated, while a constant value for the primary arm spacing ( 1λ ) of colum-
nar dendrites is assumed.  

Details of the three-phase mixed columnar-equiaxed solidification model were described elsewhere 
[10]. Treatment of the gas phase, the formation of shrinkage cavity and porosity is described below. 
 
2.2 Treatment of interactions between gas and other phases  
As no mass/species transfer between the gas and other metal phases is considered, only enthalpy and 
momentum conservation equations for the gas phase are necessarily solved.  
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Key feature by introducing a new gas phase in the mixed columnar-equiaxed solidification model is to 
treat the exchange terms, as superscripted with ‘ex’. They are summarized in Table 1. 
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Table 1. Momentum and energy exchange terms between gas and other metal phases 
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*
gℓH [W·m-3·K-1]: the volume heat exchange coefficient is modeled ac-

cording to Ranz-Marshall [11, 12]. 
*
egH and *

cgH [W·m-3·K-1]:  a constant volume heat exchange coefficient 
(500) is assumed.  
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Symmetric model [13] 
with minor modifications 
is applied. Subscript ‘p’ 
indicates different metal 
phases: ‘ ℓ ’, ‘e’ or ‘c’. 
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pgd : modeling parameter (diameters) as 
function of  volume fractions of involv-
ing phases.  

 
2.3 Simplified microscopic shrinkage porosity model 
Microscopic shrinkage porosity is not explicitly modelled, but the Niyama criterion modified by 
Carlson and Beckermann [2, 3] is implemented. We name it as CBN (Carlson-Beckermann-Niyama) 
criterion, Eq. (3). The possibility of occurrence of shrinkage porosity and the amount of pores (volume 
fraction of voids) decrease with the local CBN criterion. In other words, the smaller the CBN criterion, 
the more probably the shrinkage porosity would occur, and the more amount of pores might be.   

 
)(

CBN
EutecticLiquidus

cr
65λ TT

P
T
GC

−
Δ=

βµ ℓ"                   (3) 

Where λC is a material constant, 1.44 x 10-4 [ ( ) 31K/sm⋅ ], being used for determining the secondary 
dendrite arm spacing; G  and T! are the temperature gradient and cooling rate, which are evaluated at a 
critical temperature of crT  (= EutecticLiquidus 9.01.0 TT ⋅+⋅ ), assuming that EutecticT  corresponds to the end so-
lidification; β is the solidification shrinkage, ( ) ℓℓ ρρρ −s ; crPΔ  is the critical pressure drop when a 
pore-nucleus with a critical radius of r in the deep mushy zone can overcome capillary force ( rσ2 ) 
and metastatic pressure ( staticP ) to grow. crPΔ  is 1.01 x 105 Pa for steel [3]. As no threshold of CBN for 
the occurrence of pores can be determined in advance, this criterion is used only for qualitative evalua-
tion of the occurrence possibility of the microscopic shrinkage porosity.   
Although the current model offers the possibility to calculate the interdendritic flow, it is extremely 
hard to solve the feeding in the deep mush near the end of solidification due to the convergence diffi-
culty, therefore a so-called ‘simplified porosity model’ is introduced [14, 15]. When the temperature 
drops below the critical temperature of crT , volume shrinkage by solidification is ignored, i.e. the so-
lidification is assumed to occur without volume change. This treatment is made by assuming that the 
rest melt in the deep mush solidifies as a solid-pore mixture with the mixture density equal to the 
liquid density.   

3.  Simulation settings 
A 2.45 ton ingot was preliminarily simulated in full 3D (average mesh size of 10 mm) and 2D (aver-
age mesh size of 5 mm). The ingot had a square cross-section; however, for the 2D calculation an axis-
symmetry is assumed. Casting conditions, process parameters, experimentally measured macrosegre-
gation and shrinkage cavity information were reported previously [16, 17]. The alloy is multicompo-
nent, but we take a simplified binary alloy (Fe-0.45 wt.%C) currently. The material properties and 
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some important boundary conditions are summarized in Table 2 and Fig. 2.   No mould filling is calcu-
lated, and the mould is assumed to be initially filled with liquid melt of 1770 K (above the liquidus 
1768.95 K). As solidification starts, the casting shrinks and it sucks the gas phase from the top ‘pres-
sure inlet’. A zero-gradient boundary condition is applied at the ‘pressure inlet’ for other quantities: 
temperature, concentrations, equiaxed number density. Nucleation parameters of equiaxed crystals are: 
nmax = 5.0x10-3 m-3, ΔTN = 9.0 K (different from 5 K as used in [9, 17]), ΔTσ = 2.0 K. For simplicity, 
the growth of the equiaxed crystals is treated with globular (sphere) morphology, but for modelling the 
hydrodynamics a concept of “grain envelope” is considered by assuming a certain amount of inter-
dendritic liquid (volume fraction of 0.3). Calculation with 4-phase model including gas phase is ex-
tremely time consuming (demanding tiny small time step), especially when a 3D calculation is per-
formed. Therefore, a covering slag (liquid) which is also mostly used in praxis is considered instead of 
gas phase.  
 
Table 2. Thermodynamic & physical properties of materials  

Steel 

Fe-0.45 wt. %C
T0 = 1770 K

H = 300 Wm-2K-1

Tw = 373 K

g = 9.81 m s-2

H = 30 W m-2 K-1

Tw = 373 K

1.
68

2 
m

0.483 m

0.432 m

p =1.013x105 Pa

 
 

    Figure 2. Configuration of the 2.45-
ton industry steel ingot. 

melting point of pure iron, Tf K 1805.15 
liquidus slope, m K (wt.%)-1 -80.45 
equilibrium partition coefficient k - 0.36 
melt density, ℓρ  kg·m-3 7027 
solid density, eρ , cρ  kg·m-3 7324 
specific heat, ℓpc , c

pc , e
pc  J·kg-1·K-1 500 

thermal conductivity, ℓk , ek , ck  W·m-1·K-1 34.0 
latent heat, L J·kg-1 2.71 × 105 
viscosity, ℓµ  kg·m-1·s-1 4.2 × 10-3 
thermal expansion coefficient, Tβ  K-1 1.07 × 10-4 
solutal expansion coefficient, cβ  wt.%-1 1.4 × 10-2 
dendritic arm spacing, 1λ  m 5 × 10-4 
diffusion coefficient (liquid), ℓD  m2·s-1 2.0 × 10-8 
diffusion coefficient (solid), eD , cD  m2·s-1 1.0 × 10-9 

Covering slag   

viscosity, slagµ  kg·m-1·s-1 0.01 
density, slagρ  kg·m-3 2500 
specific heat, g

slagc  J·kg-1·K-1 1815 
thermal conductivity, slagk  W·m-1·K-1 4.0  

4.  Numerical results 
Example of the solidification sequence at 600 s is shown in Fig. 3. The overall solidification process is 
mainly governed by heat transfer. The cooling and solidification starts from the mould wall. Columnar 
phase develops from mould wall and grows towards casting centre. In the meantime equiaxed grains 
nucleate and grow in front of columnar tips, and those equiaxed grains start to sink and try to settle in 
the bottom region. The melt is dragged downwards along the columnar tip front by the sinking grains, 
which in turn induces a rising melt flow in the middle of the ingot. Thermal-solutal convection con-
tributes to the interdendritic flow and global melt flow in the bulk. Both ℓ

"u  and eu
!  fields are instable. 

As the flow of the melt and motion of the equiaxed grains are fully coupled with other transport phe-
nomena (energy, species and mass), the instability of the flow patterns will directly influence the so-
lidification sequence. Sedimentation of crystals in the bottom region will cause the volume fraction of 
the equiaxed phase to reach a quite high level. As fe in the lower part is high enough (larger than the 
so-called mechanical blocking limit of 0.49, Fig. 3(b)), the columnar-to-equiaxed transition (CET) 
occurs. In the upper part of the ingot, the columnar tips can continue to grow, as no sufficient equiaxed 
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crystals exist in front of them. The flow and crystal sedimentation are key mechanisms for the for-
mation of macrosegregation in ingot casting, and they were discussed previously [9, 10, 17]. The final 
segregation result is shown in Fig. 4. A large positive segregation area just below the top shrinkage 
cavity is predicted. A layer of negative segregation zone is found in the bottom region, which coin-
cides with the equiaxed sedimentation zone. The volume of this sedimentation zone depends strongly 
on the nucleation (parameters) of the equiaxed crystals. Note that the long calculation time (2 weeks in 
SGI cluster with 12 cores of 3.5 GHz) does not allow performing parameter study in 3D. 
  

ec or     ff0.0 1.0

ℓ
"uf    a) c + ee    a) uf "+

-1max smm 10 ⋅=ℓ
"u -1max

e smm 24 ⋅=u"

 
 

Figure 3. Solidification sequence at 600 s. Both cf and ef in the centre vertical section are 
shown in grey scale with light for lower and dark for high volume fraction. The velocity of the 
melt, ℓ

"u is shown together with cf , while the velocity of the equiaxed crystals, eu
! is with ef . 

Additionally, the phase distributions and velocity fields in 2 horizontal sections are also shown.  
 

Formation of the shrinkage cavity is shown in Fig. 5. The free surface, i.e. the interface between the 
liquid slag and metal phase, is represented by the iso-surface of gf  = 0.5 with ‘g’ standing for the slag 
phase. The numerical thickness of the interface is confined in 2~3 neighbouring elements. With the 
progress of solidification, the forming cavity is continuously filled by the slag from the inlet. The final 
volume of the cavity is predicted to be 0.0136 m3, i.e. 4.04% of the volume of the entire ingot (V0 = 
0.3362 m3), which agrees with the solidification shrinkage rate of the alloy, ( ) ss ρρρ ℓ− = 4.05%. 
The formation of the microscopic shrinkage porosity is calculated indirectly by the CBN criterion, i.e. 
a post-processing of the modelling result of the thermal field. The final distribution of the CBN cri-
terion is shown in Fig. 6. The smallest CBN criterion is located in the middle of the casting centreline, 
indicating the most possible position with the highest amount of shrinkage pores there.  
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Figure 4. Final segregation distribution. The segregation index, index
mixc = ( ) 00mix c100 cc −× ,  is 

used to evaluate the macrosegregation, where mixc is the local mixture concentration among the 
existing metal phases (equiaxed, columnar and rest eutectic).  
 
 

T (K)
1770

500

time: 600 s                      1700 s                           2500 s                         3400 s 

 

103

0.0

CBN

 
Figure 5.  Cavity formation sequence in the hot top. 
Temperature field is shown in colour scale. 

Figure 6. CBN criterion for mi-
croscopic shrinkage porosity. 

 
 
The same casting was calculated in 2D axis symmetry (but the average mesh size is smaller, half of 
that used for 3D). The solidification sequence, the shrinkage cavity and CBN criterion of the 2D result 
are quite similar to those of 3D. The global macrosegregation pattern is also predicted similar: the lay-
er of negative segregation in the equiaxed sedimentation zone and the large positive segregation below 
the top shrinkage cavity. The final macrosegregation pattern, and the predicted shrinkage cavity and 
CBN criterion are shown in Fig. 7, which are quite comparable with the experiment. Similar profile of 
shrinkage cavity is predicted, but the volume of cavity is smaller than that of the experiment. The 
macrosegregation along the casting centreline is also plotted and compared with the experiment, as 
shown in Fig. 8. Both 2D and 3D calculations have predicted similar variation features of the 
macrosegregation along the centreline, which agree qualitatively with the experiment. Between 0.2 
and 1.0 meter from the bottom the predicted segregation profiles agree quantitatively with the experi-
ment. As comparison, one more calculation was made with the previous 3-phase model without con-
sidering the formation of shrinkage cavity. The segregation profile is also plotted (green curve) in Fig. 
8, which shows larger discrepancy from the experiment. The agreement between the new 4-phase 
model and the experiment is obviously improved.     
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index
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Figure 7. Comparison of the numerical simulation (2D axis symmetry with grid size of 5 mm) 
with the experiment as reported in [16]: a) numerical simulation of the shrinkage cavity and po-
sition of the microscopic shrinkage porosity by CBN criterion; b) sulphur print; c) reconstructed 
segregation map in grey scale out of chemical analysis of 54 drilling samples; d) predicted seg-
regation map in grey scale.  

5.  Conclusion and discussion 
The calculation of a 2.45 ton ingot has demonstrated the functionalities of the newly proposed 4-phase 
model. The goal to use an Eulerian volume averaging approach to model the as-cast columnar-
equiaxed structure including CET (columnar-to-equiaxed transition), shrinkage cavity/porosity, and 
macrosegregation at the process scale for industry castings seems to be achievable. Most significance 
of the model lies in the consideration of the interaction between the solidification shrinkage and the 
formation of macrosegregation.  
The current model is an extension of the previous mixed columnar-equiaxed solidification model [10] 
by including an additional gas (or covering liquid slag) phase. The new phase is supposed to be im-
miscible with other phases. It has no mass and species transfer with other phases, but the treatment of 
momentum and energy exchanges with other phases becomes crucially important to get a sharp inter-
face between the liquid slag and other metal phases. Both 3D and 2D calculations show that the thick-
ness of the interface between the slag and metal phases is confined in the 2~3 neighbouring elements. 
It means that the refinement of grid size improves the sharpness of the interface, i.e. the accuracy of 
the shape of the cavity. It is here verified that the shrinkage cavity can be dealt with Eulerian approach. 
The volume of the formed cavity in the hot top coincides well with the total volume shrinkage by so-
lidification of the ingot.  
The implemented CBN criterion is a further indicator for the possible occurrence of microscopic po-
rosity. As the reported experimental data of this ingot [16] is not sufficient to verify the microscopic 
shrinkage result, no comment can be made here. However, many valuable works were done by other 
researchers [2, 3]. 
As seen from the segregation profile along the casting centreline (Fig. 8), the improvement of the cur-
rent 4-phase model is significant in comparison with the previous 3-phase model which ignores the 
formation of shrinkage cavity. Detailed comparison of the two models will be presented in the late 
publication. One remark worth mentioning is that the modelling results presented previously [9, 17] 
were based on different nucleation parameters for the equiaxed crystals, with which the amount of the 
equiaxed phase, i.e. the bottom cone-shape equiaxed zone, seems to be overestimated for this casting. 
An additional finding based on the comparison study (3-phase model vs. 4-phase model) is that the 
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solidification shrinkage adapts the multiphase flow in/near the columnar tip front slightly, and this mi-
nor adaptation influences the formation of the so-called quasi A-segregates. This finding needs further 
confirmation as well. 
 

Few other points about the current macrosegrega-
tion model and modelling results should also be 
discussed.  Although the key segregation features 
of industry ingot can be ‘reproduced’ numerically, 
the quantitative discrepancy from the reality still 
exists. This might be attributed to (i) the simpli-
fied dendritic morphology which exaggerates 
sedimentation induced negative segregation at 
the bottom; (ii) the grid size which is still too 
large to resolve the possible channel segregates; 
(iii) the shortage of adequate process parameters 
and materials properties; (iv) the simplification of 
multicomponent alloy system with a binary alloy. 
Finally, it is aware that the calculation cost in-
creases intensively with the increase of the num-
ber of phases.  
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Figure 8. Comparison of centreline segre-
gation ( index

mixc ) between simulations (2D in 
red and 3D in blue) and experiment in 
black. The result of the previous 3-phase 
model (2D) was also plotted in green. 
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